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PrefaeIn 1993 Denis Naddef and Giovanni Rinaldi released their paper �The graphial relax-ation: A new framework for the Symmetri Traveling Salesman Polytope� (see [NR93℄)emphasizing the lose onnetion between the Graphial Traveling Salesman PolyhedronGTSP(n) and the Symmetri Traveling Salesman Polytope STSP(n), whih is a fae ofGTSP(n). Furthermore, they proved that eah non-trivial faet of STSP(n) indues afaet of GTSP(n), but left the question of the onverse diretion unanswered. The as-sumption that the onverse diretion was also true, whih will be referred to as Graphial-Relaxation-onjeture or GR-onjeture, ould neither be proven nor disproven for morethan ten years.Until 2005, when Marus Oswald, Gerhard Reinelt and Dirk Oliver Theis releasedtheir paper �Not Every GTSP Faet Indues an STSP Faet� (see [ORT05℄). As the titleindiates, the GR-onjeture turned out to be false. The authors proved that for n ≥ 9 theTT-type faets of GTSP(n) deompose into two non-empty lasses: the Naddef-Rinaldi-or NR-faets that ful�ll the GR-onjeture and the non-NR faets that do not. As usual,this paper mainly featured the basi ideas and ore statements.Shortly after, Dirk Oliver Theis released his PhD thesis �Polyhedra and algorithms forthe General Routing Problem� (see [The05℄) ontaining a detailed desription of the wholeonstrution and overing the underlying theory. It was in this thesis that the onept ofthe tilting omplex was introdued. The only neessary input for the onstrution of thetilting omplex T(F ) for a given good fae F of STSP(n) are all the faets of STSP(n)ontaining F . The resulting tilting omplex provides information about the TT-type faesof GTSP(n) ontaining this good fae. In other words, by providing loal data of STSP(n)we get information about parts of the faial struture of GTSP(n), whih explains therelevane of tilting omplexes.The aim of this diploma thesis is the implementation of an algorithm for the omputa-tion and visualization of tilting omplexes. Furthermore, we will provide an algorithm forthe omputation of the STSP(n) faets ontaining a fae F that will work for arbitrary
n. Currently, there is only an implementation that browses a omplete desription ofSTSP(n) in searh of the faets in question. The major drawbaks of this method arethe running time and the fat that up to now there are only proven omplete desriptionsfor n ≤ 9. The one for n = 10 is only onjetured to be omplete, hene the algorithmmay miss ertain faets, and in the ase of n > 10 there are no desriptions at all. Thenew algorithm also improves the running time. To give some numbers: for n = 10 theomputation now takes approximately half a minute instead of more than sixteen hourson an IntelR© XeonTM 2.80 GHz proessor with 2 GB of RAM.vii
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Chapter 1PreliminariesUnless otherwise noted, the following general notation is valid throughout the wholediploma thesis:
• lowerase haraters for salars

x, y, z

• bold lowerase haraters for vetors (whih also represent (a�ne) points)
x,y,z

• bold upperase haraters for matries
A,B,C1.1 Polyhedra, polarity and bloking polyhedraThe de�nitions and results in this setion are based on [Brø83, Sh99, Zie98℄.1.1.1 Polyhedra and polytopesThe onept of the tilting omplex belongs to both the �eld of polyhedral ombinatoris,whih deals with faets of polyhedra ourring in ombinatorial optimization, and topolyhedral theory. Therefore we start with the de�nition of a polyhedron.De�nition 1.1.1. A polyhedron Q is the intersetion of a �nite number of losed half polyhedronspaes H(ai, αi) de�ned by linear inequalities a⊤

i x ≥ αi,ai 6= 0, or (ai, αi) for short: H(a, α)

(a, α)

Q =

n⋂

i=1

H(ai, αi).Every polyhedron is losed and onvex, i.e. with any two points x,y it also ontains onvexthe straight line segment {λx + (1− λ)y | λ ∈ [0, 1]
} between them.1



2 Chapter 1. PreliminariesAnother basi module in polyhedral theory is the polytope. But prior to its de�nitionwe have to introdue some variants of vetor ombinations besides the well-known linearombination that will be enountered repeatedly in the ourse of this diploma thesis.De�nition 1.1.2. Let x0, . . . ,xn ∈ Rd, X := (x0, . . . ,xn) and λ ∈ Rn+1. A vetor
Xλ =

n∑

i=0

λixi, with 1
⊤λ =

n∑

i=0

λi = 1is alled an a�ne ombination of x0, . . . ,xn. Similarly, we de�ne the onial ombinationa�ne / onialombination
Xλ, with λ ≥ 0and the onvex ombinationonvexombination

Xλ, with λ ≥ 0 ∧ 1
⊤λ = 1.The a�ne hull of x0, . . . ,xn is the set of all a�ne ombinations of x0, . . . ,xn and willa�ne hull be denoted by a�(x0, . . . ,xn).Analogously, we de�ne the onial hull (also referred to as one)onial hull(one) one(x0, . . . ,xn)and the onvex hullonvex hull onv(x0, . . . ,xn).De�nition 1.1.3. A polytope P is de�ned as the onvex hull of a �nite number of vetorspolytope

P = onv(x0, . . . ,xn).Obviously, the onepts of polyhedron and polytope are losely related. This is mademore preise in the following Deomposition theorem for polyhedra and the subsequentorollary.Theorem 1.1.4 (Deomposition theorem). A set of vetors Q ⊆ Rd is a polyhedron, ifand only if Q = P + C for some polytope P and some one C, i.e.
Q = onv(x0, . . . ,xn) + one(y0, . . . ,ym).In this ase we say that Q is generated by the points x0, . . . ,xn and the diretions

y0, . . . ,ym.Corollary 1.1.5. A non-empty subset P of Rd is a polytope, if and only if it is a boundedpolyhedron.As a onsequene, there are two ways of desribing a polytope: as onvex hull of a�nite number of vetors (inner desription) or as intersetion of a �nite number of losedinner / outerdesription half spaes (outer desription).We ontinue with the de�nition of the fae of a polyhedron.



1.1. Polyhedra, polarity and bloking polyhedra 3De�nition 1.1.6. Let P ⊆ Rd be a polyhedron. A linear inequality (a, α) is alled valid validfor P , if it is satis�ed for all points x ∈ P . A fae of P is any set of the form fae
F = P ∩ {x ∈ Rd | a⊤x = α },where (a, α) is a valid inequality for P . The dimension of a fae is the dimension of dimensionof a faeits a�ne hull: dim(F ) := dim(a�(F )

). Sine every a�ne spae is a translation of alinear subspae uniquely de�ned by the a�ne spae, its dimension is equal to that of theorresponding subspae.The valid inequalities (0, 0) and (0, 1) evine that P and ∅ are faes of P . All faes
F ( P are alled proper faes. Those with dimension 0, 1,dim(P ) − 2 and dim(P ) − 1 proper faeare referred to as verties, edges, ridges and faets respetively. vertex, edge,ridge, faetSometimes it is more onvenient to give the dimension of a fae F of a polyhedron Pin relation to the dimension of P itself. In those ases we will use the o-dimension of F o-dimensionin P , whih is de�ned as odim(F ) := dim(P )− dim(F ),i.e. 1 for faets, 2 for ridges and so on.At a later point it will also be neessary to refer to those points lying in the interiorof a polyhedron, i.e. the points of the polyhedron that are not ontained in its faets.Unfortunately, we annot diretly apply the onept of the interior known from the �eldof topology, sine it fails in some ases as will be shown subsequent to the next de�nition.Instead we will use the relative interior, whih is based on the topologial interior.De�nition 1.1.7. The relative interior relint(P ) of a polyhedron P is de�ned as the relint(P )interior of P within the a�ne hull of P .For example, let

P := onv {(00), (10)} ⊆ R2.The topologial interior of P in R2 is empty whereas the relative interior is
{(x

0

)
| x ∈ (0, 1)

}
= (0, 1) × {0},sine a�{(00), (10)} is the straight line through the two points.Next we onsider the set of all faes of a given polyhedron. It is easy to see that theinlusion relation indues a partial order on this set. A struture taking advantage of thisfat is the so-alled fae lattie. It ontains information about the faes of a polyhedronand their interrelation. But before we an formally de�ne this struture, we have to oversome poset de�nitions.De�nition 1.1.8. A poset (S,4) is a �nite partially ordered set, i.e. a �nite set S posetequipped with a relation �4�, whih is re�exive (x 4 x, ∀x ∈ S), transitive (x 4 y and

y 4 z implies x 4 z) and antisymmetri (x 4 y and y 4 x implies x = y). We say that zovers x, if x 4 z and there exists no third element y in the poset, for whih x 4 y 4 z. z overs xA poset is bounded, if it has a unique minimal element, denoted by 0̂, and a unique bounded posetmaximal element, denoted by 1̂. A poset is a lattie, if it is bounded and every two lattie



4 Chapter 1. Preliminarieselements x, y ∈ S have a unique minimal upper bound, alled the join x∨ y, and a uniquejoin maximal lower bound, alled the meet x ∧ y, in S.meet A mapping φ from one lattie (S1,4) onto another lattie (S2,4) is alled an iso-morphism, if it is bijetive and we have x 4 y ⇔ φ(x) 4 φ(y), for all x, y ∈ S1.(anti-)isomorphism Aordingly, a bijetive mapping ψ with x 4 y ⇔ ψ(x) < ψ(y), for all x, y ∈ S1, is alledan anti-isomorphism.We say that (S1,4) and (S2,4) are (anti-) isomorphi, if there exists an (anti-) iso-(anti-)isomorphi morphism from (S1,4) onto (S2,4).De�nition 1.1.9. The fae lattie L (P ) of a polyhedron P ⊆ Rd is the poset of all faesfae lattie
L (P ) of P partially ordered by inlusion, where 0̂ = ∅ and 1̂ = P .In order to failitate the work with fae latties, we introdue the following graphialrepresentation alled Hasse diagram.De�nition 1.1.10. The Hasse diagram of a poset is a direted graph, whose verties areHasse diagram the elements of the set and whose direted edges y → x are preisely those ordered pairssuh that y overs x.In all Hasse diagrams throughout this diploma thesis we will always assume a down-ward diretion of the edges and therefore use undireted edges for reasons of luidity.Figure 1.1.1 shows an example of suh a diagram for the fae lattie of a square in R2.

0 1

3 2

b b

b b

P

(a) A polytope P ⊆ R2

∅

1 2 3

01 12 23 03

0123

b

b b b b

b b b b

b

b0

Pedgesverties
∅(b) Hasse diagram of the fae lattie L (P )Figure 1.1.1: Hasse diagram of the fae lattie of a square in R2Apart from providing information about the set of faes of a polyhedron, the faelattie is also of importane when dealing with strutural similarities of polytopes.De�nition 1.1.11. Two polytopes are said to be ombinatorially equivalent, if their faeombinatoriallyequivalent latties are isomorphi, i.e. there exists an isomorphism that maps one fae lattie ontothe other.We onlude this subsetion with the introdution of a seond kind of similarity be-tween polytopes that is relevant for tilting omplexes.



1.1. Polyhedra, polarity and bloking polyhedra 5De�nition 1.1.12. Two polytopes P ⊆ Rd and Q ⊆ Re are a�nely isomorphi, if there a�nelyisomorphiexists an a�ne mapping
f : Rd −→ Re

x 7−→Mx + x0, with M ∈ M(e× d), x0 ∈ Re,that is a bijetion between the points of the two polytopes.1.1.2 PolarityPolarity plays an important role in both polyhedral theory and the onept of the tiltingomplex.De�nition 1.1.13. For any subset P ⊆ Rd the polar set, or polar for short, is de�ned polarby
P∆ := {a ∈ Rd | a⊤x ≤ 1, ∀x ∈ P }.The polar is sometimes also referred to as dual set. Its onstrution an be iteratedto get the polar of the polar (or bipolar) P∆∆. For the purpose of lari�ation and inorder to derive some basi properties of the polar, we give a brief example.Example 1.1.14. Figure 1.1.21(a) shows a polytope P ⊆ R2 determined by its �ve ver-ties, that is P = onv{v0, . . . ,v4 }. All a ∈ P∆ must satisfy a⊤x ≤ 1 for all points in

P , thus in partiular for the verties of P . Hene eah vertex de�nes a valid inequalityfor P∆, namely
v⊤

i a ≤ 1, ∀a ∈ P∆, ∀ i = 0, . . . , 4.Figure 1.1.2 (b) shows the polar polytope P∆ determined by the above inequalities.
b

b

b

b

b

v0

v1

v2

v3

v4

P

(a) A polytope P ⊆ R2

v0

v1

v2
v3

v4

P∆

(b) The polar polytope of PFigure 1.1.2: Example of mutually polar sets in R2The most important harateristis of the polar are ombined in the following1based on a �gure on page 61 of [Zie98℄



6 Chapter 1. PreliminariesTheorem 1.1.15. Let P,Q ⊆ Rd. Then we have(i) P ⊆ Q implies P∆ ⊇ Q∆ and P∆∆ ⊆ Q∆∆.(ii) P ⊆ P∆∆.(iii) P∆ and P∆∆ are onvex.(iv) 0 ∈ P∆ and 0 ∈ P∆∆.(v) if P is losed and onvex and 0 ∈ P , then P = P∆∆.(vi) if a polytope P with 0 ∈ relint(P ) is given by P = onv(V ), where
V = {v0, . . . ,vk }, then

P∆ = {a | a⊤vi ≤ 1, ∀vi ∈ V }.(vii) if a polytope P with 0 ∈ relint(P ) is given by P = {x ∈ Rd | A⊤x ≤ 1 }, where
A = (a0, . . . ,am−1) ∈ M(d×m), then

P∆ = onv(A).An obvious question is the following one: what struture of the polar P∆ orrespondsto a fae F of P? Before answering this question we present a mathematial desriptionof this struture.De�nition 1.1.16. Let P ⊆ Rd be a d-dimensional polytope (heneforth referred to as
d-polytope) with 0 ∈ relint(P ). For all faes F of P we de�ne the onjugate fae F3 asd-polytopeonjugatefae F 3 F3 := {a ∈ Rd | a⊤x ≤ 1, ∀x ∈ P and

a⊤x = 1, ∀x ∈ F }.The name �onjugate fae� already indiates the answer to our question. And in fateah fae F of a polytope P with 0 as a relative interior point orresponds to a fae F3of P∆. In order to on�rm this assertion, we revisit Example 1.1.14 and take a look atthe onjugate fae F3 for some faes F of P .Example 1.1.17. As faes we hoose the verties v0, . . . ,v4 and the faets
Fi := {vi,v(i+1) mod 5 }of P respetively. Figure 1.1.3 shows that the v3

i de�ne the faets of P∆ whereas the F3

ide�ne the verties.The main results onerning onjugate faes are summed up in the following theo-rem and the subsequent orollary. The theorem provides an interesting variant of thedesription of the onjugate fae that will be used in Chapter 3.Theorem 1.1.18. Assume that P = onv(V ) = {x ∈ Rd | A⊤x ≤ 1 } ⊆ Rd with V,A asin Theorem 1.1.15 (vi) and (vii) respetively. Let
F = onv(VF ) = {x ∈ Rd | A⊤

F≤x ≤ 1 ∧ A
⊤
F=x = 1 }



1.1. Polyhedra, polarity and bloking polyhedra 7
v3

0

v3

1
v3

2

v3

3

v3

4(a) v3

i for the verties vi of P

b b

b

bb

F3

0 F3

1

F3

2

F3

3F3

4(b) F 3

i for the faets Fi of PFigure 1.1.3: Examples of F3 for some faes F of Pbe a fae of P . (V = VF ⊎V

F , where VF is the set of verties of P ontained in F and V 

Fis the omplement of VF within V . Similarly, A = AF≤⊎AF=, where AF= represents theset of normalized inequalities, whose orresponding faes ontain F . For the inequalitiesin AF≤ the fae F is only part of the valid half spae.) Then
F3 = onv (AF=)

= {a | a⊤v ≤ 1, ∀v ∈ V 
F and

a⊤v = 1, ∀v ∈ VF }.Corollary 1.1.19. Let P be a polytope with 0 ∈ relint(P ) and let F,G be faes of P .(i) F3 is a fae of P∆.(ii) F33 = F .(iii) F ⊆ G if and only if F3 ⊇ G3.Statement (iii) diretly implies the next result regarding the fae latties of a polytopeand its orresponding polar.Corollary 1.1.20. The fae latties of P and P∆ are anti-isomorphi, i.e. the fae lattieof P∆ is the opposite of the fae lattie of P .
∅ ←→ Pverties←→ faetsedges←→ ridges

. . .←→ . . .Figure 1.1.4 shows a shemati diagram that visualizes the essene of the previousresults.In order to derive further properties of F3, we �rst need to de�ne the fae �guresof a d-polytope P . To simplify matters, we start with a speial ase of fae �gures: the



8 Chapter 1. Preliminaries
P

F

∅

P∆

F3

∅

3

L (P ) L (P∆)Figure 1.1.4: Shemati diagram of the fae latties of a polytope and its orrespondingpolarso-alled vertex �gures. These are ertain (d− 1)-polytopes, eah ontaining informationabout the �loal� faial struture of P �near� one of its verties. A vertex �gure is obtainedby utting a polytope by a hyperplane that uts o� one single vertex.Example 1.1.21. Consider a d-polytope P . Let V := vert(P ) be the set of its vertiesvert(P ) and v ∈ V . Furthermore, let (c, c0) be a valid inequality with
{v} = P ∩ {x | c⊤x = c0 }.Now we hoose some c1 > c0 with c⊤v′ > c1, ∀v′ ∈ vert(P )\{v}. Then the orrespondingvertex �gure of P at v is the polytopevertex �gure

(P/v)(c,c1) := P ∩ {x | c⊤x = c1 }.In the geometrial sense the vertex �gure depends on the hoie of (c, c1). Figure 1.1.5displays two di�erent vertex �gures in dark-gray, eah being a one-dimensional polytopewith two verties.It is quite evident that these vertex �gures only di�er in the oordinates of their ver-ties, hene the polytopes themselves are ombinatorially equivalent, i.e. their fae lattiesare isomorphi. So, without loss of generality we an hoose a representative fae lattiefor all the vertex �gures of P at v and denote it by L (P/v). Obviously, L (P/v) is asublattie of L (P ), namely the lattie of all faes of P ontaining v, partially ordered byinlusion. As depited in Figure 1.1.6, it an be obtained from L (P ) by simply deletingall faes not ontaining v. The result is a sublattie of L (P ) with 0̂ = v (sine v has thesmallest dimension of all faes of P that ontain v) and 1̂ = P . It yields a representativefae lattie for both the vertex �gures in Figure 1.1.5.
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c⊤x = c1

v

b b

b b

P

(P/v)(c,c1)

bc

bc

b⊤x = b1

v

b b

b b

P

(P/v)(b,b1)

bc

bc

Figure 1.1.5: Two examples of vertex �gures

v

Pedgesverties
∅b

b bc b b

b b b b

b

(a) Hasse diagram of the fae lattie of asquare P ⊆ R2

P/vverties
∅bc

b b

b

(b) Hasse diagram of the faelattie of a vertex �gure P/vFigure 1.1.6: Example of a fae lattie L (P/v)



10 Chapter 1. PreliminariesThe above example works analogously for arbitrary faes F of P , whih leads to thepreviously mentioned fae �gures.De�nition 1.1.22. Let P be a d-polytope and F be a fae of P . The fae �gure P/F offae �gure
P/F P at F is de�ned by the fae lattie

L (P/F ) :=
(
{G ∈ L (P ) | F ⊆ G } ,⊆

)
.Sometimes the fae �gure is also de�ned as

P/F :=
(
F3
)∆
. (1.1.1)When using this notation we always assume a ombinatorial point of view, i.e. insteadof the polytopes we onsider their fae latties. This is due to the fat that in the stritsense this alternative de�nition is only orret, if F3 has 0 as a relative interior pointand is full-dimensional.Finally, we are able to gain additional information on F3. Due to Corollary 1.1.20the bipolar of F3 is ombinatorially equivalent to F3. Using (1.1.1) we get

F3 =
(
F3
)∆∆

=
(
P/F

)∆
. (1.1.2)For lari�ation we apply this desription to the vertex �gure P/v in Figure 1.1.6 (b).Corollary 1.1.20 states that the fae lattie of (P/F )∆ is simply the fae lattie of P/Fturned upside down. Figure 1.1.7 shows the result of this operation.

P/vverties
∅ bc

b b

b

(P/v)∆

v3verties
∅

bc

b b

bFigure 1.1.7: Obtaining the fae lattie L (v3) from L (P/v)Now the following lemma is rather obvious.Lemma 1.1.23. The verties of F3 orrespond exatly to those faets of P ontaining
F and vie versa.Before we deal with the dimension of F3, we need to de�ne the dimension of a faelattie.De�nition 1.1.24. Let L (P ) be the fae lattie of a polytope P . Then the dimensiondimension ofa fae lattie dim(L (P )

) of the fae lattie is de�ned as the length k of a maximal hain (x1, . . . , xk)with
• xi ∈ L (P ), ∀ i = 1, . . . , k.
• xi+1 overs xi, ∀ i = 1, . . . , k − 1.



1.1. Polyhedra, polarity and bloking polyhedra 11Obviously, x1 = ∅ and xk = P . In other words, the dimension of a fae lattie issimply the number of di�erent �levels� in the orresponding Hasse diagram. Level 1 onlyontains the empty set, whih is the (−1)-dimensional fae of P . Levels 2 and 3 ontainthe verties and edges with dimension 0 and 1 respetively. The elements of level k − 1are the faets with dimension dim(P ) − 1, whereas the single element in level k is thepolytope itself. So, the index of the level is equal to the dimension of the faes in thislevel plus two. Hene, k = dim(P ) + 2, whih yields a formula for the dimension of apolytope based on the dimension of its fae lattie:dim(P ) = dim(L (P )
)
− 2. (1.1.3)With this formula we an easily prove the following result for the dimension of the on-jugate fae F3.Lemma 1.1.25. Let P be a polytope and let F be a fae of P . Thendim(F3) = odim(F )− 1.Proof. dim(L (F3)

)
= dim (L ((P/F )∆

)) (see (1.1.2)
)

= dim(L (P/F )
)

(Cor. 1.1.20)

= dim(L (P )
)
− dim(L (F )

)
+ 1 (easy to verify)

= dim(P ) + 2− dim(F )− 2 + 1
(see (1.1.3)

)

= odim(F ) + 1Hene dim(F3) = dim(L (F3)
)
− 2 = odim(F )− 1.1.1.3 Bloking polyhedraBesides the lassial polarity disussed in the previous setion, there is the blokingrelation between polyhedra of a ertain lass.De�nition 1.1.26. A polyhedron P ⊆ Rd is said to be of bloking type, if P ⊆ Rd

+ and polyhedronof blokingtypeif y ≥ x ∈ P implies y ∈ P .It follows diretly from the Deomposition theorem for polyhedra that a polyhedron
P in Rd is of bloking type if and only if there exist vetors x0, . . . ,xn in Rd

+ suh that
P = onv(x0, . . . ,xn) + Rd

+.Similarly, P is of bloking type if and only if there are vetors d0, . . . ,dm in Rd
+ suh that

P = {x ∈ Rd
+ | d

⊤
j x ≥ 1, ∀ j = 0, . . . ,m }.In this ontext we de�ne a struture that is essential for the understanding of the signi�-ane of tilting omplexes: the so-alled bloking polyhedron.



12 Chapter 1. PreliminariesDe�nition 1.1.27. For any polyhedron P in Rd we de�ne its bloking polyhedron B(P )blokingpolyhedron
B(P )

by
B(P ) := {z ∈ Rd

+ | z
⊤x ≥ 1, ∀x ∈ P }.We now speify the most important properties of the bloking polyhedron.Theorem 1.1.28. Let P ⊆ Rd be a polyhedron of bloking type. Then(i) B(P ) is again a polyhedron of bloking type.(ii) B(B(P )

)
= P .(iii) if P = onv(x0, . . . ,xn) + Rd

+, then
B(P ) = {z ∈ Rd

+ | z
⊤xi ≥ 1, ∀ i = 0, . . . , n }and onversely.Sine the bloking relation is similar to the lassial polarity, the harateristis ofthe fae lattie of the polar an mostly be transferred to the fae lattie of the blokingpolyhedron. In this ontext we also refer to the followingProposition 1.1.29 (f. Proposition 0.1.1 () of [The05℄). Let L denote the fae lattie

L (P ) of P and let N ⊆ L be the set of all trivial faes of P , i.e. the proper and non-empty faes that are only ontained in non-negativity faets (f. page 17). Furthermore,let L B denote the fae lattie L
(
B(P )

) of B(P ) and let N B ⊆ L B be the set of alltrivial faes of B(P ). Then the posets L \N and L B \N B are anti-isomorphi. Wedenote this anti-isomorphism by
F ♯

·
♯ : L \N −→ L

B \N
B

F 7−→ F ♯.A depition of this proposition is shown in Figure 1.1.8.1.2 Polytopal omplexes and subdivisionsAs the name �tilting omplex� indiates, it is a speial ase of a omplex (or polytopalomplex to be preise). This term shall now be explained. The following de�nitions andresults are mainly based on the setion �Polyhedral Complexes� of [Zie98℄.De�nition 1.2.1. A polyhedral omplex C is a �nite olletion of polyhedra in Rd suhpolyhedralomplex that(i) if P ∈ C, then all faes of P are also in C. In partiular the empty polyhedron istherefore in C.(ii) the intersetion P ∩Q of two polyhedra P,Q ∈ C is a fae of both P and Q.



1.2. Polytopal omplexes and subdivisions 13
P

F

∅

B(P )

F ♯

∅

♯

L \N L B \N BFigure 1.1.8: Shemati diagram of the fae latties L \N and L B \N B

C is a polytopal omplex, if all the polyhedra in C are bounded (i.e. polytopes). The polytopalomplexunderlying set of C is the point set |C| := ⋃P∈C
P . The vertex set vert(C) of a polytopal underlying setvert(C)

omplex C is de�ned as vert(C) :=
⋃

P∈C

vert(P ).A straightforward example of a polytopal omplex is the omplex of all faes of apolytope P , whih is denoted by C(P ). Another obvious example is the so-alled boundary boundaryomplex
C(∂P )

omplex C(∂P ) formed by all proper faes of a polytope P .Similar to the fae lattie of a polyhedron we an de�ne the fae poset of a polyhedral fae posetomplex. In general, we annot assume this poset to be a lattie, beause of the followingounter-example:Example 1.2.2. Consider the polytopal omplex onsisting of the empty set and twodistint verties
C :=

{
∅, {v1}, {v2}

}
.It is easy to verify that this is indeed a polytopal omplex. In a lattie every two elementsmust have a join. But in this example the join v1 ∨ v2 does not exist. Hene, the faeposet of C annot be a lattie.Using the fae poset of a polyhedral omplex we an generalize the previously intro-dued onept of ombinatorial equivalene.De�nition 1.2.3. Two polyhedral omplexes are alled ombinatorially equivalent, iftheir fae posets are isomorphi.



14 Chapter 1. PreliminariesA speial form of a polytopal omplex is the subdivision, whih will dominate theSetions 2.3 and 2.4. A subdivision is de�ned as follows:De�nition 1.2.4. A subdivision of a polytope P is a polytopal omplex C with the un-(regular)subdivision derlying set |C| = P . A subdivision C of a polytope P ⊆ Rd is alled regular, if it arisesfrom a polytope Q ⊆ Rd+1 = span(e0, . . . ,ed ) in the following way:(i) P = π(Q) via the anonial projetion
π : Rd+1 −→ Rd

(
x

xd

)
7−→ xthat �deletes� the last oordinate.(ii) C is the set of all lower faes of Q projeted down to P . The lower faes F are theones satisfying

x− λed /∈ Q, ∀x ∈ F, ∀λ > 0.Figure 1.2.1 shows a simple example of a regular subdivision for d = 1. The lowerfaes of Q are drawn thiker.
Q

bbbb

−ed

PFigure 1.2.1: Example of a regular subdivision for d = 1As Figure 1.2.1 motivates, regular subdivisions arise from pieewise linear onvexfuntions. Given the projetion π : Q −→ P , the funtion
f : P −→ R

x 7−→ min
y∈R { (x⊤, y) ∈ Q }is pieewise linear and onvex. It desribes exatly the lower faes of Q.Thus, every regular subdivision de�nes a pieewise linear onvex funtion. But evenmore important is the onverse result.Lemma 1.2.5. Every pieewise linear onvex funtion f over a polytope P determines aregular subdivision of P by a anonial projetion of the lower faes of the polytope

Q := onv { (x⊤, f(x)
)
| x ∈ P

}
.
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Q

bbbb

P

f|P

Figure 1.2.2: f|P de�nes a regular subdivision of PFigure 1.2.2 illustrates the idea of the lemma.We onlude this setion with the de�nition of the standard simplex. Although itdoesn't seem to �t in this ontext, we will introdue it at this point due to its loserelation to the term of a subdivision in the onept of tilting omplexes. For a detailedexplanation we refer to Setion 2.3.De�nition 1.2.6. The k-dimensional standard simplex �k ( Rk+1 is the onvex hull of �kthe unit vetors �k := onv {e0, . . . ,ek }.Figure 1.2.3 shows some examples of standard simplies. Note that the boundaryof the two-dimensional standard simplex onsists of three one-dimensional standard sim-plies. In general, the boundary of the k-dimensional standard simplex in Rk+1 onsistsof k + 1 standard simplies with dimension k − 1.

1

1

x

y

(a) one-dimensional stan-dard simplex �1

x

y

z

x

y

z

1

1

1(b) two-dimensional standard simplex �2Figure 1.2.3: Standard simplies �k for k = 1, 2



16 Chapter 1. Preliminaries1.3 De�nitions and notation for STSP and GTSPProbably the best-known ombinatorial optimization problem is the Traveling SalesmanProblem or TSP. Its desription is fairly easy:A salesman has to visit n−1 ities. The task onsists in �nding a preferably�e�ient� tour through all ities that starts and ends in his hometown andvisits eah of the ities exatly one.But the simpliity of the desription is deeptive, sine the Hamiltonian Cyle Problem,whih is known to be NP-omplete (see [Kar72℄), redues to TSP. Hene, the TravelingSalesman Problem is NP-hard. Provided that P 6= NP, this implies that there exists nodeterministi method for solving the problem in polynomial time.There are many derivatives of the TSP, but in the ontext of this diploma thesis wewill only onsider the following ones:1. the Symmetri Traveling Salesman Problem and2. the Graphial Traveling Salesman ProblemThe former is simply a speial ase of the TSP with symmetri travel osts, i.e. theosts for traveling from A to B equal the osts for the reverse diretion. The latter is arelaxation of the Symmetri Traveling Salesman Problem allowing the salesman to visitities more than one.After this rather desriptive de�nition of the problems we will now provide a math-ematial formulation. The ontent of the remainder of this setion is mainly based on[NR93, The05℄.De�nition 1.3.1. For a given set E the inidene vetor χE is a vetor in {0, 1}|E| withinidenevetor χE

χE
e :=

{
1, if e ∈ E;
0, otherwise.Let Kn := (Vn, En) be the omplete graph, where Vn := { 0, . . . , n− 1 } and En is the setompletegraph Kn of all two-element subsets of Vn. For a set U ⊆ Vn, we denote by δ(U) the set of all edges

δ(U) of Kn with preisely one end node in U , and we de�ne δ(u) := δ
(
{u}
). A Hamiltonianyle is the edge set of a onneted spanning subgraph of Kn, for whih δ(u) = 2, ∀u ∈ Vn.Hamiltonianyle The Symmetri Traveling Salesman Polytope STSP(n) is the onvex hull of all ini-STSP(n) dene vetors of edge sets of Hamiltonian yles of Kn.The Graphial Traveling Salesman Polyhedron GTSP(n) is equal to the onvex hullGTSP(n) of all non-negative integral vetors (xe)e∈En satisfying the properties that the graph withnode set Vn and edge set { e | xe 6= 0 } is onneted and that the number (χδ(u)

)⊤
x iseven for all u ∈ Vn.As stated in [GP79℄, STSP(n) is an ( |En| − n)-dimensional polytope in R|En|, i.e.dim(STSP(n)

)
=
(n
2

)
− n.



1.3. De�nitions and notation for STSP and GTSP 17GTSP(n) is full-dimensional and of bloking type. The observation that STSP(n) is thefae of GTSP(n), whih is the intersetion of the so-alled degree faets de�ned by the degree faets /inequalitiesdegree inequalities (χδ(u), 2), u ∈ Vn, is fairly obvious.We ontinue with some tehnial de�nitions that are essential for both the de�nitionand the analysis of the so-alled tilting funtions in the next hapter.De�nition 1.3.2. For a node u ∈ Vn and an edge e := vw ∈ En, whih forms a trianglewith u (i.e. u /∈ e), we de�ne the shortut su,e by shortut
su,e

su,e := χe − χuv −χuw ∈ {0,±1}|En|.Let a ∈ R|En|. We denote the triangle slak for u /∈ e by triangle slak
t̄u,e(a)

t̄u,e(a) := −s⊤u,ea,whih is obviously linear in a. For a given u ∈ Vn we de�ne the vetor of all triangleslaks for the node u
t̄u(a)t̄u (a) :=

(
t̄u,e(a)

)
e∈En\δ(u)

.We will also use the vetor
t̄ (a)t̄ (a) :=

(
t̄u,e(a)

)
u∈Vn

e∈En\δ(u)onsisting of all possible triangle slaks.De�nition 1.3.3. A vetor a ∈ R|En| is alled metri, if it satis�es the triangle inequality, metrii.e. t̄ (a) ≥ 0. For all u ∈ Vn we de�ne the Tight-Triangular-set or TT-set ∆u(a) by TT-set ∆u(a)

∆u(a) := { e ∈ En | u /∈ e ∧ t̄u,e(a) = 0 }.A vetor a ∈ R|En| is said to be in TT-form, if it is metri and ∆u(a) 6= ∅, ∀u ∈ Vn. TT-formAn inequality (a, α) is in TT-form, if this is true for a. A fae F of GTSP(n) is ofTT-type, if it is not ontained in a non-negativity faet de�ned by (χe, 0) or a degree TT-typenon-negativityfaetfaet. Aordingly, an inequality de�ning a TT-type fae is also said to be of TT-type.Finally, a set of TT-type faets de�ned by the inequalities {(ai, αi)
}

i∈I
is said to beTT-disjoint at a node u, if TT-disjoint⋂

i∈I

∆u(ai) = ∅.In order to understand the onnetion between inequalities in TT-form and inequalitiesof TT-type, we need a result from [NR93℄.Proposition 1.3.4 (Proposition 2.2 of [NR93℄). An inequality (a, α) faet-de�ning forGTSP(n) falls in one of the following three ategories:(i) trivial inequalities: (χe, 0), ∀ e ∈ En(ii) degree inequalities: (χδ(u), 2), ∀u ∈ Vn(iii) inequalities in TT-form



18 Chapter 1. PreliminariesAs a onsequene, a faet-de�ning inequality is of TT-type, if and only if it is in TT-form. This is due to the inlusion maximality of faets. For faes F with odim(F ) > 1on the other hand, this onlusion is generally false, sine a fae an be properly ontainedin a faet.Next, we want to provide a tehnial de�nition for ertain kinds of TT-type faetsthat were shortly mentioned in the prefae: the so-alled NR- and non-NR faets.De�nition 1.3.5. A TT-type faet G of GTSP(n) with the property that G ∩ STSP(n)is a faet of STSP(n), is alled a Naddef-Rinaldi faet or NR-faet. A TT-type faet,(non-)NR-faet whih is not an NR-faet, is alled a non-NR faet.A good fae of STSP(n) is a proper fae, whih is not ontained in a non-negativity faet.good fae Finally, we introdue the standard saling, whih is a spei� form a valid inequalityfor STSP(n) an have.De�nition 1.3.6. Let x∗ be an arbitrary relative interior point of STSP(n) and let (a, α)be a valid inequality for STSP(n). If a⊤x∗ − α = 1, we say that (a, α) is in standardstandardsaling saling with respet to x∗ (we will omit to mention the x∗).In the next hapter we will need ertain NR-faets to be in standard saling. This is aonsequene of the de�nition of the onjugate fae (f. De�nition 1.1.16), whih requiresthe polytope P to be full-dimensional and to ontain the origin as a relative interiorpoint. Hene, it is not possible to diretly apply the polar theory to STSP(n), sine thispolytope ful�lls neither of these two properties.This problem an be solved by translating STSP(n) in suh a way that a �xed relativeinterior point x∗ is mapped to the origin and then projeting the translated STSP(n)appropriately in order to assure the image to be full-dimensional. During this proess thevalid inequalities for STSP(n) are also transformed, namely into standard saling withrespet to x∗.With regard to the fat that the standard saling is rather a tehnial detail and notvital for a general understanding, this explanation shall su�e.



Chapter 2Tilting omplexes
2.1 General explanation of the oneptAfter the introdution of the neessary terminology, we �rst give an overview of theonept of tilting omplexes in order to provide a general understanding. After that wewill ontinue with a brief outline of the forthoming onstrution.A tilting omplex T(F ) of a good fae F of STSP(n) is a subdivision of the onjugate Tfae F3 of the polar. We will heneforth omit to mention F , if it is lear whih fae ismeant. The onstrution of T requires information about all faets of STSP(n) ontaining
F . The reason why this onept may be valuable will beome lear after the followingtheorem, whih is one of the ore results of [The05℄.Theorem 2.1.1. Let F be a good fae of STSP(n). Then the tilting omplex T(F )is ombinatorially equivalent to the subomplex of the boundary omplex of the blokingpolyhedron B(GTSP(n)

) orresponding to the TT-type faes of GTSP(n) that ontain F .Apart from orroborating the lose relationship between STSP(n) and GTSP(n), thetheorem indiates that by solely providing loal data of the well-studied STSP(n) we anget information about parts of the faial struture of GTSP(n).Let's have a look at Figure 2.1.1. It shows those parts of the Hasse diagram of
L
(GTSP(n)

) that are relevant in this ontext. Solid lines indiate a dimension di�ereneof 1 between the faes of GTSP(n) orresponding to the verties, whereas dashed linesmean a di�erene stritly greater 1. Aording to Proposition 1.3.4 eah faet-de�ninginequality for GTSP(n) falls in one of the following three ategories:(i) trivial inequalities: (χe, 0), ∀ e ∈ En,(ii) degree inequalities: (χδ(u), 2), ∀u ∈ Vn,(iii) inequalities in TT-form.The faets de�ned by the TT-form inequalities deompose into NR- and non-NR faets.In the �gure we omitted the trivial faets, sine they are of no interest. The degreefaets are denoted by F∂i
, the NR-faets by Hi and the non-NR faets by Gi. The19



20 Chapter 2. Tilting omplexesTT-type faets were restrited to those ontaining the fae F . STSP(n) as intersetionof all degree faets is obviously a fae of every F∂i
. The intersetions of the NR-faetswith STSP(n) are by de�nition faets of the latter, unlike the Gi ∩ STSP(n), whih aretherefore loated below the Hi ∩ STSP(n).The subomplex of the boundary omplex of B(GTSP(n)

) mentioned in Theorem2.1.1 is shown in Figure 2.1.2. Its dimension, i.e. the maximal dimension of a fae of
B
(GTSP(n)

) ontained in the subomplex, depends on the o-dimension of the fae F .Before stating this more preisely, we onsider an example of a tilting omplex T of a fae
F of STSP(10) with o-dimension 3 as shown in Figure 2.1.31 (a).Sine eah subdivision is in partiular a polytopal omplex, we an apply De�nition1.2.1 to obtain the vertex set vert(T) of the tilting omplex. In this ase we havevert(T) = {a0,a1,a2,a02,a12,a012 }.Aording to Lemma 1.1.23 the verties a0,a1 and a2 of F3 orrespond to the faets ofSTSP(10) ontaining F , whih are exatly the NR-faets H0,H1 and H2 interseted withSTSP(10). More preisely, eah vertex ai of F3 is the onjugate fae of Hi ∩ STSP(10).The remaining verties of Tvert(T) \ vert(F3) = {a02,a12,a012 }orrespond to G02 ∩ STSP(10), G12 ∩ STSP(10) and G012 ∩ STSP(10), where the Gi arethe non-NR faets of GTSP(10) ontaining F . We see that the maximal dimension offaes of the tilting omplex � and thus the dimension of the ombinatorially equivalentsubomplex of the boundary omplex � is equal to the dimension of F3. Due to Lemma1.1.25 this is exatly odim(F )− 1.Furthermore, the adjaeny of the verties in the tilting omplex an be diretly trans-ferred to the orresponding faes. In order to understand this, we must �rst de�ne theterm of adjaeny for faets of a polyhedron.De�nition 2.1.2. Two faets of a polyhedron are said to be adjaent, if their intersetionadjaentfaets is a ridge of the polyhedron, that is a fae with o-dimension 2.With this in mind, we take a loser look at Figure 2.1.3 (a). For example, we an readfrom the tilting omplex that the non-NR faet G012 is adjaent to H0,H1, G02 and G12,but not to H2. Similarly, we see that the two NR-faets H0,H1 are adjaent, but none ofthem is adjaent to the last NR-faet H2.Another interesting onlusion is the fat that F = G012 ∩ STSP(10). For an expla-nation we refer to Lemma 2.3.12 at the end of Setion 2.3.1, where we will dispose of theneessary means to prove this assertion.Finally, we an derive results regarding ertain intersetions. For example, H1 ∩H2does not orrespond to a fae of the tilting omplex, sine there exists no fae of T thatontains both a1 and a2. Due to the ombinatorial equivalene stated in Theorem 2.1.1the intersetion of these two NR-faets is therefore not an element of the subomplex of1based on Figure 5.6 (b) on page 62 of [The05℄
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b
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a02 a12

a012(a) F 3 with T(F )

G012

H2

G02 G12

H0 H1(b) loal faial struture ofGTSP(10)Figure 2.1.3: Example of F3 with orresponding tilting omplex as well as the impliedfaial struture of GTSP(10)the boundary omplex of B(GTSP(n)
) orresponding to the TT-type faes of GTSP(n)that ontain F . But sine the Hi are exatly the NR-faets ontaining F , we have
F ⊆ H1 ∩H2.Hene, H1 ∩H2 annot be a TT-type fae.By extrating all these piees of information we get a desription of the loal faialstruture of GTSP(10). Figure 2.1.3 (b) attempts to visualize the results. However, thepiture is merely illustrative, sine GTSP(10) has dimension 45.2.1.1 Outline of the onstrution of tilting omplexesNow that we are familiar with the onept of the tilting omplex and some of its interestingproperties, the question arises how we an determine T(F ) for a given fae F .The following list is intended to be a guideline for the forthoming setions dealingwith the onstrution and omputation of tilting omplexes. It only sums up the basisteps without further explanations.

• De�nition of the tilting funtions λu, u ∈ Vn, and the proof that they de�ne regularsubdivisions of the k-dimensional standard simplex �k.
• Computation of the regular subdivisions Cu, u ∈ Vn, of the standard simplex �kde�ned by the tilting funtions λu.
• Computation of the subdivisions Tu, u ∈ Vn, of the onjugate fae F3 as images ofthe regular subdivisions Cu under a ertain projetion:� Determination of the orthogonal projetion C′

u of Cu onto (prϑ(ker(Ã)
))⊥.� Projetion of C′

u onto the linear subspae de�ned by its a�ne hull.
• Intersetion of all Tu in order to get the tilting omplex T =

⋂
u∈Vn

Tu.



24 Chapter 2. Tilting omplexes2.2 De�nition of tilting funtionsThe following onstrution is taken from [The05℄.Let F be a �xed good fae of STSP(n) and let {Hj}j=0,...,k be the set of NR-faetsof GTSP(n) ontaining F . This means that {Hj ∩ STSP(n)}j=0,...,k is the set of faets ofSTSP(n) ontaining F . For all j = 0, . . . , k let (aj , αj) be an inequality de�ning Hj. Wenow de�ne the following matrixmatrix A A :=

(
a0 · · · ak

α0 · · · αk

)
∈ M((|En|+ 1)× (k + 1)

)
,whose olumns are the aforementioned inequalities (aj , αj).For u ∈ Vn and e := vw ∈ En with u /∈ e we de�ne the funtion

tu,e(µ)

tu,e : Rk+1 −→ R
µ 7−→

k∑

j=0

µj t̄u,e(aj) =
k∑

j=0

µj

(
auv

j + auw
j − a

vw
j

)with triangle slaks t̄u,e(aj). Obviously, tu,e(·) is linear in µ. Finally, for u ∈ Vn we de�nethe vetor tu (µ) :=
(
tu,e(µ)

)
e∈En\δ(u)

and the tilting funtionstu(µ)tilting funtion
λu

λu : Rk+1 −→ R
µ 7−→ min

e 6∋u
tu,e(µ)2.3 Subdivisions of �kThe next step is to show that eah tilting funtion λu de�nes a regular subdivision of �k,where k + 1 is the number of NR-faets ontaining F .Lemma 2.3.1. Let u ∈ Vn. Then −λu |�k de�nes a regular subdivision of �k.Proof. Due to Lemma 1.2.5 it is su�ient to show that λu is pieewise linear and onave.Aording to Lemma 5.4.3 of [The05℄, λu has indeed these laimed properties. Sine noproof for the lemma was inluded, we provide one now.

• The pieewise linearity follows immediately from the de�nition of λu and the fatthat the tu,e(·) are linear in µ.
• Let m ∈ (0, 1) and µ(1),µ(2) ∈ Rk+1.

λu

(
mµ(1) + (1−m)µ(2)

)
= min

e 6∋u
tu,e

(
mµ(1) + (1−m)µ(2)

)

= min
e 6∋u

(
mtu,e(µ

(1)) + (1−m) tu,e(µ
(2))
)

≥ m
(
min
e 6∋u

tu,e(µ
(1))
)

+ (1−m)
(
min
e 6∋u

tu,e(µ
(2))
)

= mλu(µ(1)) + (1−m)λu(µ(2)).



2.3. Subdivisions of �k 25Hene, λu is pieewise linear and onave as asserted.Sine the re�etion of λu in a�(�k) and the restrition of its domain to �k yields aregular subdivision, we an reformulate this lemma as follows:Theorem 2.3.2. Let u ∈ Vn. Then λu de�nes a regular subdivision of �k.
tu,e (·)

λu|�1�1

b bb b b bFigure 2.3.1: Example of a regular subdivision of �1 de�ned by λuFigure 2.3.1 shows a possible regular subdivision of �1 de�ned by the tilting funtion
λu. The fat that ertain funtions tu,e(·) interset the verties of �k, whih are exatlythe unit vetors of Rk+1, is not a oinidene but a general result.Lemma 2.3.3. Let u ∈ Vn. Then λu(ei) = 0 for all unit vetors e0, . . . ,ek of Rk+1.Proof. First note that λu(µ) ≥ 0, ∀µ ∈ �k, sine1) µ ∈ �k ⇒ µ ≥ 0.2) Eah (aj , αj) de�nes an NR-faet. Hene aj is metri, i.e. t̄u,e(aj) ≥ 0, ∀ e 6∋ u.The non-negativity of λu|�k now follows diretly from the de�nition of λu.Furthermore, we have

λu(ei) = min
e 6∋u

k∑

j=0

(ei)j t̄u,e(aj) = min
e 6∋u

t̄u,e(ai) = 0due to the fat that (ai, αi) de�nes a NR-faet, whih implies ∆u(ai) 6= ∅.Let's have a loser look at those tu,e(·) interseting the unit vetors, i.e. with
tu,e(ei) = 0, for appropriate i ∈ { 0, . . . , k }.As already seen in the proof of Lemma 2.3.3, we have
tu,e(ei) =

k∑

j=0

(ei)j t̄u,e(aj) = t̄u,e(ai) = 0,whih diretly implies that e ∈ ∆u(ai). This observation leads to the following result.



26 Chapter 2. Tilting omplexesCorollary 2.3.4. Let u ∈ Vn. Then the funtions tu,e(·) interseting the unit vetor eiorrespond to the edges in the TT-set ∆u(ai) and vie versa.Now the question arises whether the existene of a µ̄ ∈ �k with λu(µ̄) > 0 anbe proven. Unfortunately, there is no straightforward way to do so, beause of the loserelationship to the question of the existene of non-NR faets. However, there is a riterionfor λu|�k ≡ 0.Lemma 2.3.5. Let u ∈ Vn. Then
k⋂

j=0

∆u(aj) 6= ∅ ⇒ λu(µ) = 0, ∀µ ∈ �k.In other words: if the NR-faets ontaining the good fae F are not TT-disjoint at node
u, then λu|�k ≡ 0.Proof. The assumption ⋂k

j=0 ∆u(aj) 6= ∅ is equivalent to the following formulation
∃ e⋆ 6∋ u : e⋆ ∈ ∆u(aj) , ∀ j = 0, . . . , k.Applying the de�nition of the TT-sets leads to

t̄u,e⋆(aj) = 0 , ∀ j = 0, . . . , k,whih diretly implies
k∑

j=0

µj t̄u,e⋆(aj) = 0 , ∀µ ∈ �k.Hene, λu|�k ≤ 0 due to the de�nition of the tilting funtions. On the other hand, weknow from the proof of Lemma 2.3.3 that λu|�k ≥ 0. This onludes the proof.Before we deal with the atual omputation of the subdivisions of �k, we make ashort exursus in order to examine a ertain mapping that appears in this ontext. It isnegligible for the omputation itself, but it yields some interesting theoretial results andalso provides additional information for the understanding of Theorem 2.1.1.2.3.1 Exursus: The mapping (c
�
, γ

�
)The de�nition of (c

�
, γ

�
) is taken from [The05℄.Let u ∈ Vn. We abbreviate the normalized left hand side of the degree inequality for

u by
∂u ∂u := 1

2 χδ(u)and de�ne the matrixmatrix D D :=
(
∂0 . . . ∂n−1

)
∈ M(|En| × |Vn|

)
,whih is equal to the transpose of the node-edge inidene matrix.



2.3. Subdivisions of �k 27Now onsider the mapping
µ 7→ (cµ , γµ )

(c
�
, γ

�
) : Rk+1 −→ R|En| × R

µ 7−→ (cµ, γµ) := Aµ−
(

D

1⊤

)
λ(µ),where A is the matrix de�ned in Setion 2.2 and λ(µ) :=
(
λu(µ)

)
u∈Vn

is the vetor ofall tilting funtions. If µ is hosen orretly, then (cµ, γµ) de�nes a valid inequality forGTSP(n).Lemma 2.3.6 (f. Lemma 5.4.4 in [The05℄). For all µ ≥ 0 the inequality (cµ, γµ) isvalid for GTSP(n) and of TT-type.Proof. First, we deal with the validity of (cµ, γµ) for GTSP(n). For this purpose we startwith the proof that cµ = (a0 . . . ak )µ −Dλ(µ) is metri.Let u ∈ Vn. t̄u,e(·) is linear, so
t̄u(cµ) =

k∑

j=0

µj t̄u(aj)

︸ ︷︷ ︸
= tu(µ)

−
∑

v∈Vn

λv(µ) t̄u

(
1
2 χδ(v)

)

= tu(µ) − λu(µ) t̄u

(
1
2 χδ(u)

)
−
∑

v 6=u

λv(µ) t̄u

(
1
2 χδ(v)

)
. (2.3.1)Note that for an arbitrary e := vw ∈ En with u /∈ e we have

t̄u,e

(
1
2 χδ(u)

)
= 1

2

((
χδ(u)

)vu

︸ ︷︷ ︸
=1

+
(
χδ(u)

)uw

︸ ︷︷ ︸
= 1

−
(
χδ(u)

)vw

︸ ︷︷ ︸
= 0

)
= 1.Using a similar argument, it an be shown that t̄u

(
1
2 χδ(v)

)
= 0. Thus, (2.3.1) is reduedto

t̄u(cµ) = tu(µ)− λu(µ) · 1 ≥ 0. (2.3.2)The non-negativity follows diretly from the de�nition of λu , implying that the vetor cµis metri. Furthermore, arg mine 6∋u tu,e(µ) satis�es the orresponding inequality of (2.3.2)with equality. Hene, ∆u(cµ) 6= ∅ for all u ∈ Vn, meaning that cµ is even in TT-form.Sine Aµ is a onial ombination of valid inequalities and eah x ∈ STSP(n) satis�esthe degree inequalities with equality, (cµ, γµ) is valid for STSP(n). Similar to the proof ofLemma 2.5 in [NR93℄, one an show that eah tour x ∈ GTSP(n) an be transformed toa Hamiltonian yle x′ ∈ STSP(n) by suessively adding shortuts sũ,ẽ for nodes ũ ∈ Vnwith δ(ũ) > 2. Beause of cµ being metri, we have
c⊤µ x ≥ c⊤µ x′.So, the validity for GTSP(n) follows diretly from the validity for STSP(n).Let Rµ be the fae de�ned by (cµ, γµ). We �nally want to show that Rµ is of TT-type,i.e. it is not ontained in a non-negativity faet or a degree faet.(i) Let F be the good fae of STSP(n) that is ontained in the NR-faets de�ned bythe olumns of the matrix A. Then eah x ∈ F ful�lls the inequalities (aj, αj) for

j = 0, . . . , k and (∂u, 1) for u ∈ Vn with equality, resulting in F ⊆ Rµ. Sine F is agood fae, Rµ an not be ontained in a non-negativity faet.



28 Chapter 2. Tilting omplexes(ii) Let u be an arbitrary node in Vn and e ∈ ∆u(cµ). Suh an e exists due to cµ beingin TT-form. Sine F is a good fae of STSP(n), it exists a Hamiltonian yle x ∈ Fwith xe > 0. As stated in (i), x ful�lls (cµ, γµ) with equality. Now we subtrat theshortut su,e from x. Beause of e ∈ ∆u(cµ), we have
c⊤µ(x− su,e) = c⊤µx− c⊤µsu,e = c⊤µx + t̄u,e(cµ)︸ ︷︷ ︸

= 0

= γµ.Hene, x − su,e is also an element of Rµ. But the subtration of the shortut alsoaused (
χδ(u)

)⊤
(x− su,e) ≥ 4.Thus, Rµ an not be ontained in the degree faet de�ned by (∂u, 1).An interesting onnetion between λu(µ) and the TT-set ∆u(cµ) is stated in thefollowingLemma 2.3.7. Let u ∈ Vn and e ∈ En with u /∈ e. Then

λu(µ) = tu,e(µ) ⇔ e ∈ ∆u(cµ).Proof. From (2.3.2) we already know that
t̄u(cµ) = tu(µ)− λu(µ) · 1.For a given edge e 6∋ u this implies
t̄u,e(cµ) = tu,e(µ) − λu(µ).Hene, the assertion follows diretly from the de�nition of the TT-sets, sine
e ∈ ∆u(cµ) ⇔ t̄u,e(cµ) = 0.As a onsequene, given a µ ∈ Rk+1 and a u ∈ Vn we an determine the edges ontainedin the TT-set ∆u(cµ). In addition, we an derive a result regarding the TT-sets ∆u(cµ)and ∆u(cµ′) for a ertain hoie of µ and µ′.Lemma 2.3.8. Let u ∈ Vn and Cu be the regular subdivision of �k de�ned by λu. Further-Cu more, assume that P ∈ Cu is a polytope and P ′ is a faet of P . For arbitrary µ ∈ relint(P )and µ′ ∈ relint(P ′) with µ,µ′ ∈ relint(�k), we have

∆u(cµ) ( ∆u(cµ′).Proof. Due to the onstrution of Cu from λu, P is the anonial projetion of a properupper fae F of the polytope Q := onv{ (ξ⊤, λu(ξ)
)
| ξ ∈ �k

}, whose valid inequalitiesare de�ned by the funtions tu,e(·), e ∈ En \ δ(u), and have the form
tu,e(ν) ≥ νk+1,



2.3. Subdivisions of �k 29where ν := (ν0, . . . , νk) ∈ Rk+1 (f. Figure 2.3.1). So, µ ∈ relint(P ) is the anonialprojetion of a point (µ⊤, µk+1) ∈ F satisfying
tu,e(µ) ≥ µk+1, ∀ e 6∋ u.Sine F is a fae of Q, some of these inequalities are ful�lled with equality. Aording toLemma 2.3.7 those tight inequalities orrespond exatly to the edges e ∈ ∆u(cµ).We now onsider a point µ′ ∈ relint(P ′). Sine µ′ is in partiular an element of P , itsatis�es all the aforementioned (in-) equalities, implying that

∆u(cµ) ⊆ ∆u(cµ′).But as a onsequene of P ′ being a faet of P , µ′ is also the anonial projetion ofa relative interior point ((µ′)⊤, µ′k+1

) of a faet F ′ of F . Let this faet be de�ned bythe inequality orresponding to the edge e′. Unlike the relative interior points of F ,(
(µ′)⊤, µ′k+1

) satis�es this inequality with equality. Thus,
e′ ∈ ∆u(cµ′), but e′ /∈ ∆u(cµ).This onludes the proof.So, when µ moves from a relative interior point of a polytope P ∈ Cu to a relativeinterior point of one of its faets, then the orresponding TT-set ∆u(cµ) expands. Buteven more important is the fat that the dimension of the fae Rµ de�ned by the inequality

(cµ, γµ) inreases as stated in the followingLemma 2.3.9. Let Rµ and Rµ′ be the faes of GTSP(n) de�ned by (cµ, γµ) and (cµ′ , γµ′)respetively, with µ,µ′ as in Lemma 2.3.8. Thendim(Rµ′) > dim(Rµ).For the proof of this lemma we will use the following onsideration. In [NR93℄ itis shown how STSP(n) solutions an be obtained from GTSP(n) solutions via so-alledshortut-redution, i.e. by suessively adding appropriate shortuts su,e for nodes u ∈ Vnwith δ(u) > 2 to the urrent solution. This proess is reversible, whih means thatsubtration of shortuts transforms a solution of STSP(n) into one of GTSP(n). Thiswill be referred to as reverse-shortut-redution. Sine we are interested in the dimensionof the faes Rµ and Rµ′ , we need to determine the GTSP(n) solutions ontained in thisfaes.The �rst step is to speify the sets of STSP(n) solutions ontained in Rµ and Rµ′respetively. It will turn out that these sets are idential. In order to onstrut theGTSP(n) solutions ontained in Rµ and Rµ′ via reverse-shortut-redution it is impera-tive that in eah step of this proess the urrent solution remains ontained in the givenfae, i.e. it ful�lls the orresponding inequality (cµ, γµ) or (cµ′ , γµ′) with equality. Thisan be assured by only applying shortuts for triangles spei�ed by the TT-sets ∆u(cµ) or
∆u(cµ′) and thus not altering the value of the urrent solution regarding this inequality.Sine the STSP(n) solutions in the two faes are idential, the dimension of a partiularfae depends solely on the number of a�nely independent shortuts available. Thus, theappliation of Lemma 2.3.8 leads to the onlusion of the proof.



30 Chapter 2. Tilting omplexesProof of Lemma 2.3.9. Consider an arbitrary ξ ∈ relint(�k). We will show that for all
x ∈ STSP(n) we have

x ∈ Rξ ⇔ x ∈
k⋂

j=0

Hj,where the Hj are the NR-faets ontaining the good fae F , whih are de�ned by theinequalities (aj , αj). For onveniene, we write out the de�nition of (cξ, γξ) in full:
(cξ, γξ) := Aξ −

(
D

1⊤

)
λ(ξ) =

k∑

j=0

ξj (aj, αj)−
∑

u∈Vn

λu(ξ) (∂u, 1).Sine eah x ∈ STSP(n) satis�es all degree inequalities with equality, x only has to ful�ll∑k
j=0 ξj (aj, αj) with equality in order to be an element of Rξ = {y | c⊤ξ y = γξ }. Forall x ∈

⋂k
j=0Hj this is obviously true, beause

x ∈
k⋂

j=0

Hj ⇔ a⊤
j x = αj , ∀ j = 0, . . . , k.For the onverse diretion we �rst note that ξ ∈ relint(�k) implies that the vetor ξ haspositive entries only. Thus, ∑k

j=0 ξj (aj, αj) is a onial ombination of the inequalities
(aj , αj). Now onsider an x /∈

⋂k
j=0Hj, i.e. ∃ j0 : x /∈ Hj0 . x is an element of STSP(n)and thus partiularly ontained in GTSP(n), whih implies

a⊤
j0x > αj0as well as

a⊤
j x ≥ αj, ∀j 6= j0.Hene,

( k∑

j=0

ξjaj

)⊤

x >

k∑

j=0

ξjαj ,whih results in x not being an element of Rξ.This proves that the faes Rµ and Rµ′ ontain exatly the same solutions of STSP(n).Their dimension therefore solely depends on the number of a�nely independent shortutsthat an be applied to these solutions.Now let e′ ∈ ∆u′(cµ′) \ ∆u′(cµ) for a u′ ∈ Vn. Suh an e′ exists due to Lemma2.3.8. The laim is that the orresponding shortut su′,e′ is a�nely independent from theshortuts for triangles spei�ed by the TT-sets ∆u(cµ), u ∈ Vn. For the proof assume theonverse, i.e.
su′,e′ =

∑

u∈Vn

e∈∆u(cµ )

λu,e su,e, for an appropriate λ with 1
⊤λ = 1.



2.3. Subdivisions of �k 31Hene,
t̄u′,e′(cµ) = − c⊤µ su′,e′

= − c⊤µ

∑

u,e

λu,e su,e

=
∑

u,e

λu,e (− c⊤µ su,e)︸ ︷︷ ︸
= t̄u,e(cµ )

= 0,sine eah e is an element of the TT-set ∆u(cµ) and therefore t̄u,e(cµ) = 0 aording toDe�nition 1.3.3. But t̄u′,e′(cµ) = 0 diretly implies e′ ∈ ∆u′(cµ), whih ontradits theassumption that e′ is not an element of this partiular TT-set.In Setion 2.1 we said that the verties in vert(T)\vert(F3) orrespond to the non-NRfaets ontaining F . The formal proof of this assertion would go beyond the sope of thisdiploma thesis. But Lemma 2.3.9 indiates why this is atually the ase, sine iteratingthe proess of moving from a polytope in Cu to one of its faets leads to the vertiesof the subdivision. And in eah step the dimension of the orresponding fae inreases.The omplexity of the omplete proof is a onsequene of the fat that we are urrentlyoperating on the standard simplex, but the aspired result refers to the onjugate fae
F3. Hene, an appropriate projetion has to be taken into aount. Apart from that,Lemma 2.3.9 requires relative interior points and is onsequently not appliable to the�nal iteration, sine verties don't have any relative interior points.Now that we have revealed some of the interesting harateristis of the mapping
(c

�
, γ

�
), it is time to introdue another mapping that is important in this ontext. It isalso neessary for a better understanding of Theorem 2.1.1. Proposition 5.5.7 of [The05℄states that there exists a mapping

(c̄, γ̄)
(c̄, γ̄) : a�(F3) −→ R|En| × R

a 7−→
(
c̄(a), γ̄(a)

)with (c̄, γ̄) ◦ ρ = (c
�
, γ

�
) (the image under the mapping ρ is mainly an a�ne ombinationof the verties of F3. For details we refer to [The05℄). This onnetion is depited in thefollowing diagram2

Ak

a�(F3) R|En| × R
ρ

(c̄, γ̄)

(c
�
, γ

�
)Ak denotes the a�ne spae of dimension k, i.e. the set of all points x ∈ Rk+1 satisfying

1
⊤x = 1, whih is simply the a�ne hull of the k-dimensional standard simplex. Withthis additional information we are able to formulate a more preise version of Theorem2.1.1.2based on a diagram on page 66 of [The05℄



32 Chapter 2. Tilting omplexesTheorem 2.3.10 (f. Theorem 5.5.20 in [The05℄). The mapping
ϕ : F3 −→ B

(GTSP(n)
)

a 7−→ 1
γ̄(a) c̄(a)indues an isomorphism from the fae poset of the tilting omplex T(F ) onto that of thesubomplex of the boundary omplex of B(GTSP(n)

) orresponding to the TT-type faesof GTSP(n) that ontain F .This theorem �nally enables us to address the yet unproven assertion from Setion2.1 that F = G012 ∩ STSP(10). In order to failitate the proof, we need the followingauxiliary result.Lemma 2.3.11. Let P ⊆ Rd be a polyhedron and { (bi, βi) | i ∈ I } a set of validinequalities de�ning the faes Fi of P . Furthermore, let F be the fae of P de�ned by∑
i∈I ξi(bi, βi) with positive saling fators ξi. Then

F =
⋂

i∈I

Fi.Proof. It is evident that ⋂i∈I Fi ⊆ F , sine every x ∈
⋂

i∈I Fi ful�lls eah inequality
(bi, βi) with equality. For the onverse diretion we onsider an arbitrary x ∈ F . Apartfrom satisfying ∑i∈I ξi(bi, βi) with equality, it is in partiular an element of P , thus

b⊤i x ≥ βi, ∀ i ∈ I. (2.3.3)
x /∈

⋂
i∈I Fi would imply the existene of at least one index i0 ∈ I with x /∈ Fi0 , i.e.

b⊤i0x > βi0 .But due to (2.3.3) this results in ∑i∈I ξi(bi, βi) not being ful�lled with equality, whihleads to a ontradition.We now dispose of all neessary means to prove a generalization of the assertion thatthe fae G012 ∩ STSP(10) is equal to F .Lemma 2.3.12. Let T := T(F ) be the tilting omplex of a good fae F of STSP(n).Furthermore, let a ∈ vert(T)∩ relint(F3) be a relative interior vertex of T orrespondingto the non-NR faet G. Then
F = G ∩ STSP(n).Proof. G is a non-NR faet. As a onsequene of Theorem 2.3.10, G is de�ned by theinequality (ϕ(a), 1

), whih is equivalent to (c̄(a), γ̄(a)
). Aording to the diagram onpage 31, this inequality an also be represented by (cµ, γµ), where µ is the preimage of

a under ρ.We now onsider the inequality (b, β) := (cµ, γµ) +
∑

u∈Vn
(∂u, 1). Aording toLemma 2.3.11 it de�nes the fae G ∩ STSP(n). Applying the de�nition of (cµ, γµ) leads



2.3. Subdivisions of �k 33to
(b, β) =

k∑

j=0

µj(aj, αj)−
∑

u∈Vn

λu(µ) (∂u, 1) +
∑

u∈Vn

(∂u, 1)

=
k∑

j=0

µj(aj, αj) +
∑

u∈Vn

(
1− λu(µ)

)
(∂u, 1).When restrited to STSP(n), all degree inequalities are satis�ed with equality. Hene,

(b, β) is equivalent to ∑k
j=0 µj(aj , αj), where µ > 0, sine a is a relative interior pointof F3. Thus, in STSP(n) the inequality (b, β) also de�nes the fae ⋂k

j=0Hj ∩ STSP(n),whih is equal to F , sine the Hj ∩STSP(n) are exatly the faets of STSP(n) ontaining
F . This onludes our exursus. We ontinue with the desription of how the subdivisions
Cu of the standard simplex are omputed in pratie.2.3.2 Computation of the subdivisions CuSine the de�nition of the tilting funtion λu is rather unsuitable for the purpose ofomputation, we hoose another approah. Instead of evaluating the minimum over allfuntions tu,e(·) for all edges e not ontaining u, we determine the orresponding inequal-ities for all tu,e(·) and add the onstraints for the standard simplex �k. This yields apolytope Pu whose anonial projetion de�nes a regular subdivision of �k.The hyperplane de�ning the funtion tu,e(·) is given by all points (µ, µk+1) ∈ Rk+2with µ := (µ0, . . . , µk) and

µk+1 = tu,e(µ) =

k∑

j=0

µj t̄u,e(aj).The orresponding valid half spae is de�ned by the inequality
tu,e(µ) ≥ µk+1 ⇔ tu,e(µ)− µk+1 ≥ 0.Figure 2.3.2 gives an idea of how suh an inequality looks like in the ase k = 1.Algorithm 2.3.1 uses the aforementioned idea to ompute the subdivisions Cu of �k.Note that all algorithms written for this diploma thesis were implemented with exatarithmeti using the GNU Multiple Preision Number Pakage (GMP)3. Besides, we areutilizing polymake, whih is a tool for the algorithmi treatment of onvex polyhedra and�nite simpliial omplexes. For more information on polymake we refer to [GJ00, GJ01℄.

3See http://www.swox.om/gmp/ for more information
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µ0

µ1

µ2

µ0

µ1

µ2 tu,e(µ0, µ1) = µ2

(a) µ0

µ1

µ2

µ0

µ1

µ2

tu,e(µ0, µ1) = µ2

(b)Figure 2.3.2: Example of a hyperplane de�ning tu,e(·) shown from di�erent angles
Algorithm 2.3.1 Compute the subdivisions of �kInput: Number of nodes nNR-faets (aj , αj), j = 0, . . . , kOutput: Subdivision Cu of �k de�ned by λu, ∀u ∈ Vn1: Convert all (aj , αj) to standard saling with respet to the relative interior point

x∗ := 2
n−1 · 1;2: for ( u ∈ Vn ) {3: for ( e ∈ En \ δ(u) ) {4: for ( j = 0, . . . , k ) {5: Compute t̄u,e(aj);6: } // for7: Formulate the onstraint tu,e(µ)− µk+1 ≥ 0;8: } // for9: Add onstraints µ ≥ 0 and 1

⊤µ = 1 de�ning �k. Together with the inequalitiesfrom line 7 they yield the polytope Pu;// if NR-faets are TT-disjoint at node u10: if ( Pu 6= �k ) {11: Compute vertex and faet information of Pu using polymake;12: Determine anonial projetion of Pu;13: } // if14: } // for



2.4. Subdivisions of F3 352.3.3 A pratial example for GTSP(10) [Part 1℄We onsider the non-NR faet of GTSP(10) de�ned by the following inequality
3x1 + 5x2 + 6x3 + 6x4 + 7x5 + 8x6 + 9x7 + 9x8 + 9x9 + 8x10

+ 9x11 + 9x12 + 6x13 + 5x14 + 6x15 + 8x16 + 8x17 + 9x18 + 9x19 + 8x20

+ 3x21 + 8x22 + 6x23 + 6x24 + 6x25 + 6x26 + 6x27 + 9x28 + 3x29 + 9x30

+ 9x31 + 6x32 + 3x33 + 9x34 + 6x35 + 9x36 + 6x37 + 9x38 + 3x39 + 9x40

+ 9x41 + 7x42 + 9x43 + 9x44 + 6x45 ≥ 47.Its intersetion with STSP(10) has o-dimension 3 and is ontained in three NR-faetsgiven by the following inequalities
1x1 + 2x2 + 3x3 + 4x4 + 3x5 + 3x6 + 4x7 + 4x8 + 4x9 + 3x10

+ 4x11 + 5x12 + 2x13 + 2x14 + 3x15 + 3x16 + 3x17 + 3x18 + 4x19 + 3x20

+ 1x21 + 4x22 + 2x23 + 2x24 + 3x25 + 2x26 + 2x27 + 5x28 + 1x29 + 3x30

+ 5x31 + 3x32 + 2x33 + 4x34 + 4x35 + 4x36 + 3x37 + 3x38 + 1x39 + 5x40

+ 3x41 + 3x42 + 4x43 + 4x44 + 2x45 ≥ 20,

1x1 + 2x2 + 3x3 + 2x4 + 3x5 + 3x6 + 3x7 + 5x8 + 4x9 + 3x10

+ 4x11 + 3x12 + 2x13 + 2x14 + 2x15 + 4x16 + 3x17 + 5x18 + 4x19 + 3x20

+ 1x21 + 3x22 + 3x23 + 2x24 + 3x25 + 4x26 + 4x27 + 4x28 + 2x29 + 5x30

+ 3x31 + 3x32 + 1x33 + 5x34 + 2x35 + 4x36 + 2x37 + 4x38 + 1x39 + 4x40

+ 4x41 + 3x42 + 4x43 + 3x44 + 3x45 ≥ 20,

4x1 + 6x2 + 7x3 + 7x4 + 8x5 +10x6 +11x7 + 9x8 +10x9 +10x10

+11x11 +11x12 + 8x13 + 6x14 + 7x15 + 9x16 +10x17 +11x18 +11x19 +10x20

+ 4x21 + 9x22 + 7x23 + 8x24 + 8x25 + 7x26 + 7x27 +10x28 + 4x29 +11x30

+11x31 + 7x32 + 4x33 +10x34 + 7x35 +10x36 + 7x37 +11x38 + 4x39 + 9x40

+11x41 + 8x42 +10x43 +11x44 + 7x45 ≥ 58.Consequently, k is equal to 2. The omputation of Pu for all u = 0, . . . , 9 shows thatthe NR-faets are TT-disjoint at the nodes 3 and 4. Hene, the polytope Pu di�ers fromthe two-dimensional standard simplex �2 for these two nodes. In this example we onlyonsider P3, sine P4 looks very similar.Figure 2.3.3 shows a visualization of P3 reated with polymake. The upper fae inFigure 2.3.3 () is equal to �2 and the top view in Figure 2.3.3 (a) gives an idea of howthe anonial projetion of P3 looks like.2.4 Subdivisions of F3Given the subdivisions Cu of the standard simplex from the previous setion, we areable to obtain the subdivisions of F3 by applying a result from [The05℄. But for theformulation of this result we have to introdue some additional terminology �rst.With the matrix A from Setion 2.2 and the matrix D from the exursus we omposethe matrix matrix eAÃ :=
(
A,−

(
D

1⊤

))
∈ M((|En|+ 1)× (|Vn|+ k + 1)

)
,
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(a) (b)

() (d)Figure 2.3.3: Visualization of the polytope P3 from di�erent angleswhose �rst k+1 olumns are the inequalities (aj , αj) de�ning the NR-faets of GTSP(n)that ontain F . The remaining |Vn| olumns are the negative oe�ients of the normalizeddegree inequalities. For a vetor x ∈ R|Vn|+k+1 we abbreviate the �rst k + 1 oe�ientsby ϑ and the last |Vn| oe�ients by ξ

x =
(
ϑ
ξ

)
.For instane, using this notation the inequality (cµ, γµ) = Aµ −

(
D

1⊤

)
λ(µ) from theexursus ould be written as

Ã
(

µ
λ(µ)

)
.Finally, we introdue the projetionprϑ prϑ : R|Vn|+k+1 −→ Rk+1

x =
(
ϑ
ξ

)
7−→ ϑ
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ΘΘ := prϑ(ker(Ã)

)
.We are now ready to formulate the result from [The05℄.Theorem 2.4.1. The orthogonal projetion of �k onto Θ⊥, whih is subsequently projetedonto the linear subspae de�ned by its a�ne hull, is a�nely isomorphi to F3. Regularsubdivisions of �k are transformed into subdivisions of F3, although regularity is generallylost.The remainder of this setion will deal with the di�erent steps of omputing a subdi-vision of F3 out of a subdivision Cu of �k.2.4.1 Orthogonal projetion of Cu onto Θ⊥For the alulation of an orthogonal projetion onto Θ⊥ we need either an orthogonal oran orthonormal basis of Θ⊥. The latter would require the use of the Eulidean norm andhene the extration of roots. Sine this operation is not supported by the GMP pakage,we utilize an orthogonal basis.We start with the determination of a basis of ker(Ã). This an be obtained by applyingGaussian elimination to Ã, whih is equivalent to solving the homogeneous linear equationsystem Ã

(
ϑ
ξ

)
= 0. Sine Ã is a non-square matrix, it will be transformed into reduedrow-ehelon form. And it is a well-known fat from the �eld of linear algebra that a basisof the kernel an easily be extrated from this form. Let

B := (b0, . . . , bl)be this basis. Then (prϑ(b0), . . . ,prϑ(bl)
)forms a generating system of Θ. In general, we annot assume this generating system to bea basis, sine the projetion prϑ may destroy the linear independene of the basis vetorsof ker(Ã). Let P be the matrix, whose olumns are the vetors prϑ(b0), . . . ,prϑ(bl). matrix PThen

Θ = im(P).At this point we need another result from the �eld of linear algebra.Lemma 2.4.2. Let M ∈ M(m× n) de�ne a linear mapping. Then
(im(M)

)⊥
= ker(M⊤).Proof. Let y ∈

(im(M)
)⊥. This is equivalent to the following formulation

y⊤
Mx = 0, ∀x ∈ Rn,whih is the same as (

M
⊤y
)⊤

x = 0, ∀x ∈ Rn.Sine the above equation must be ful�lled by every vetor x ∈ Rn, this is true if and onlyif
M

⊤y = 0,whih means that y ∈ ker(M⊤).



38 Chapter 2. Tilting omplexesAs a onsequene of this lemma, we get a representation of Θ⊥ subjet to the matrix
P, namely

Θ⊥ =
(im(P)

)⊥
= ker(P⊤).With this representation we an ompute a basis of Θ⊥ using Gaussian elimination asexplained before, whih is then transformed into an orthogonal basis B := (b̄0, . . . , b̄t)via the Gram-Shmidt proedure.Given this basis, we an determine the orthogonal projetion of a subdivision Cu of�k onto Θ⊥ by projeting all the verties v ∈ vert(Cu). The image of eah v is given by

v′ := pr⊥(v) =

t∑

i=0

v⊤b̄i

‖b̄i‖22
b̄i =

t∑

i=0

v⊤b̄i

b̄⊤i b̄i
b̄i. (2.4.1)We denote this orthogonal projetion of Cu by C′

u . In general, C′
u may not be full-dimensional. Thus, the next step onsists in the projetion of C′

u onto the linear subspaede�ned by its a�ne hull.2.4.2 Projetion of C′
u onto the linear subspae de�ned by its a�ne hullFor this purpose we �rst need to determine an orthogonal basis of a�(C′

u). Then we analulate the oordinates of the projeted verties v′ with respet to this basis. This willredue the dimension of the verties to that of a�(C′
u).The basi idea for getting a basis of a�(C′

u) is to take a �xed vertex v′
∗ and ompute thevetors from this vertex to all the other verties of C′

u. These vetors yield a generatingsystem of a�(C′
u), whih an be transformed into an orthogonal basis using the Gram-Shmidt proedure.First we note that we don't need all the verties of C′

u for the omputation of thegenerating system. Sine �k is the onvex hull of the unit vetors of Rk+1, it is su�ientto only onsider the projeted unit vetors e′
0, . . . ,e

′
k. To simplify matters, we additionallyassume that the verties of C′

u are sorted suh that the �rst k+ 1 verties orrespond tothe unit vetors in reverse lexiographial order, i.e. if v′
0, . . . ,v

′
s, s > k, are the vertiesof C′

u, then
v′

i = e′
i , ∀ i = 0, . . . , k.We hoose v′

0 as �xed vertex and get ((v′
1 − v′

0), . . . , (v
′
k − v′

0)
) as generating systemof a�(C′

u). If the verties were not sorted this way, the generating system and thusthe resulting basis would vary depending on the order of the projeted unit vetors and aoordinate transformation would be neessary in order to ompare the results for di�erentnodes u ∈ Vn. Hene, it is easier to sort the verties in the forefront of the omputation.Next, we apply the Gram-Shmidt proedure to the vetors (v′
1 − v′

0), . . . , (v
′
k − v′

0).In its standard version it requires the input vetors to be linearly independent, but witha slight modi�ation it is able to handle linearly dependent vetors as well.In eah step the Gram-Shmidt proedure takes one of the remaining input vetorsand alulates the di�erene of this vetor and its orthogonal projetion onto the linearspae that is spanned by all orthogonal basis vetors omputed up to this time. In thestandard version a problem ours, if the urrent vetor lies within this spae. Then it



2.4. Subdivisions of F3 39is idential to its orthogonal projetion, thus the di�erene is 0. Obviously, this asean easily be deteted. Eah suh vetor is simply removed from the input list and theomputation ontinues with the next input vetor.So, let B
a� be the resulting orthogonal basis of a�(C′

u). For the alulation of theoordinates of the verties v′ with respet to this basis, we revisit (2.4.1) and notie thatthe oe�ients
(v′)⊤ba�i
‖ba�i ‖22 =

(v′)⊤ba�i
(ba�i )⊤ba�iof the orthogonal projetion of v′ onto a�(C′

u) with respet to the basis B
a� are exatly theoordinates we are looking for. Finally, we have omputed a subdivision of the onjugatefae F3, also referred to as tilting omplex at node u, whih we will denote by Tu. TuFor the visualization we would like to give the results with respet to an orthonormalbasis, so there is one more step to be made, namely the i-th oordinate of eah vertex hasto be multiplied by the Eulidean norm of the i-th basis vetor of B

a�. As stated before,the GMP pakage does not support the extration of roots, hene a typeast to doubleis neessary, aompanied by the inevitable preision loss. But the visual representationof Tu is the �nal output, i.e. the results are no longer needed for future omputation.Therefore the preision loss is tolerable.An abstrat of this whole proess in pseudoode is given in Algorithm 2.4.1.As soon as all Tu are omputed, we an obtain the tilting omplex T by intersetingall tilting omplexes at the di�erent nodes, whih means
T =

⋂

u∈Vn

Tu.Note that the union of the vertex sets (vert(Tu)
)
u∈Vn

may be a proper subset of vert(T),as depited in Figure 2.4.1.At this point it is neessary to explain how the good faes for the omputation oftilting omplexes were hosen. We started with known TT-type faets G of GTSP(n).For eah of them the dimension of the intersetion F := G ∩ STSP(n) was alulated.Those F with odim(F ) > 1, i.e. the intersetions of non-NR faets with STSP(n), weretaken as good faes for further omputation.The idea behind this approah is the following. The intersetion of a TT-type faetwith STSP(n) annot be ontained in a non-negativity faet, thus being a good fae ofSTSP(n). And only the non-NR faets lead to reasonable results, sine for an NR-faetthe number k + 1 of NR-faets ontaining this partiular faet is one. Aordingly, k isequal to zero, whih results in the zero-dimensional standard simplex �0 that onsists ofone single vertex and thus annot be subdivided.So far, we have only enountered non-NR faets, whose orresponding fae F ofSTSP(n) has odim(F ) ≤ 3. As a onsequene, we have dim(F3) ≤ 2 due to Lemma1.1.25. The tilting omplex an therefore easily be obtained by simply overlaying all Tu.In the ase that non-NR faets should be disovered, whose intersetion with STSP(n)has odim(F ) > 3, one would need a more sophistiated method for the intersetion ofthe Tu.



40 Chapter 2. Tilting omplexesAlgorithm 2.4.1 Compute the tilting omplex at node u ∈ VnInput: Number of nodes nNR-faets (aj , αj), j = 0, . . . , kSubdivision Cu of �kOutput: Tu1: Generate the matrix Ã :=
(
A,−

(
D

1⊤

))
;// Compute generating system of Θ := prϑ(ker(Ã)

)2: Determine a basis B := (b0, . . . , bl) of ker(Ã) by solving the homogeneous linearequation system Ã
(
ϑ
ξ

)
= 0 via Gaussian elimination;3: Θ = im(P) , with P :=
(prϑ(b0), . . . ,prϑ(bl)

)
;// Compute an orthogonal basis of Θ⊥4: Θ⊥ = im(P)⊥ = ker(P⊤

). Determine a basis of Θ⊥ by solving P
⊤x = 0 via Gaussianelimination and obtain an orthogonal basis B of Θ⊥ by applying the Gram-Shmidtproedure to it;// Compute orthogonal projetion of Cu onto Θ⊥5: Sort the verties vi of Cu suh that the �rst k + 1 verties are the unit vetors inreverse lexiographial order;6: for ( vi ∈ vert(Cu) ) {7: Determine the orthogonal projetion v′

i of vi onto Θ⊥ with respet to B;8: } // for// Projet the above projetion C′
u of Cu onto the linear subspae de�ned by its a�ne// hull9: Compute the vetors ( (v′

1−v′
0), . . . , (v

′
k−v′

0)
) in order to obtain a generating systemof a�(C′

u). Apply the Gram-Shmidt proedure to get an orthogonal basis B
a�;10: Determine the oordinates of the projeted verties v′

i with respet to B
a�. Theseare exatly the oe�ients of the orthogonal projetion of v′

i onto a�(C′
u);11: For the purpose of visualization, multiply the j-th oordinate of v′

i by ∥∥ba�j ∥∥2
;2.4.3 A pratial example for GTSP(10) [Part 2℄We now onlude the example from Setion 2.3.3, where we found out that the polytopes

P3 and P4 were the only ones di�ering from the standard simplex. Applying Algorithm2.4.1 to their anonial projetions C3 and C4 results in the subdivisions T3 and T4 of F3as shown in Figure 2.4.1. The intersetion of the tilting omplexes at nodes 3 and 4 leadsto the tilting omplex T, whih we have already seen in Figure 2.1.3 (a).
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Figure 2.4.1: F3 with T3, T4 and T





Chapter 3Computation of NR-faetsSine their introdution in setion 2.2, the NR-faets ontaining the good fae F ofSTSP(n) were always assumed to be a given input. This hapter will �nally answerthe question how to atually ompute them.For this purpose we remember that aording to Lemma 1.1.23 the verties of F3orrespond exatly to those faets of STSP(n) ontaining F . Thus, we need an outerdesription of F3 in order to ompute the verties of F3 using polymake. At this point weget bak to Theorem 1.1.18, whih explains how this desription an be obtained. One wehave these verties of F3, we apply Theorem 1.1.15 (vi) to get the orresponding faet-de�ning inequalities of STSP(n). Finally, we transform the inequalities into TT-form.The main advantage of this method is the fat that solely information about STSP(n) isneeded for the omputation.The remainder of this hapter will give a detailed explanation of how to implementthe above onstrution.3.1 An outer desription of F3As stated before, we want to use Theorem 1.1.15 (vi) in the ourse of this implementation,whih expliitly requires 0 to be a relative interior point of the polytope we are onsidering.Sine this is not the ase for STSP(n), we have to translate it in suh a way, that a relativeinterior point is mapped to the origin. Again we hoose x∗ := 2
n−1 · 1 to be this point.Hene, the translated version of STSP(n), whih we will denote by S↓, is obtained by S↓mapping every vertex v of STSP(n) to

v↓ := v − x∗.Let F↓ be the fae of S↓ orresponding to F . Aording to Theorem 1.1.18 an outer F↓desription of F3

↓ is given by
F3

↓ = {a | a⊤v↓ ≤ 1, ∀v↓ ∈ V

F↓

and
a⊤v↓ = 1, ∀v↓ ∈ VF↓

},where VF↓
:= vert(F↓) and VF↓

⊎ V 
F↓

= vert(S↓) =: V . Sine STSP(n) is de�ned as theonvex hull of the inidene vetors χH of all Hamiltonian yles, we have43
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• V = {χH

↓ | H is Hamiltonian yle }
• VF↓

= {χH
↓ | H is Hamiltonian yle ∧ χH ∈ F }

• V 
F↓

= {χH
↓ | H is Hamiltonian yle ∧ χH /∈ F }Consequently,

v⊤
↓ a ≤ 1, ∀v↓ ∈ V


F↓yield the inequalities and

v⊤
↓ a = 1, ∀v↓ ∈ VF↓the equalities of the outer desription. In the urrent form the desription ontains a lotof redundant inequalities. Although polymake is able to handle redundany, we have toredue the number of dominated inequalities, beause otherwise the polymake input �lemay beome too large. For example, an input �le for GTSP(12) would have a size of over6 GB!In order to redue redundany, we use the following approah:Algorithm 3.1.1 Eliminate redundant inequalities1: Let I be the index set of V 

F↓
, J the index set of VF↓

and N := ∅ the index set oftranslated verties de�ning non-redundant inequalities;2: Choose an arbitrary i ∈ I. Set N = {i} and I = I \ {i};3: while ( I 6= ∅ ) {4: Choose an arbitrary i ∈ I and set I = I \ {i};5: Test for the existene of oe�ients λn ≥ 0, n ∈ N, and µj, j ∈ J, suh that(i) ∑
n∈N λnv

(n)
↓ +

∑
j∈J µjv

(j)
↓ = v

(i)
↓(ii) ∑

n∈N λn +
∑

j∈J µj ≤ 1by solving a linear program (LP) with CPLEX ;6: if ( LP is infeasible ) {7: Add (v(i)
↓

)⊤
a ≤ 1 to outer desription of F3

↓ and set N = N ∪ {i};8: } // if9: } // whileNote that in eah yle of the while loop the LP hardly alters. Only the right handside is hanged and at most one new olumn is added. Hene, Algorithm 3.1.1 an bee�iently implemented using the CPLEX C-interfae. The results are onvining. In thease of GTSP(10) the above method has redued
• the size of the polymake input �les from 34 MB to 13 KB.
• the overall running time from 10 minutes to less than 30 seonds on an IntelR©XeonTM 2.80 GHz proessor with 2 GB of RAM.But the outer desription is not omplete, yet. Although the fae F is a subset ofthe |En|-dimensional spae, it is still embedded in the a�ne hull of STSP(n), whih is
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∂⊤

u x = 1 , ∀u ∈ Vn.Thus, these equalities have to be added to the outer desription. Of ourse they have tobe translated aordingly, resulting in
∂⊤

u a = 0 , ∀u ∈ Vn. (3.1.1)Now we have all the neessary onstraints to desribe F3

↓ and an ompute its vertiesusing polymake. Let a0, . . . ,ak be those verties. As stated before, they orrespondto the faets of S↓ ontaining F↓. The next step is the alulation of the inequalitiesde�ning those faets as well as their inverse translation in order to obtain faet-de�ninginequalities for STSP(n).3.2 Faet-de�ning inequalities for STSPBy applying Theorem 1.1.15 (vi) to the verties a0, . . . ,ak of F3

↓ we obtain faet-de�ninginequalities for the polar of F3

↓ . Due to (1.1.1) we have
(
F3

↓

)∆
= S↓/F↓,where S↓/F↓ is the fae �gure of S↓ at the fae F↓. Its fae lattie L (S↓/F↓) is the sublat-tie of L (S↓) onsisting of all faes that ontain F↓. Hene, the faets of S↓/F↓ orrespondexatly to those faets of S↓ ontaining F↓, whih are de�ned by the inequalities

a⊤
j x↓ ≤ 1 , ∀ j = 0, . . . , k.In order to obtain inequalities for STSP(n) we simply insert the de�nition of x↓. Movingthe onstant term to the right hand side results in

a⊤
j x ≤ 1 + a⊤

j x∗ , ∀ j = 0, . . . , k.The right hand side an then be simpli�ed aording to the followingLemma 3.2.1. Let x∗ := 2
n−1 · 1. Then

a⊤x∗ = 0 , ∀a ∈ S↓.Proof. We remember the matrix D, whose olumns are the normalized left hand sidesof the degree inequalities. Per onstrution, eah a ∈ S↓ satis�es (3.1.1). Hene S↓ is asubset of ker(D⊤
).Sine D is equal to the transposed node-edge inidene matrix and due to the fatthat eah edge has two end nodes, eah row of D has exatly two non-zero entries. As aonsequene,

x∗ := 2
n−1 · 1 = D

(
1

n−1 · 1
)
∈ im(D).From Lemma 2.4.2 we an deriveim(D) =

(ker(D⊤
))⊥

.Now the assertion follows diretly from the de�nition of the orthogonal omplement.



46 Chapter 3. Computation of NR-faetsSo, the faets of STSP(n) ontaining F are de�ned by the inequalities a⊤
j x ≤ 1,

j = 0, . . . , k. Now we sale eah inequality with the least ommon multiple of the denom-inators of its left hand side oe�ients to assure that the resulting oe�ients are integer.Finally, the inequalities are transformed into TT-form and saled with the reiproal ofthe greatest ommon divisor of the left hand side oe�ients and the right hand side. Inthis form they are also valid for GTSP(n).The pseudoode of this whole proedure is given in Algorithm 3.2.1.Algorithm 3.2.1 Compute the NR-faets ontaining the good fae FInput: Number of nodes nInidene vetors χH of Hamiltonian yles in FOutput: Inequalities (aj, αj) in TT-form de�ning the NR-faets that ontain F1: Generate all Hamiltonian yles. These are exatly the verties of STSP(n);// Translate STSP(n) suh that the relative interior point x∗ := 2
n−1 · 1 is mapped// to the origin ; S↓. Sine F ⊆ STSP(n) this also yields F↓2: for ( v ∈ vert(STSP(n)

)
) {3: v↓ := v − x∗;4: } // for// Equalities for the verties of F↓5: for ( v↓ ∈ vert(F↓) ) {6: Add v⊤

↓ a = 1 to outer desription;7: } // for// Translated degree equalities8: for ( u ∈ Vn ) {9: Add ∂⊤
u a = 0 to outer desription;10: } // for// Inequalities11: for ( v↓ ∈ vert(S↓) ) {12: Chek redundany using CPLEX (f. Algorithm 3.1.1);13: if ( inequality is not redundant ) {14: Add v⊤

↓ a ≤ 1 to outer desription;15: } // if16: } // for17: Compute the verties a0, . . . ,ak of F3

↓ using polymake;// Determine the inequalities de�ning the NR-faets18: for ( j = 0, . . . , k ) {19: Generate a⊤
j x ≤ 1;20: Multiply the inequality by the least ommon multiple of the denominators of itsleft hand side oe�ients;21: Transform inequality into TT-form and sale it with the reiproal of the greatestommon divisor of the left hand side oe�ients and the right hand side;22: } // for



Chapter 4Results
4.1 UtilitiesIt follows a detailed desription of the main utilities implemented in the ourse of thisdiploma thesis. Both the orresponding soure ode and the exeutable programs an befound on the attahed CD in the diretory Utils.4.1.1 �ndFaetsThis program is an implementation of Algorithm 3.2.1 for the omputation of all NR-faets (aj, αj) ontaining a given good fae F of STSP(n). The usage is as follows:./findFaets <n> <poi>Inputs:n number of nodes in Knpoi name of the .poi �le storing the harateristi vetors of the Hamiltonianyles that are ontained in FRequirements:UNIX operating systemCPLEXpolymakeAverage running time1:

≈ 25s for GTSP(10)
≈ 1h 23m for GTSP(12)In the prefae we shortly mentioned a former implementation for the omputation ofthe NR-faets, whose atual name is find_fae. Sine our program intends to be areplaement, it inherits the output format of find_fae, thus reating a .ieq �le with thefollowing struture:1the running time was measured on an IntelR© XeonTM 2.80 GHz proessor with 2 GB of RAM.47



48 Chapter 4. ResultsDIM = <(n * (n - 1)) / 2>COMMENT <omment>INEQUALITIES_SECTION(<ount>) <LHS> >= <RHS> # <SMAPO number>ENDThe left hand side (LHS) a⊤
j x is given in sparse format. SMAPO is a library oflinear desriptions of low-dimensional 0/1-polytopes onneted with small instanes ofombinatorial optimization problems. In the ase of GTSP and STSP the faets areenumerated and partitioned into lasses, whose members are equal modulo permutationof nodes and are assigned the number of the lass � the so-alled SMAPO number.We now give a small example of suh an output �le for a fae of STSP(10).DIM = 45COMMENTINEQUALITIES_SECTION( 1) +1x1 +2x2 +2x3 +3x4 +3x5 +2x6 +4x7+3x8 +4x9 +3x10 +3x11 +4x12 +4x13 +3x14+3x15 +2x16 +3x17 +4x18 +3x19 +5x20 +4x21+2x22 +3x23 +4x24 +5x25 +3x26 +4x27 +4x28+3x29 +2x30 +2x31 +3x32 +5x33 +4x34 +3x35+3x36 +3x37 +4x38 +5x39 +2x40 +1x41 +2x42+3x43 +4x44 +3x45 >= 22 # 464( 2) +3x1 +7x2 +9x3 +8x4 +11x5 +13x6 +12x7+13x8 +13x9 +10x10 +10x11 +11x12 +14x13 +16x14+9x15 +10x16 +16x17 +16x18 +9x19 +14x20 +16x21+5x22 +16x23 +16x24 +17x25 +12x26 +18x27 +13x28+12x29 +6x30 +5x31 +11x32 +14x33 +17x34 +11x35+14x36 +9x37 +16x38 +16x39 +11x40 +6x41 +12x42+13x43 +15x44 +18x45 >= 80 # 13606ENDIn addition, an update �le for the faet database of GTSP(n) is reated just in asethe omputed NR-faets aren't already inluded.4.1.2 tiltingComplexThis program omputes the tilting omplex T(F ) for a given good fae F of STSP(n). Itombines Algorithms 2.3.1 and 2.4.1 and has the following usage:./tiltingComplex <n> <ieq>Inputs:n number of nodes in Knieq name of the .ieq �le storing the NR-faets that ontain the good fae FRequirements:UNIX operating systempolymake



4.1. Utilities 49Average running time:
≈ 4s for GTSP(10), odim(F ) = 2
≈ 17s for GTSP(10), odim(F ) = 3
≈ 19s for GTSP(12), odim(F ) = 3For eah u ∈ Vn with Pu 6= �k the program reates three �les(i) u.poly(ii) subdivisionAtNode.u.poly(iii) tiltingComplexAtNode.u.polyontaining the desriptions of Pu, Cu and Tu respetively. If the dimension of Pu isappropriate for a visualization, polymake is exeuted with the parameter VISUAL, whihdisplays the polytope using JavaView2.The �rst two �les are in standard polymake �le format, whereas the third one is slightlymodi�ed as shown below.## <omment>#VERTICES1 <vertex oordinates>VERTICES_IN_FACETS{<verties ontained in this faet>}# LHS_RHS_SMAPO# <LHS> <RHS> <SMAPO>As already mentioned in Setion 2.4.2, the verties are sorted in suh a way that the�rst k + 1 of them orrespond to the unit vetors in reverse lexiographial order, whihare then projeted onto the verties of F3. Consequently, these verties also orrespondto the NR-faets ontaining F . In order to allow the identi�ation of these NR-faets,additional information is provided in the LHS_RHS_SMAPO setion, whih is the onlynon-standard part of the �le. It is therefore ommented out to grant ompatibility withpolymake. For j ∈ { 0, . . . , k } the j-th row of the LHS_RHS_SMAPO setion providesthe left hand side oe�ients, the right hand side and the SMAPO number of the NR-faetrepresented by the vertex in the j-th row of the VERTICES setion.Again, we give a small example for a fae of STSP(10).## COMMENT#VERTICES1 -0.70710678118654761 0.70710678118654761 0.43803074940759582See http://www.javaview.de/ for more information



50 Chapter 4. ResultsVERTICES_IN_FACETS{0 2}{1 2}# LHS_RHS_SMAPO# 1 2 2 3 3 2 4 3 4 3 3 4 4 3 3 2 3 4 35 4 2 3 4 5 3 4 4 3 2 2 3 5 4 3 3 3 45 2 1 2 3 4 3 22 464# 3 7 9 8 11 13 12 13 13 10 10 11 14 16 9 10 16 16 914 16 5 16 16 17 12 18 13 12 6 5 11 14 17 11 14 9 1616 11 6 12 13 15 18 80 13606All non-NR faets found during the omputation are stored in an update �le for thefaet database of GTSP(n). Furthermore a LATEX ode is printed that an be rediretedto a �le. This ode ontains a visualization of the tilting omplex using the pakagePSTriks3 as well as tabular representations of the involved NR- and non-NR faets. Adetailed desription and examples are given in Appendies A and B.4.1.3 Auxiliary funtionsSome modules of the main utilities from the previous setions may also be interesting asstand-alone tools and shall therefore be introdued. Eah of them is implemented withexat arithmeti using the GMP pakage.(i) gaussJordanElimThis funtion omputes a basis of the kernel of a given matrix by applying a Gauss-Jordan elimination with pivoting. The funtion all is as follows:vetor<mpq_lass *> *gaussJordanElim(unsigned ,vetor<mpq_lass *> *m)Inputs: number of olumnsm vetor ontaining the rows of the matrixReturn:basis vetors of the kernel, or NULL if matrix is regularRequirements:GMP pakage(ii) orthogonalProjetionThis funtion omputes the orthogonal projetion of a given vetor with respet toa ertain basis and has the funtion allmpq_lass *orthogonalProjetion(unsigned l,unsigned n,vetor<mpq_lass *> *b,mpq_lass *p)3See http://tug.org/PSTriks/main.gi/ for more information



4.2. Computational results 51Inputs:l length of input vetorsn number of basis vetorsb vetor ontaining the basis vetorsp array ontaining the vetor to be projetedReturn:orthogonal projetion of p with respet to basis bRequirements:GMP pakage(iii) gramShmidtGiven a generating system, this funtion omputes an orthogonal basis using theGram-Shmidt proedure.void gramShmidt(unsigned l, vetor<mpq_lass *> *g)Inputs:l length of input vetorsg vetor ontaining the vetors of the generating systemReturn:orthogonal basisRequirements:GMP pakage4.2 Computational resultsThe following onlusions are based on the data for GTSP(10) and GTSP(12) gathered inAppendies A and B. First of all, we would like to emphasize that up to now we have onlyenountered non-NR faets, whose orresponding fae F of STSP(n) has o-dimension 2or 3. As a onsequene, all omputed tilting omplexes have a dimension of at most 2.Another interesting observation in this ontext is the fat that the number of non-NRfaets with odim(F ) = 3 ompared to those with odim(F ) = 2 is always substantiallysmaller. For example, in the ase of GTSP(10) we have found 221 non-NR faets withodim(F ) = 2, but only 6 with odim(F ) = 3. For GTSP(12) the ratio is 1653 to 2 sofar.We have omputed and visualized the tilting omplexes T(F ) for the orrespondingSTSP faes F of all known non-NR faets of both GTSP(10) and GTSP(12). The resultsfor GTSP(10) are listed in the Setions A.1 and A.2 respetively. In the ase of GTSP(12)we only inluded the most interesting one-dimensional tilting omplexes, beause other-wise the Setion B.1 would have overed approximately 300 pages. The two-dimensionaltilting omplexes are given in Setion B.2. All generated data an also be found on theattahed CD in the diretory Data.



52 Chapter 4. ResultsFor GTSP(10) the following observations are worth mentioning:
• all one-dimensional tilting omplexes have exatly one relative interior vertex.
• for all one-dimensional tilting omplexes the two involved NR-faets are TT-disjointat exatly one node.
• there are only the following two types of two-dimensional tilting omplexes:
• all two-dimensional tilting omplexes have exatly one relative interior vertex, al-though verties on the boundary of the onjugate fae may our. In addition,the involved NR-faets are always TT-disjoint at exatly two nodes. However, thesigni�ane of this results is arguable onsidering the small number of examples.
• all two-dimensional tilting omplexes are remarkably symmetri. In order to appre-iate this fat, one has to take into aount that every 0/1-polytope is isomorphito a fae of STSP(n), for n large enough. This was shown by Karp [Kar72℄ usingan analogous result for the Asymmetri Traveling Salesman Polytope ATSP(n) byBillera & Sarangarajan [BS96℄. This foreshadows the omplexity of STSP(n) andindiates that the symmetry of the tilting omplexes is anything but self-evident.The question arises to what extent these patterns an be transferred to the tiltingomplexes for GTSP(12).
• as in the ase of GTSP(10), all one-dimensional tilting omplexes have exatly onerelative interior vertex.
• for most of the one-dimensional tilting omplexes the two involved NR-faets areTT-disjoint at exatly one node. But we found 11 ounter-examples, where theNR-faets are TT-disjoint at two nodes u, v (see B.1). Partiularly, eah ounter-example has only one relative interior vertex, whih means that the tilting omplexesat the nodes u and v feature this very vertex. Hene, Tu = Tv = T. In onjun-tion with Theorem 5.8.4 of [The05℄ this answers an open question in [The05℄ (f.paragraph on page 76 after Remark 5.9.1).
• the aforementioned ounter-examples are also of importane in the ontext of 0-node-lifting. Let G be the non-NR faet of GTSP(12) that orresponds to therelative interior vertex. As a onsequene of Tu = Tv = T, both Tu and Tv representa omplete desription of the tilting omplex T. Thus, it is legitimate to ask: �Will0-node-lifting of G at one of the nodes u, v result in a non-NR faet of GTSP(13)?�,sine the tilting omplex at the other node would still arry all the information on

T. But it turned out that 0-node-lifting in this situation does not preserve non-NRfaets.



4.2. Computational results 53
• the two-dimensional tilting omplexes feature a Tu of the following struture:
This is remarkable, sine these are the only examples of tilting omplexes at a node
u, where an edge of Tu is not inident to at least one of the verties of F3.

• the two-dimensional tilting omplexes have exatly one relative interior vertex andseveral verties on the boundary of the onjugate fae. Furthermore, the involvedNR-faets are TT-disjoint at exatly two nodes. But this is hardly signi�ant dueto the small number of only two two-dimensional tilting omplexes.
• the two-dimensional tilting omplexes ompletely lak the symmetry of their oun-terparts for GTSP(10).





Appendix AVisualization of tilting omplexes forGTSP(10)
At the end of Setion 2.4.2 we shortly mentioned the fat that we used the intersetionsof known non-NR faets with STSP(n) as good faes F for our omputation. We nowgive an overview of the omputational results for n = 10.A.1 odim(F ) = 2A fae F with o-dimension 2, i.e. a ridge, has the property that it is ontained in exatlytwo faets. This fat an easily be derived from the fae lattie of the polar, whereridges orrespond to edges, whih ontain exatly two verties (f. Corollary 1.1.20).As a onsequene, F3 has exatly two verties orresponding to the two NR-faets thatontain F .The results are sorted by right hand sides. The information for eah non-NR faetonsists of a �gure and three tables. The �gure shows a visualization of F3 togetherwith the tilting omplex and the information, at whih node the two NR-faets are TT-disjoint. The number within eah vertex of the omplex represent its index. Additionally,the verties are assigned values. 1 0λ0 12TT-disjoint at node uJust as v2 is a onvex ombination of v0 and v1, the inequality de�ning the orrespondingnon-NR faet G is a onvex ombination of the inequalities (a0, α0), (a1, α1) in standardsaling that de�ne the two NR-faets H0 and H1. This onvex ombination is thentransformed into TT-form and saled with the reiproal of the greatest ommon divisorof the left hand side oe�ients and the right hand side. The oe�ients (λ, (1 − λ)

) ofthe onvex ombination an be omputed from the atual oordinates of the verties inR1. If v2 = λv0 + (1− λ)v1, then we have λ = v2−v1
v0−v1

. The values assigned to the vertiesrepresent their oordinates with respet to both {v0,v1 } and { (a0, α0), (a1, α1) }. Forreasons of luidity only the �rst oordinate is given, sine it diretly implies the seondone. 55



56 Appendix A. Visualization of tilting omplexes for GTSP(10)The tables represent H0, H1 and G in this order, with G de�ning exatly the non-NR faet, whose intersetion with STSP(10) was used as input for the omputation. Asadditional information to the right of the right hand side we have the orrespondingSMAPO number for NR-faets and the oe�ients (λ, (1 − λ)
) for non-NR faets.RHS = 16

1 012

37

0 12
TT-disjoint at 4

0 1 2 3 4 5 6 7 8 9
0 - 0 0 0 2 1 1 1 2 2
1 0 - 0 0 2 1 1 1 2 2
2 0 0 - 0 2 1 1 1 2 2
3 0 0 0 - 2 1 1 1 2 2
4 2 2 2 2 - 3 3 1 2 2
5 1 1 1 1 3 - 2 2 1 3
6 1 1 1 1 3 2 - 2 3 1
7 1 1 1 1 1 2 2 - 3 3
8 2 2 2 2 2 1 3 3 - 2
9 2 2 2 2 2 3 1 3 2 -

≥ 10; SMAPO# 7

0 1 2 3 4 5 6 7 8 9
0 - 2 4 4 3 3 5 5 4 4
1 2 - 4 4 5 5 3 3 4 4
2 4 4 - 2 3 5 3 5 4 4
3 4 4 2 - 5 3 5 3 4 4
4 3 5 3 5 - 4 4 2 3 3
5 3 5 5 3 4 - 2 4 1 3
6 5 3 3 5 4 2 - 4 3 1
7 5 3 5 3 2 4 4 - 3 3
8 4 4 4 4 3 1 3 3 - 2
9 4 4 4 4 3 3 1 3 2 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 2 2 3 3 3 3
1 1 - 2 2 3 3 2 2 3 3
2 2 2 - 1 2 3 2 3 3 3
3 2 2 1 - 3 2 3 2 3 3
4 2 3 2 3 - 3 3 1 2 2
5 2 3 3 2 3 - 2 3 1 3
6 3 2 2 3 3 2 - 3 3 1
7 3 2 3 2 1 3 3 - 3 3
8 3 3 3 3 2 1 3 3 - 2
9 3 3 3 3 2 3 1 3 2 -

≥ 16; ( 12

37
, 25

37
)RHS = 27

1 043

123

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 3 4 3 3 2 4
1 1 - 3 3 4 3 2 4 3 3
2 2 3 - 4 3 2 3 5 4 4
3 2 3 4 - 5 4 3 3 4 2
4 3 4 3 5 - 5 4 2 3 3
5 4 3 2 4 5 - 3 3 2 4
6 3 2 3 3 4 3 - 4 1 3
7 3 4 5 3 2 3 4 - 3 5
8 2 3 4 4 3 2 1 3 - 2
9 4 3 4 2 3 4 3 5 2 -

≥ 22; SMAPO# 464

0 1 2 3 4 5 6 7 8 9
0 - 1 2 5 3 4 5 5 6 6
1 1 - 3 4 4 3 4 6 7 7
2 2 3 - 7 3 2 7 5 6 6
3 5 4 7 - 8 7 6 6 9 3
4 3 4 3 8 - 5 8 2 5 5
5 4 3 2 7 5 - 7 3 4 6
6 5 4 7 6 8 7 - 8 3 9
7 5 6 5 6 2 3 8 - 5 7
8 6 7 6 9 5 4 3 5 - 6
9 6 7 6 3 5 6 9 7 6 -

≥ 34; SMAPO# 2445

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 3 4 4 4 4 5
1 1 - 3 3 4 3 3 5 5 5
2 2 3 - 5 3 2 5 5 5 5
3 3 3 5 - 6 5 4 4 6 2
4 3 4 3 6 - 5 6 2 4 4
5 4 3 2 5 5 - 5 3 3 5
6 4 3 5 4 6 5 - 6 2 6
7 4 5 5 4 2 3 6 - 4 6
8 4 5 5 6 4 3 2 4 - 4
9 5 5 5 2 4 5 6 6 4 -

≥ 27; ( 43

123
, 80

123
)RHS = 32

1 016

41

0 12
TT-disjoint at 0

0 1 2 3 4 5 6 7 8 9
0 - 1 1 1 2 2 1 1 3 3
1 1 - 0 0 3 3 0 0 2 2
2 1 0 - 0 3 3 0 0 2 2
3 1 0 0 - 3 3 0 0 2 2
4 2 3 3 3 - 2 3 3 1 3
5 2 3 3 3 2 - 3 3 3 1
6 1 0 0 0 3 3 - 0 2 2
7 1 0 0 0 3 3 0 - 2 2
8 3 2 2 2 1 3 2 2 - 2
9 3 2 2 2 3 1 2 2 2 -

≥ 10; SMAPO# 51

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 3 3 5 5 4 4
1 2 - 5 5 3 3 3 3 4 4
2 3 5 - 4 4 4 2 4 3 5
3 3 5 4 - 4 4 4 2 5 3
4 3 3 4 4 - 2 4 4 1 3
5 3 3 4 4 2 - 4 4 3 1
6 5 3 2 4 4 4 - 4 5 3
7 5 3 4 2 4 4 4 - 3 5
8 4 4 3 5 1 3 5 3 - 2
9 4 4 5 3 3 1 3 5 2 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 4 4 5 5 6 6
1 2 - 5 5 6 6 3 3 6 6
2 3 5 - 4 7 7 2 4 5 7
3 3 5 4 - 7 7 4 2 7 5
4 4 6 7 7 - 4 7 7 2 6
5 4 6 7 7 4 - 7 7 6 2
6 5 3 2 4 7 7 - 4 7 5
7 5 3 4 2 7 7 4 - 5 7
8 6 6 5 7 2 6 7 5 - 4
9 6 6 7 5 6 2 5 7 4 -

≥ 32; ( 16

41
, 25

41
)RHS = 33

1 050

153

0 12
TT-disjoint at 6

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 3 3 5 5 4 4
1 2 - 3 3 5 5 3 3 4 4
2 3 3 - 2 4 4 4 4 1 3
3 3 3 2 - 4 4 4 4 3 1
4 3 5 4 4 - 4 4 2 5 3
5 3 5 4 4 4 - 2 4 3 5
6 5 3 4 4 4 2 - 4 5 3
7 5 3 4 4 2 4 4 - 3 5
8 4 4 1 3 5 3 5 3 - 2
9 4 4 3 1 3 5 3 5 2 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 2 5 5 5 5 8 7 8 8
1 2 - 7 7 7 7 6 5 8 8
2 5 7 - 6 8 10 7 8 3 9
3 5 7 6 - 8 10 9 8 9 3
4 5 7 8 8 - 8 5 2 9 5
5 5 7 10 10 8 - 3 6 7 7
6 8 6 7 9 5 3 - 7 10 6
7 7 5 8 8 2 6 7 - 7 7
8 8 8 3 9 9 7 10 7 - 6
9 8 8 9 3 5 7 6 7 6 -

≥ 44; SMAPO# 5162

0 1 2 3 4 5 6 7 8 9
0 - 2 4 4 4 4 6 6 6 6
1 2 - 5 5 6 6 4 4 6 6
2 4 5 - 4 6 7 5 6 2 6
3 4 5 4 - 6 7 6 6 6 2
4 4 6 6 6 - 6 4 2 7 4
5 4 6 7 7 6 - 2 5 5 6
6 6 4 5 6 4 2 - 5 7 4
7 6 4 6 6 2 5 5 - 5 6
8 6 6 2 6 7 5 7 5 - 4
9 6 6 6 2 4 6 4 6 4 -

≥ 33; ( 50

153
, 103

153
)



A.1. odim(F ) = 2 57RHS = 36
1 039

106

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 0 1 2 2 2 2 3 3 3
1 0 - 1 2 2 2 2 3 3 3
2 1 1 - 3 3 3 3 2 2 2
3 2 2 3 - 2 4 2 3 1 3
4 2 2 3 2 - 2 2 3 1 1
5 2 2 3 4 2 - 4 1 3 3
6 2 2 3 2 2 4 - 3 3 1
7 3 3 2 3 3 1 3 - 2 2
8 3 3 2 1 1 3 3 2 - 2
9 3 3 2 3 1 3 1 2 2 -

≥ 14; SMAPO# 130

0 1 2 3 4 5 6 7 8 9
0 - 1 1 4 3 4 5 4 4 5
1 1 - 2 5 4 3 4 5 5 6
2 1 2 - 3 4 5 6 3 5 4
3 4 5 3 - 3 6 3 4 2 5
4 3 4 4 3 - 3 4 5 1 2
5 4 3 5 6 3 - 5 2 4 5
6 5 4 6 3 4 5 - 7 3 2
7 4 5 3 4 5 2 7 - 6 5
8 4 5 5 2 1 4 3 6 - 3
9 5 6 4 5 2 5 2 5 3 -

≥ 24; SMAPO# 786

0 1 2 3 4 5 6 7 8 9
0 - 1 2 5 5 6 7 7 7 8
1 1 - 3 6 6 5 6 8 8 9
2 2 3 - 5 7 8 9 5 7 6
3 5 6 5 - 4 9 4 6 2 7
4 5 6 7 4 - 5 6 8 2 3
5 6 5 8 9 5 - 9 3 7 8
6 7 6 9 4 6 9 - 10 6 3
7 7 8 5 6 8 3 10 - 8 7
8 7 8 7 2 2 7 6 8 - 5
9 8 9 6 7 3 8 3 7 5 -

≥ 36; ( 39

106
, 67

106
)

1 013

37

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 0 1 2 2 3 2 3 2 3
1 0 - 1 2 2 3 2 3 2 3
2 1 1 - 3 3 2 3 2 3 2
3 2 2 3 - 2 3 2 1 2 1
4 2 2 3 2 - 1 4 3 4 3
5 3 3 2 3 1 - 3 2 3 2
6 2 2 3 2 4 3 - 1 2 3
7 3 3 2 1 3 2 1 - 3 2
8 2 2 3 2 4 3 2 3 - 1
9 3 3 2 1 3 2 3 2 1 -

≥ 14; SMAPO# 130

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 4 3 5 4 6 6
1 1 - 3 4 3 4 4 5 5 7
2 2 3 - 5 4 3 3 4 4 6
3 3 4 5 - 3 4 2 1 5 3
4 4 3 4 3 - 1 5 4 6 6
5 3 4 3 4 1 - 6 5 7 5
6 5 4 3 2 5 6 - 1 3 5
7 4 5 4 1 4 5 1 - 4 4
8 6 5 4 5 6 7 3 4 - 2
9 6 7 6 3 6 5 5 4 2 -

≥ 24; SMAPO# 826

0 1 2 3 4 5 6 7 8 9
0 - 1 2 5 6 6 7 7 8 9
1 1 - 3 6 5 7 6 8 7 10
2 2 3 - 7 6 4 5 5 6 7
3 5 6 7 - 5 7 4 2 7 4
4 6 5 6 5 - 2 9 7 10 9
5 6 7 4 7 2 - 9 7 10 7
6 7 6 5 4 9 9 - 2 5 8
7 7 8 5 2 7 7 2 - 7 6
8 8 7 6 7 10 10 5 7 - 3
9 9 10 7 4 9 7 8 6 3 -

≥ 36; ( 13

37
, 24

37
)

1 011

29

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 0 1 2 2 2 3 3 3 3
1 0 - 1 2 2 2 3 3 3 3
2 1 1 - 3 3 3 2 2 4 2
3 2 2 3 - 4 2 3 1 3 1
4 2 2 3 4 - 4 1 3 3 3
5 2 2 3 2 4 - 3 3 1 3
6 3 3 2 3 1 3 - 2 4 2
7 3 3 2 1 3 3 2 - 2 0
8 3 3 4 3 3 1 4 2 - 2
9 3 3 2 1 3 3 2 0 2 -

≥ 14; SMAPO# 138

0 1 2 3 4 5 6 7 8 9
0 - 1 1 4 4 5 4 4 4 5
1 1 - 2 5 3 4 5 5 5 6
2 1 2 - 3 5 6 3 5 5 4
3 4 5 3 - 6 3 4 2 4 3
4 4 3 5 6 - 5 2 4 4 5
5 5 4 6 3 5 - 7 3 1 4
6 4 5 3 4 2 7 - 6 6 5
7 4 5 5 2 4 3 6 - 4 1
8 4 5 5 4 4 1 6 4 - 3
9 5 6 4 3 5 4 5 1 3 -

≥ 24; SMAPO# 804

0 1 2 3 4 5 6 7 8 9
0 - 1 2 5 6 7 7 7 7 8
1 1 - 3 6 5 6 8 8 8 9
2 2 3 - 5 8 9 5 7 9 6
3 5 6 5 - 9 4 6 2 6 3
4 6 5 8 9 - 9 3 7 7 8
5 7 6 9 4 9 - 10 6 2 7
6 7 8 5 6 3 10 - 8 10 7
7 7 8 7 2 7 6 8 - 6 1
8 7 8 9 6 7 2 10 6 - 5
9 8 9 6 3 8 7 7 1 5 -

≥ 36; ( 11

29
, 18

29
)

1 034

101

0 12
TT-disjoint at 4

0 1 2 3 4 5 6 7 8 9
0 - 1 1 2 2 2 3 3 2 3
1 1 - 2 1 3 1 2 2 3 2
2 1 2 - 3 3 3 2 2 3 2
3 2 1 3 - 2 2 1 3 2 1
4 2 3 3 2 - 2 1 3 2 3
5 2 1 3 2 2 - 3 1 2 3
6 3 2 2 1 1 3 - 2 3 2
7 3 2 2 3 3 1 2 - 3 2
8 2 3 3 2 2 2 3 3 - 1
9 3 2 2 1 3 3 2 2 1 -

≥ 14; SMAPO# 119

0 1 2 3 4 5 6 7 8 9
0 - 1 1 3 4 4 4 4 5 5
1 1 - 2 2 5 3 3 5 4 4
2 1 2 - 4 3 5 5 3 6 4
3 3 2 4 - 3 5 1 5 4 2
4 4 5 3 3 - 6 2 4 3 5
5 4 3 5 5 6 - 6 2 5 7
6 4 3 5 1 2 6 - 6 3 3
7 4 5 3 5 4 2 6 - 7 5
8 5 4 6 4 3 5 3 7 - 2
9 5 4 4 2 5 7 3 5 2 -

≥ 24; SMAPO# 818

0 1 2 3 4 5 6 7 8 9
0 - 2 2 5 5 6 7 7 7 8
1 2 - 4 3 7 4 5 7 7 6
2 2 4 - 7 5 8 7 5 9 6
3 5 3 7 - 4 7 2 8 6 3
4 5 7 5 4 - 7 2 6 4 7
5 6 4 8 7 7 - 9 3 7 10
6 7 5 7 2 2 9 - 8 6 5
7 7 7 5 8 6 3 8 - 10 7
8 7 7 9 6 4 7 6 10 - 3
9 8 6 6 3 7 10 5 7 3 -

≥ 36; ( 34

101
, 67

101
)

1 06

13

0 12
TT-disjoint at 1

0 1 2 3 4 5 6 7 8 9
0 - 2 1 4 4 3 2 3 3 3
1 2 - 3 2 2 3 2 3 3 3
2 1 3 - 3 3 4 3 2 4 2
3 4 2 3 - 2 1 4 3 3 3
4 4 2 3 2 - 3 4 3 1 3
5 3 3 4 1 3 - 3 2 2 4
6 2 2 3 4 4 3 - 3 3 1
7 3 3 2 3 3 2 3 - 2 2
8 3 3 4 3 1 2 3 2 - 4
9 3 3 2 3 3 4 1 2 4 -

≥ 18; SMAPO# 268

0 1 2 3 4 5 6 7 8 9
0 - 1 1 2 2 3 4 3 3 4
1 1 - 2 3 3 2 3 4 4 5
2 1 2 - 3 3 4 5 2 4 3
3 2 3 3 - 2 1 4 3 3 4
4 2 3 3 2 - 3 4 3 1 4
5 3 2 4 1 3 - 3 2 2 5
6 4 3 5 4 4 3 - 5 5 2
7 3 4 2 3 3 2 5 - 2 3
8 3 4 4 3 1 2 5 2 - 5
9 4 5 3 4 4 5 2 3 5 -

≥ 20; SMAPO# 365

0 1 2 3 4 5 6 7 8 9
0 - 2 2 6 6 6 6 6 6 7
1 2 - 4 4 4 4 4 6 6 7
2 2 4 - 6 6 8 8 4 8 5
3 6 4 6 - 4 2 8 6 6 7
4 6 4 6 4 - 6 8 6 2 7
5 6 4 8 2 6 - 6 4 4 9
6 6 4 8 8 8 6 - 8 8 3
7 6 6 4 6 6 4 8 - 4 5
8 6 6 8 6 2 4 8 4 - 9
9 7 7 5 7 7 9 3 5 9 -

≥ 36; ( 6

13
, 7

13
)



58 Appendix A. Visualization of tilting omplexes for GTSP(10)RHS = 40
1 038

103

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 0 1 1 2 3 2 2 3 3
1 0 - 1 1 2 3 2 2 3 3
2 1 1 - 2 3 2 3 3 2 4
3 1 1 2 - 3 2 3 1 2 2
4 2 2 3 3 - 3 2 2 1 3
5 3 3 2 2 3 - 3 1 2 4
6 2 2 3 3 2 3 - 2 3 1
7 2 2 3 1 2 1 2 - 3 3
8 3 3 2 2 1 2 3 3 - 2
9 3 3 4 2 3 4 1 3 2 -

≥ 14; SMAPO# 136

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 3 3 5 5 5 5
1 1 - 3 3 4 4 4 6 6 6
2 2 3 - 2 5 3 5 5 5 5
3 4 3 2 - 5 5 5 3 5 3
4 3 4 5 5 - 6 4 4 2 6
5 3 4 3 5 6 - 6 2 4 4
6 5 4 5 5 4 6 - 6 6 2
7 5 6 5 3 4 2 6 - 6 4
8 5 6 5 5 2 4 6 6 - 4
9 5 6 5 3 6 4 2 4 4 -

≥ 28; SMAPO# 1236

0 1 2 3 4 5 6 7 8 9
0 - 1 2 5 5 6 7 7 8 8
1 1 - 3 4 6 7 6 8 9 9
2 2 3 - 3 7 4 7 7 6 8
3 5 4 3 - 8 7 8 4 7 5
4 5 6 7 8 - 9 6 6 3 9
5 6 7 4 7 9 - 9 3 6 8
6 7 6 7 8 6 9 - 8 9 3
7 7 8 7 4 6 3 8 - 9 7
8 8 9 6 7 3 6 9 9 - 6
9 8 9 8 5 9 8 3 7 6 -

≥ 40; ( 38

103
, 65

103
)

1 021

58

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 1 2 3 3 3 2 2 3
1 1 - 2 3 2 4 2 3 3 4
2 1 2 - 3 4 2 4 3 3 2
3 2 3 3 - 1 1 3 2 2 3
4 3 2 4 1 - 2 2 3 3 4
5 3 4 2 1 2 - 4 3 3 2
6 3 2 4 3 2 4 - 1 3 2
7 2 3 3 2 3 3 1 - 2 3
8 2 3 3 2 3 3 3 2 - 1
9 3 4 2 3 4 2 2 3 1 -

≥ 16; SMAPO# 199

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 3 3 4 6 6 6
1 1 - 3 3 2 4 3 5 5 7
2 2 3 - 4 5 3 6 4 4 6
3 2 3 4 - 1 1 4 6 6 6
4 3 2 5 1 - 2 3 5 5 7
5 3 4 3 1 2 - 5 7 7 5
6 4 3 6 4 3 5 - 2 6 4
7 6 5 4 6 5 7 2 - 4 6
8 6 5 4 6 5 7 6 4 - 2
9 6 7 6 6 7 5 4 6 2 -

≥ 26; SMAPO# 1120

0 1 2 3 4 5 6 7 8 9
0 - 2 2 4 6 6 7 8 8 9
1 2 - 4 6 4 8 5 8 8 11
2 2 4 - 6 8 4 9 6 6 7
3 4 6 6 - 2 2 7 8 8 9
4 6 4 8 2 - 4 5 8 8 11
5 6 8 4 2 4 - 9 10 10 7
6 7 5 9 7 5 9 - 3 9 6
7 8 8 6 8 8 10 3 - 6 9
8 8 8 6 8 8 10 9 6 - 3
9 9 11 7 9 11 7 6 9 3 -

≥ 40; ( 21

58
, 37

58
)

1 026

51

0 12
TT-disjoint at 4

0 1 2 3 4 5 6 7 8 9
0 - 0 0 0 2 1 3 3 5 5
1 0 - 0 0 2 1 3 3 5 5
2 0 0 - 0 2 1 3 3 5 5
3 0 0 0 - 2 1 3 3 5 5
4 2 2 2 2 - 1 5 5 3 3
5 1 1 1 1 1 - 4 4 4 4
6 3 3 3 3 5 4 - 4 2 6
7 3 3 3 3 5 4 4 - 6 2
8 5 5 5 5 3 4 2 6 - 4
9 5 5 5 5 3 4 6 2 4 -

≥ 18; SMAPO# 313

0 1 2 3 4 5 6 7 8 9
0 - 2 4 4 3 5 3 5 4 4
1 2 - 4 4 5 3 5 3 4 4
2 4 4 - 2 3 5 5 3 4 4
3 4 4 2 - 5 3 3 5 4 4
4 3 5 3 5 - 2 4 4 3 3
5 5 3 5 3 2 - 4 4 3 3
6 3 5 5 3 4 4 - 2 1 3
7 5 3 3 5 4 4 2 - 3 1
8 4 4 4 4 3 3 1 3 - 2
9 4 4 4 4 3 3 3 1 2 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 2 4 4 4 6 6 8 9 9
1 2 - 4 4 6 4 8 6 9 9
2 4 4 - 2 4 6 8 6 9 9
3 4 4 2 - 6 4 6 8 9 9
4 4 6 4 6 - 2 8 8 5 5
5 6 4 6 4 2 - 8 8 7 7
6 6 8 8 6 8 8 - 6 3 9
7 8 6 6 8 8 8 6 - 9 3
8 9 9 9 9 5 7 3 9 - 6
9 9 9 9 9 5 7 9 3 6 -

≥ 40; ( 26

51
, 25

51
)

1 07

16

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 2 2 3 3 3 4 4
1 1 - 2 3 3 2 4 4 3 3
2 3 2 - 3 3 2 2 2 3 3
3 2 3 3 - 2 1 3 3 4 4
4 2 3 3 2 - 3 3 3 2 2
5 3 2 2 1 3 - 4 4 3 3
6 3 4 2 3 3 4 - 2 1 3
7 3 4 2 3 3 4 2 - 3 1
8 4 3 3 4 2 3 1 3 - 2
9 4 3 3 4 2 3 3 1 2 -

≥ 18; SMAPO# 268

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 2 3 5 5 5 5
1 1 - 3 3 3 2 4 4 4 4
2 2 3 - 2 2 3 3 3 5 5
3 2 3 2 - 2 1 5 5 5 5
4 2 3 2 2 - 3 5 5 3 3
5 3 2 3 1 3 - 4 4 4 4
6 5 4 3 5 5 4 - 4 2 6
7 5 4 3 5 5 4 4 - 6 2
8 5 4 5 5 3 4 2 6 - 4
9 5 4 5 5 3 4 6 2 4 -

≥ 24; SMAPO# 667

0 1 2 3 4 5 6 7 8 9
0 - 2 4 4 4 6 8 8 9 9
1 2 - 4 6 6 4 8 8 7 7
2 4 4 - 4 4 4 4 4 7 7
3 4 6 4 - 4 2 8 8 9 9
4 4 6 4 4 - 6 8 8 5 5
5 6 4 4 2 6 - 8 8 7 7
6 8 8 4 8 8 8 - 6 3 9
7 8 8 4 8 8 8 6 - 9 3
8 9 7 7 9 5 7 3 9 - 6
9 9 7 7 9 5 7 9 3 6 -

≥ 40; ( 7

16
, 9

16
)RHS = 42

1 025

63

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 0 1 2 2 3 3 3 4 5
1 0 - 1 2 2 3 3 3 4 5
2 1 1 - 3 3 2 2 4 3 4
3 2 2 3 - 4 3 1 3 2 5
4 2 2 3 4 - 1 3 5 2 3
5 3 3 2 3 1 - 2 4 3 4
6 3 3 2 1 3 2 - 4 1 4
7 3 3 4 3 5 4 4 - 5 2
8 4 4 3 2 2 3 1 5 - 3
9 5 5 4 5 3 4 4 2 3 -

≥ 18; SMAPO# 292

0 1 2 3 4 5 6 7 8 9
0 - 1 1 4 4 4 4 6 5 6
1 1 - 2 5 3 5 5 5 6 7
2 1 2 - 3 5 3 5 7 4 5
3 4 5 3 - 6 4 2 4 3 6
4 4 3 5 6 - 2 4 6 3 4
5 4 5 3 4 2 - 6 8 5 6
6 4 5 5 2 4 6 - 4 1 4
7 6 5 7 4 6 8 4 - 5 2
8 5 6 4 3 3 5 1 5 - 3
9 6 7 5 6 4 6 4 2 3 -

≥ 26; SMAPO# 1162

0 1 2 3 4 5 6 7 8 9
0 - 1 2 5 6 7 7 9 9 11
1 1 - 3 6 5 8 8 8 10 12
2 2 3 - 5 8 5 7 11 7 9
3 5 6 5 - 9 6 2 6 4 10
4 6 5 8 9 - 3 7 11 5 7
5 7 8 5 6 3 - 8 12 8 10
6 7 8 7 2 7 8 - 8 2 8
7 9 8 11 6 11 12 8 - 10 4
8 9 10 7 4 5 8 2 10 - 6
9 11 12 9 10 7 10 8 4 6 -

≥ 42; ( 25

63
, 38

63
)

1 049

125

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 0 1 3 2 2 3 3 4 4
1 0 - 1 3 2 2 3 3 4 4
2 1 1 - 2 3 3 2 4 5 3
3 3 3 2 - 3 1 4 2 5 3
4 2 2 3 3 - 2 1 3 4 4
5 2 2 3 1 2 - 3 1 4 4
6 3 3 2 4 1 3 - 2 3 5
7 3 3 4 2 3 1 2 - 3 5
8 4 4 5 5 4 4 3 3 - 2
9 4 4 3 3 4 4 5 5 2 -

≥ 18; SMAPO# 291

0 1 2 3 4 5 6 7 8 9
0 - 1 1 4 4 4 4 5 6 6
1 1 - 2 3 3 5 5 4 5 7
2 1 2 - 5 5 5 3 6 7 5
3 4 3 5 - 4 2 6 3 6 4
4 4 3 5 4 - 6 2 5 6 8
5 4 5 5 2 6 - 4 1 4 4
6 4 5 3 6 2 4 - 3 4 6
7 5 4 6 3 5 1 3 - 3 5
8 6 5 7 6 6 4 4 3 - 2
9 6 7 5 4 8 4 6 5 2 -

≥ 26; SMAPO# 1162

0 1 2 3 4 5 6 7 8 9
0 - 1 2 6 6 6 7 8 10 10
1 1 - 3 5 5 7 8 7 9 11
2 2 3 - 6 8 8 5 10 12 8
3 6 5 6 - 6 2 9 4 10 6
4 6 5 8 6 - 8 3 8 10 12
5 6 7 8 2 8 - 7 2 8 8
6 7 8 5 9 3 7 - 5 7 11
7 8 7 10 4 8 2 5 - 6 10
8 10 9 12 10 10 8 7 6 - 4
9 10 11 8 6 12 8 11 10 4 -

≥ 42; ( 49

125
, 76

125
)



A.1. odim(F ) = 2 59
1 023

60

0 12
TT-disjoint at 1

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 3 3 2 2 3 3
1 1 - 3 3 2 2 3 3 4 4
2 2 3 - 4 1 3 4 4 3 5
3 2 3 4 - 3 1 4 4 3 3
4 3 2 1 3 - 2 3 3 4 4
5 3 2 3 1 2 - 3 3 2 4
6 2 3 4 4 3 3 - 2 1 3
7 2 3 4 4 3 3 2 - 3 1
8 3 4 3 3 4 2 1 3 - 2
9 3 4 5 3 4 4 3 1 2 -

≥ 18; SMAPO# 276

0 1 2 3 4 5 6 7 8 9
0 - 1 1 2 2 3 5 5 5 5
1 1 - 2 3 3 4 4 4 6 6
2 1 2 - 3 1 4 6 6 4 6
3 2 3 3 - 4 1 7 7 5 5
4 2 3 1 4 - 3 5 5 5 7
5 3 4 4 1 3 - 6 6 4 6
6 5 4 6 7 5 6 - 4 2 6
7 5 4 6 7 5 6 4 - 6 2
8 5 6 4 5 5 4 2 6 - 4
9 5 6 6 5 7 6 6 2 4 -

≥ 26; SMAPO# 1027

0 1 2 3 4 5 6 7 8 9
0 - 1 3 4 5 6 7 7 8 8
1 1 - 4 5 4 5 6 6 9 9
2 3 4 - 7 2 7 10 10 7 11
3 4 5 7 - 7 2 11 11 8 8
4 5 4 2 7 - 5 8 8 9 11
5 6 5 7 2 5 - 9 9 6 10
6 7 6 10 11 8 9 - 6 3 9
7 7 6 10 11 8 9 6 - 9 3
8 8 9 7 8 9 6 3 9 - 6
9 8 9 11 8 11 10 9 3 6 -

≥ 42; ( 23

60
, 37

60
)

1 042

127

0 12
TT-disjoint at 6

0 1 2 3 4 5 6 7 8 9
0 - 1 1 3 2 3 3 2 2 3
1 1 - 2 2 3 2 4 3 3 4
2 1 2 - 4 3 4 2 3 3 2
3 3 2 4 - 1 2 2 3 3 4
4 2 3 3 1 - 3 1 2 2 3
5 3 2 4 2 3 - 4 1 3 2
6 3 4 2 2 1 4 - 3 3 2
7 2 3 3 3 2 1 3 - 2 3
8 2 3 3 3 2 3 3 2 - 1
9 3 4 2 4 3 2 2 3 1 -

≥ 16; SMAPO# 199

0 1 2 3 4 5 6 7 8 9
0 - 0 2 3 4 4 6 6 6 8
1 0 - 2 3 4 4 6 6 6 8
2 2 2 - 5 4 6 4 8 8 6
3 3 3 5 - 1 3 3 5 5 7
4 4 4 4 1 - 4 2 6 6 6
5 4 4 6 3 4 - 6 2 6 4
6 6 6 4 3 2 6 - 4 4 6
7 6 6 8 5 6 2 4 - 4 6
8 6 6 8 5 6 6 4 4 - 2
9 8 8 6 7 6 4 6 6 2 -

≥ 28; SMAPO# 1417

0 1 2 3 4 5 6 7 8 9
0 - 1 3 6 6 7 8 8 8 11
1 1 - 4 5 7 6 9 9 9 12
2 3 4 - 9 7 10 5 11 11 8
3 6 5 9 - 2 5 4 8 8 11
4 6 7 7 2 - 7 2 8 8 9
5 7 6 10 5 7 - 9 3 9 6
6 8 9 5 4 2 9 - 6 6 7
7 8 9 11 8 8 3 6 - 6 9
8 8 9 11 8 8 9 6 6 - 3
9 11 12 8 11 9 6 7 9 3 -

≥ 42; ( 42

127
, 85

127
)

1 07

19

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 1 2 3 3 3 2 2 3
1 1 - 2 3 2 4 2 3 3 4
2 1 2 - 3 4 2 4 3 3 2
3 2 3 3 - 1 1 3 2 2 3
4 3 2 4 1 - 2 2 3 3 4
5 3 4 2 1 2 - 4 3 3 2
6 3 2 4 3 2 4 - 1 3 2
7 2 3 3 2 3 3 1 - 2 3
8 2 3 3 2 3 3 3 2 - 1
9 3 4 2 3 4 2 2 3 1 -

≥ 16; SMAPO# 199

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 3 3 4 6 6 6
1 1 - 3 4 2 4 3 5 5 7
2 2 3 - 5 5 3 6 4 4 6
3 3 4 5 - 2 2 5 5 5 7
4 3 2 5 2 - 4 3 5 5 7
5 3 4 3 2 4 - 5 7 7 5
6 4 3 6 5 3 5 - 2 6 4
7 6 5 4 5 5 7 2 - 4 6
8 6 5 4 5 5 7 6 4 - 2
9 6 7 6 7 7 5 4 6 2 -

≥ 28; SMAPO# 1382

0 1 2 3 4 5 6 7 8 9
0 - 2 2 5 6 6 7 8 8 9
1 2 - 4 7 4 8 5 8 8 11
2 2 4 - 7 8 4 9 6 6 7
3 5 7 7 - 3 3 8 7 7 10
4 6 4 8 3 - 6 5 8 8 11
5 6 8 4 3 6 - 9 10 10 7
6 7 5 9 8 5 9 - 3 9 6
7 8 8 6 7 8 10 3 - 6 9
8 8 8 6 7 8 10 9 6 - 3
9 9 11 7 10 11 7 6 9 3 -

≥ 42; ( 7

19
, 12

19
)

1 014

39

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 1 3 2 3 3 2 2 3
1 1 - 2 2 3 2 4 3 3 4
2 1 2 - 4 3 4 2 3 3 2
3 3 2 4 - 1 2 2 3 3 4
4 2 3 3 1 - 3 1 2 2 3
5 3 2 4 2 3 - 4 1 3 2
6 3 4 2 2 1 4 - 3 3 2
7 2 3 3 3 2 1 3 - 2 3
8 2 3 3 3 2 3 3 2 - 1
9 3 4 2 4 3 2 2 3 1 -

≥ 16; SMAPO# 199

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 4 4 4 6 6 6
1 1 - 3 1 3 3 5 5 5 7
2 2 3 - 4 6 6 4 4 4 6
3 2 1 4 - 2 2 4 4 4 6
4 4 3 6 2 - 4 2 6 6 8
5 4 3 6 2 4 - 6 2 6 4
6 4 5 4 4 2 6 - 8 8 6
7 6 5 4 4 6 2 8 - 4 6
8 6 5 4 4 6 6 8 4 - 2
9 6 7 6 6 8 4 6 6 2 -

≥ 28; SMAPO# 1405

0 1 2 3 4 5 6 7 8 9
0 - 2 2 5 6 7 7 8 8 9
1 2 - 4 3 6 5 9 8 8 11
2 2 4 - 7 8 9 5 6 6 7
3 5 3 7 - 3 4 6 7 7 10
4 6 6 8 3 - 7 3 8 8 11
5 7 5 9 4 7 - 10 3 9 6
6 7 9 5 6 3 10 - 11 11 8
7 8 8 6 7 8 3 11 - 6 9
8 8 8 6 7 8 9 11 6 - 3
9 9 11 7 10 11 6 8 9 3 -

≥ 42; ( 14

39
, 25

39
)

1 06

17

0 12
TT-disjoint at 1

0 1 2 3 4 5 6 7 8 9
0 - 1 1 2 3 3 3 2 2 3
1 1 - 2 3 2 4 4 3 3 2
2 1 2 - 3 4 2 2 3 3 4
3 2 3 3 - 1 1 3 2 2 3
4 3 2 4 1 - 2 4 3 3 2
5 3 4 2 1 2 - 2 3 3 4
6 3 4 2 3 4 2 - 1 3 2
7 2 3 3 2 3 3 1 - 2 3
8 2 3 3 2 3 3 3 2 - 1
9 3 2 4 3 2 4 2 3 1 -

≥ 16; SMAPO# 199

0 1 2 3 4 5 6 7 8 9
0 - 2 1 3 3 4 4 6 6 6
1 2 - 3 5 3 6 6 4 4 6
2 1 3 - 4 4 3 3 5 5 7
3 3 5 4 - 2 1 5 5 5 7
4 3 3 4 2 - 3 5 7 7 5
5 4 6 3 1 3 - 4 6 6 8
6 4 6 3 5 5 4 - 2 6 4
7 6 4 5 5 7 6 2 - 4 6
8 6 4 5 5 7 6 6 4 - 2
9 6 6 7 7 5 8 4 6 2 -

≥ 28; SMAPO# 1398

0 1 2 3 4 5 6 7 8 9
0 - 2 2 5 6 7 7 8 8 9
1 2 - 4 7 4 9 9 6 6 7
2 2 4 - 7 8 5 5 8 8 11
3 5 7 7 - 3 2 8 7 7 10
4 6 4 8 3 - 5 9 10 10 7
5 7 9 5 2 5 - 6 9 9 12
6 7 9 5 8 9 6 - 3 9 6
7 8 6 8 7 10 9 3 - 6 9
8 8 6 8 7 10 9 9 6 - 3
9 9 7 11 10 7 12 6 9 3 -

≥ 42; ( 6

17
, 11

17
)

1 011

30

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 1 3 2 2 3 3 4 4
1 1 - 2 2 1 1 2 2 3 3
2 1 2 - 2 3 3 2 4 5 3
3 3 2 2 - 3 1 4 2 5 3
4 2 1 3 3 - 2 1 3 4 4
5 2 1 3 1 2 - 3 1 4 4
6 3 2 2 4 1 3 - 2 3 5
7 3 2 4 2 3 1 2 - 3 5
8 4 3 5 5 4 4 3 3 - 2
9 4 3 3 3 4 4 5 5 2 -

≥ 18; SMAPO# 287

0 1 2 3 4 5 6 7 8 9
0 - 1 1 4 4 4 4 5 6 6
1 1 - 2 3 3 5 5 4 5 7
2 1 2 - 5 5 5 3 6 7 5
3 4 3 5 - 4 2 6 3 6 4
4 4 3 5 4 - 6 2 5 6 8
5 4 5 5 2 6 - 4 1 4 4
6 4 5 3 6 2 4 - 3 4 6
7 5 4 6 3 5 1 3 - 3 5
8 6 5 7 6 6 4 4 3 - 2
9 6 7 5 4 8 4 6 5 2 -

≥ 26; SMAPO# 1162

0 1 2 3 4 5 6 7 8 9
0 - 2 2 6 6 6 7 8 10 10
1 2 - 4 4 4 6 7 6 8 10
2 2 4 - 6 8 8 5 10 12 8
3 6 4 6 - 6 2 9 4 10 6
4 6 4 8 6 - 8 3 8 10 12
5 6 6 8 2 8 - 7 2 8 8
6 7 7 5 9 3 7 - 5 7 11
7 8 6 10 4 8 2 5 - 6 10
8 10 8 12 10 10 8 7 6 - 4
9 10 10 8 6 12 8 11 10 4 -

≥ 42; ( 11

30
, 19

30
)



60 Appendix A. Visualization of tilting omplexes for GTSP(10)
1 046

117

0 12
TT-disjoint at 1

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 3 3 2 2 3 3
1 1 - 3 3 2 2 3 3 4 4
2 2 3 - 4 1 3 4 4 5 3
3 2 3 4 - 3 1 4 4 3 3
4 3 2 1 3 - 2 3 3 4 4
5 3 2 3 1 2 - 3 3 4 2
6 2 3 4 4 3 3 - 2 1 3
7 2 3 4 4 3 3 2 - 3 1
8 3 4 5 3 4 4 1 3 - 2
9 3 4 3 3 4 2 3 1 2 -

≥ 18; SMAPO# 276

0 1 2 3 4 5 6 7 8 9
0 - 2 1 2 2 3 4 4 4 6
1 2 - 3 4 2 3 4 4 6 6
2 1 3 - 3 1 4 5 5 5 5
3 2 4 3 - 4 1 6 6 4 6
4 2 2 1 4 - 3 6 6 4 6
5 3 3 4 1 3 - 7 7 5 5
6 4 4 5 6 6 7 - 4 2 6
7 4 4 5 6 6 7 4 - 6 2
8 4 6 5 4 4 5 2 6 - 4
9 6 6 5 6 6 5 6 2 4 -

≥ 26; SMAPO# 1036

0 1 2 3 4 5 6 7 8 9
0 - 2 3 4 5 6 6 6 7 9
1 2 - 5 6 3 4 6 6 9 9
2 3 5 - 7 2 7 9 9 10 8
3 4 6 7 - 7 2 10 10 7 9
4 5 3 2 7 - 5 9 9 8 10
5 6 4 7 2 5 - 10 10 9 7
6 6 6 9 10 9 10 - 6 3 9
7 6 6 9 10 9 10 6 - 9 3
8 7 9 10 7 8 9 3 9 - 6
9 9 9 8 9 10 7 9 3 6 -

≥ 42; ( 46

117
, 71

117
)

RHS = 43
1 043

193

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 3 3 2 3 4 4
1 1 - 3 3 4 4 3 2 3 3
2 2 3 - 4 5 3 4 3 4 2
3 2 3 4 - 3 5 4 3 2 4
4 3 4 5 3 - 2 3 4 5 3
5 3 4 3 5 2 - 3 4 3 5
6 2 3 4 4 3 3 - 1 2 2
7 3 2 3 3 4 4 1 - 3 3
8 4 3 4 2 5 3 2 3 - 4
9 4 3 2 4 3 5 2 3 4 -

≥ 22; SMAPO# 464

0 1 2 3 4 5 6 7 8 9
0 - 3 7 6 7 9 10 11 10 10
1 3 - 8 9 10 10 13 8 7 13
2 7 8 - 13 14 10 15 10 11 5
3 6 9 13 - 7 11 14 13 4 14
4 7 10 14 7 - 4 9 14 11 9
5 9 10 10 11 4 - 11 14 7 13
6 10 13 15 14 9 11 - 5 10 10
7 11 8 10 13 14 14 5 - 11 15
8 10 7 11 4 11 7 10 11 - 12
9 10 13 5 14 9 13 10 15 12 -

≥ 66; SMAPO# 11491

0 1 2 3 4 5 6 7 8 9
0 - 2 4 4 5 6 6 7 7 7
1 2 - 5 6 7 7 8 5 5 8
2 4 5 - 8 9 6 9 6 7 3
3 4 6 8 - 5 8 9 8 3 9
4 5 7 9 5 - 3 6 9 8 6
5 6 7 6 8 3 - 7 9 5 9
6 6 8 9 9 6 7 - 3 6 6
7 7 5 6 8 9 9 3 - 7 9
8 7 5 7 3 8 5 6 7 - 8
9 7 8 3 9 6 9 6 9 8 -

≥ 43; ( 43

193
, 150

193
)

RHS = 44
1 049

130

0 12
TT-disjoint at 7

0 1 2 3 4 5 6 7 8 9
0 - 1 0 3 2 3 4 3 2 4
1 1 - 1 2 3 2 3 4 3 5
2 0 1 - 3 2 3 4 3 2 4
3 3 2 3 - 1 4 3 2 3 5
4 2 3 2 1 - 3 4 1 2 4
5 3 2 3 4 3 - 5 2 1 3
6 4 3 4 3 4 5 - 5 4 2
7 3 4 3 2 1 2 5 - 3 3
8 2 3 2 3 2 1 4 3 - 4
9 4 5 4 5 4 3 2 3 4 -

≥ 18; SMAPO# 291

0 1 2 3 4 5 6 7 8 9
0 - 0 2 3 4 4 4 6 6 6
1 0 - 2 3 4 4 4 6 6 6
2 2 2 - 5 6 6 6 4 4 8
3 3 3 5 - 1 7 3 3 5 5
4 4 4 6 1 - 6 4 2 6 4
5 4 4 6 7 6 - 8 6 2 6
6 4 4 6 3 4 8 - 6 6 2
7 6 6 4 3 2 6 6 - 4 4
8 6 6 4 5 6 2 6 4 - 8
9 6 6 8 5 4 6 2 4 8 -

≥ 28; SMAPO# 1414

0 1 2 3 4 5 6 7 8 9
0 - 1 2 6 6 7 8 8 8 10
1 1 - 3 5 7 6 7 9 9 11
2 2 3 - 8 8 9 10 6 6 12
3 6 5 8 - 2 11 6 4 8 10
4 6 7 8 2 - 9 8 2 8 8
5 7 6 9 11 9 - 13 7 3 9
6 8 7 10 6 8 13 - 10 10 4
7 8 9 6 4 2 7 10 - 6 6
8 8 9 6 8 8 3 10 6 - 12
9 10 11 12 10 8 9 4 6 12 -

≥ 44; ( 49

130
, 81

130
)

1 019

60

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 0 1 1 3 2 2 3 2 3
1 0 - 1 1 3 2 2 3 2 3
2 1 1 - 2 2 3 3 2 3 4
3 1 1 2 - 2 3 1 2 3 2
4 3 3 2 2 - 3 1 2 3 4
5 2 2 3 3 3 - 2 3 2 1
6 2 2 3 1 1 2 - 3 2 3
7 3 3 2 2 2 3 3 - 1 2
8 2 2 3 3 3 2 2 1 - 3
9 3 3 4 2 4 1 3 2 3 -

≥ 14; SMAPO# 136

0 1 2 3 4 5 6 7 8 9
0 - 2 3 5 4 5 6 5 7 7
1 2 - 5 3 6 7 6 7 5 7
2 3 5 - 2 3 6 5 4 6 6
3 5 3 2 - 5 6 3 4 6 4
4 4 6 3 5 - 7 2 5 5 7
5 5 7 6 6 7 - 5 6 4 2
6 6 6 5 3 2 5 - 7 7 7
7 5 7 4 4 5 6 7 - 2 4
8 7 5 6 6 5 4 7 2 - 6
9 7 7 6 4 7 2 7 4 6 -

≥ 32; SMAPO# 1815

0 1 2 3 4 5 6 7 8 9
0 - 2 3 6 7 7 8 8 9 10
1 2 - 5 4 9 9 8 10 7 10
2 3 5 - 3 4 8 7 5 8 9
3 6 4 3 - 7 9 4 6 9 6
4 7 9 4 7 - 10 3 7 8 11
5 7 9 8 9 10 - 7 9 6 3
6 8 8 7 4 3 7 - 10 9 10
7 8 10 5 6 7 9 10 - 3 6
8 9 7 8 9 8 6 9 3 - 9
9 10 10 9 6 11 3 10 6 9 -

≥ 44; ( 19

60
, 41

60
)

1 023

60

0 12
TT-disjoint at 0

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 2 3 3 3 4 4
1 1 - 3 2 3 2 2 2 3 3
2 2 3 - 3 2 1 3 3 4 4
3 3 2 3 - 1 4 4 4 3 3
4 2 3 2 1 - 3 3 3 2 4
5 3 2 1 4 3 - 4 4 3 5
6 3 2 3 4 3 4 - 2 1 3
7 3 2 3 4 3 4 2 - 3 1
8 4 3 4 3 2 3 1 3 - 2
9 4 3 4 3 4 5 3 1 2 -

≥ 18; SMAPO# 276

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 4 4 4 4 6 6
1 2 - 3 3 4 2 6 6 4 6
2 3 3 - 4 3 1 5 5 5 7
3 3 3 4 - 1 3 7 7 5 5
4 4 4 3 1 - 4 6 6 4 6
5 4 2 1 3 4 - 6 6 4 6
6 4 6 5 7 6 6 - 4 2 6
7 4 6 5 7 6 6 4 - 6 2
8 6 4 5 5 4 4 2 6 - 4
9 6 6 7 5 6 6 6 2 4 -

≥ 28; SMAPO# 1289

0 1 2 3 4 5 6 7 8 9
0 - 2 4 5 5 6 6 6 9 9
1 2 - 6 5 7 4 8 8 7 9
2 4 6 - 7 5 2 8 8 9 11
3 5 5 7 - 2 7 11 11 8 8
4 5 7 5 2 - 7 9 9 6 10
5 6 4 2 7 7 - 10 10 7 11
6 6 8 8 11 9 10 - 6 3 9
7 6 8 8 11 9 10 6 - 9 3
8 9 7 9 8 6 7 3 9 - 6
9 9 9 11 8 10 11 9 3 6 -

≥ 44; ( 23

60
, 37

60
)



A.1. odim(F ) = 2 61
1 043

102

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 3 3 2 4 3 4
1 1 - 3 3 4 4 3 3 2 3
2 2 3 - 4 3 5 4 2 3 4
3 2 3 4 - 5 3 4 4 3 2
4 3 4 3 5 - 2 3 5 4 3
5 3 4 5 3 2 - 3 3 4 5
6 2 3 4 4 3 3 - 2 1 2
7 4 3 2 4 5 3 2 - 3 4
8 3 2 3 3 4 4 1 3 - 3
9 4 3 4 2 3 5 2 4 3 -

≥ 22; SMAPO# 464

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 2 3 4 3 4 4
1 1 - 3 3 3 4 5 2 3 5
2 2 3 - 6 2 3 4 1 6 4
3 4 3 6 - 6 5 6 5 4 2
4 2 3 2 6 - 1 4 3 6 4
5 3 4 3 5 1 - 5 2 5 5
6 4 5 4 6 4 5 - 3 2 4
7 3 2 1 5 3 2 3 - 5 3
8 4 3 6 4 6 5 2 5 - 6
9 4 5 4 2 4 5 4 3 6 -

≥ 24; SMAPO# 724

0 1 2 3 4 5 6 7 8 9
0 - 2 4 5 5 6 6 7 7 8
1 2 - 6 5 7 8 8 5 5 8
2 4 6 - 9 5 8 8 3 9 8
3 5 5 9 - 10 7 9 8 6 3
4 5 7 5 10 - 3 7 8 10 7
5 6 8 8 7 3 - 8 5 9 10
6 6 8 8 9 7 8 - 5 3 6
7 7 5 3 8 8 5 5 - 8 7
8 7 5 9 6 10 9 3 8 - 9
9 8 8 8 3 7 10 6 7 9 -

≥ 44; ( 43

102
, 59

102
)

1 043

98

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 2 4 3 3 4 3 3
1 1 - 2 3 3 4 2 3 2 4
2 3 2 - 3 5 4 4 3 4 2
3 2 3 3 - 4 3 3 4 1 3
4 4 3 5 4 - 5 3 2 3 3
5 3 4 4 3 5 - 2 3 2 4
6 3 2 4 3 3 2 - 5 4 4
7 4 3 3 4 2 3 5 - 3 5
8 3 2 4 1 3 2 4 3 - 2
9 3 4 2 3 3 4 4 5 2 -

≥ 22; SMAPO# 464

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 2 3 4 3 5 5
1 1 - 4 4 3 4 3 4 4 4
2 3 4 - 4 5 4 5 4 6 2
3 3 4 4 - 5 4 5 4 2 6
4 2 3 5 5 - 3 2 1 3 3
5 3 4 4 4 3 - 1 2 4 4
6 4 3 5 5 2 1 - 3 5 5
7 3 4 4 4 1 2 3 - 4 4
8 5 4 6 2 3 4 5 4 - 4
9 5 4 2 6 3 4 5 4 4 -

≥ 24; SMAPO# 665

0 1 2 3 4 5 6 7 8 9
0 - 2 5 5 6 6 7 7 8 8
1 2 - 5 7 6 8 5 7 6 8
2 5 5 - 6 9 7 8 6 9 3
3 5 7 6 - 9 7 8 8 3 9
4 6 6 9 9 - 8 5 3 6 6
5 6 8 7 7 8 - 3 5 6 8
6 7 5 8 8 5 3 - 8 9 9
7 7 7 6 8 3 5 8 - 7 9
8 8 6 9 3 6 6 9 7 - 6
9 8 8 3 9 6 8 9 9 6 -

≥ 44; ( 43

98
, 55

98
)

1 049

125

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 0 1 3 2 2 3 3 4 4
1 0 - 1 3 2 2 3 3 4 4
2 1 1 - 4 3 3 2 2 3 5
3 3 3 4 - 3 1 2 2 5 3
4 2 2 3 3 - 2 1 3 4 4
5 2 2 3 1 2 - 3 1 4 4
6 3 3 2 2 1 3 - 4 5 3
7 3 3 2 2 3 1 4 - 3 5
8 4 4 3 5 4 4 5 3 - 2
9 4 4 5 3 4 4 3 5 2 -

≥ 18; SMAPO# 291

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 4 4 4 5 6 6
1 1 - 3 3 3 5 5 4 5 7
2 2 3 - 6 6 4 4 3 4 6
3 4 3 6 - 4 2 6 3 6 4
4 4 3 6 4 - 6 2 5 6 8
5 4 5 4 2 6 - 6 1 4 4
6 4 5 4 6 2 6 - 7 8 6
7 5 4 3 3 5 1 7 - 3 5
8 6 5 4 6 6 4 8 3 - 2
9 6 7 6 4 8 4 6 5 2 -

≥ 28; SMAPO# 1389

0 1 2 3 4 5 6 7 8 9
0 - 1 3 6 6 6 7 8 10 10
1 1 - 4 5 5 7 8 7 9 11
2 3 4 - 9 9 7 6 5 7 11
3 6 5 9 - 6 2 7 4 10 6
4 6 5 9 6 - 8 3 8 10 12
5 6 7 7 2 8 - 9 2 8 8
6 7 8 6 7 3 9 - 11 13 9
7 8 7 5 4 8 2 11 - 6 10
8 10 9 7 10 10 8 13 6 - 4
9 10 11 11 6 12 8 9 10 4 -

≥ 44; ( 49

125
, 76

125
)

1 047

122

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 1 2 2 3 3 3 5 4
1 1 - 2 1 3 4 2 2 4 3
2 1 2 - 3 1 2 2 2 4 3
3 2 1 3 - 4 5 3 3 3 2
4 2 3 1 4 - 3 1 3 5 2
5 3 4 2 5 3 - 4 4 2 5
6 3 2 2 3 1 4 - 2 4 3
7 3 2 2 3 3 4 2 - 4 1
8 5 4 4 3 5 2 4 4 - 3
9 4 3 3 2 2 5 3 1 3 -

≥ 18; SMAPO# 289

0 1 2 3 4 5 6 7 8 9
0 - 1 1 3 3 3 5 5 5 7
1 1 - 2 2 4 4 6 6 4 6
2 1 2 - 4 2 2 4 4 4 6
3 3 2 4 - 6 6 4 4 4 6
4 3 4 2 6 - 4 2 6 6 4
5 3 4 2 6 4 - 6 6 2 8
6 5 6 4 4 2 6 - 4 8 6
7 5 6 4 4 6 6 4 - 8 2
8 5 4 4 4 6 2 8 8 - 6
9 7 6 6 6 4 8 6 2 6 -

≥ 28; SMAPO# 1405

0 1 2 3 4 5 6 7 8 9
0 - 2 2 4 5 6 8 8 10 11
1 2 - 4 2 7 8 8 8 8 9
2 2 4 - 6 3 4 6 6 8 9
3 4 2 6 - 9 10 6 6 6 7
4 5 7 3 9 - 7 3 9 11 6
5 6 8 4 10 7 - 10 10 4 13
6 8 8 6 6 3 10 - 6 12 9
7 8 8 6 6 9 10 6 - 12 3
8 10 8 8 6 11 4 12 12 - 9
9 11 9 9 7 6 13 9 3 9 -

≥ 44; ( 47

122
, 75

122
)

1 04

11

0 12
TT-disjoint at 1

0 1 2 3 4 5 6 7 8 9
0 - 1 1 1 3 2 2 4 4 3
1 1 - 2 2 4 3 3 3 5 2
2 1 2 - 2 2 3 3 5 3 4
3 1 2 2 - 2 1 1 3 3 2
4 3 4 2 2 - 1 3 5 3 2
5 2 3 3 1 1 - 2 4 4 3
6 2 3 3 1 3 2 - 4 4 1
7 4 3 5 3 5 4 4 - 2 3
8 4 5 3 3 3 4 4 2 - 5
9 3 2 4 2 2 3 1 3 5 -

≥ 18; SMAPO# 287

0 1 2 3 4 5 6 7 8 9
0 - 2 1 4 4 6 6 4 4 6
1 2 - 3 2 6 4 4 4 6 6
2 1 3 - 3 3 5 5 5 3 7
3 4 2 3 - 4 2 2 6 4 4
4 4 6 3 4 - 2 6 6 4 4
5 6 4 5 2 2 - 4 8 6 6
6 6 4 5 2 6 4 - 8 6 2
7 4 4 5 6 6 8 8 - 2 6
8 4 6 3 4 4 6 6 2 - 8
9 6 6 7 4 4 6 2 6 8 -

≥ 28; SMAPO# 1413

0 1 2 3 4 5 6 7 8 9
0 - 2 2 5 7 8 8 8 8 9
1 2 - 4 3 9 6 6 6 10 7
2 2 4 - 5 5 8 8 10 6 11
3 5 3 5 - 6 3 3 9 7 6
4 7 9 5 6 - 3 9 11 7 6
5 8 6 8 3 3 - 6 12 10 9
6 8 6 8 3 9 6 - 12 10 3
7 8 6 10 9 11 12 12 - 4 9
8 8 10 6 7 7 10 10 4 - 13
9 9 7 11 6 6 9 3 9 13 -

≥ 44; ( 4

11
, 7

11
)

1 011

30

0 12
TT-disjoint at 1

0 1 2 3 4 5 6 7 8 9
0 - 1 1 1 2 3 2 4 4 3
1 1 - 2 2 3 4 3 3 5 2
2 1 2 - 2 3 2 3 5 3 4
3 1 2 2 - 1 2 1 3 3 2
4 2 3 3 1 - 1 2 4 4 3
5 3 4 2 2 1 - 3 5 3 2
6 2 3 3 1 2 3 - 4 4 1
7 4 3 5 3 4 5 4 - 2 3
8 4 5 3 3 4 3 4 2 - 5
9 3 2 4 2 3 2 1 3 5 -

≥ 18; SMAPO# 287

0 1 2 3 4 5 6 7 8 9
0 - 2 1 5 4 4 6 4 4 6
1 2 - 3 3 4 6 4 4 6 6
2 1 3 - 4 5 3 5 5 3 7
3 5 3 4 - 1 3 3 7 5 5
4 4 4 5 1 - 2 4 6 6 4
5 4 6 3 3 2 - 6 6 4 4
6 6 4 5 3 4 6 - 8 6 2
7 4 4 5 7 6 6 8 - 2 6
8 4 6 3 5 6 4 6 2 - 8
9 6 6 7 5 4 4 2 6 8 -

≥ 28; SMAPO# 1389

0 1 2 3 4 5 6 7 8 9
0 - 2 2 6 6 7 8 8 8 9
1 2 - 4 4 6 9 6 6 10 7
2 2 4 - 6 8 5 8 10 6 11
3 6 4 6 - 2 5 4 10 8 7
4 6 6 8 2 - 3 6 10 10 7
5 7 9 5 5 3 - 9 11 7 6
6 8 6 8 4 6 9 - 12 10 3
7 8 6 10 10 10 11 12 - 4 9
8 8 10 6 8 10 7 10 4 - 13
9 9 7 11 7 7 6 3 9 13 -

≥ 44; ( 11

30
, 19

30
)



62 Appendix A. Visualization of tilting omplexes for GTSP(10)
1 044

115

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 1 2 3 1 3 4 2 4
1 1 - 2 3 2 2 4 3 3 5
2 1 2 - 3 4 2 2 5 3 3
3 2 3 3 - 3 1 1 4 2 4
4 3 2 4 3 - 2 2 3 1 5
5 1 2 2 1 2 - 2 3 1 3
6 3 4 2 1 2 2 - 5 3 3
7 4 3 5 4 3 3 5 - 4 2
8 2 3 3 2 1 1 3 4 - 4
9 4 5 3 4 5 3 3 2 4 -

≥ 18; SMAPO# 287

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 4 6 4 4 6 4
1 1 - 3 3 3 5 5 3 5 5
2 2 3 - 6 6 4 4 6 4 4
3 4 3 6 - 4 2 2 4 6 6
4 4 3 6 4 - 6 2 4 2 6
5 6 5 4 2 6 - 4 6 4 8
6 4 5 4 2 2 4 - 6 4 4
7 4 3 6 4 4 6 6 - 6 2
8 6 5 4 6 2 4 4 6 - 8
9 4 5 4 6 6 8 4 2 8 -

≥ 28; SMAPO# 1404

0 1 2 3 4 5 6 7 8 9
0 - 2 2 6 7 7 7 8 8 8
1 2 - 4 6 5 7 9 6 8 10
2 2 4 - 8 9 5 5 10 6 6
3 6 6 8 - 7 3 3 8 8 10
4 7 5 9 7 - 8 4 7 3 11
5 7 7 5 3 8 - 6 9 5 11
6 7 9 5 3 4 6 - 11 7 7
7 8 6 10 8 7 9 11 - 10 4
8 8 8 6 8 3 5 7 10 - 12
9 8 10 6 10 11 11 7 4 12 -

≥ 44; ( 44

115
, 71

115
)

1 049

120

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 1 2 3 3 4 2 2 4
1 1 - 2 3 2 4 3 3 3 5
2 1 2 - 3 4 2 5 3 3 3
3 2 3 3 - 3 1 4 0 2 4
4 3 2 4 3 - 2 3 3 1 5
5 3 4 2 1 2 - 5 1 3 3
6 4 3 5 4 3 5 - 4 4 2
7 2 3 3 0 3 1 4 - 2 4
8 2 3 3 2 1 3 4 2 - 4
9 4 5 3 4 5 3 2 4 4 -

≥ 18; SMAPO# 291

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 4 4 4 6 6 4
1 1 - 3 3 3 5 3 5 5 5
2 2 3 - 6 6 4 6 4 4 4
3 4 3 6 - 4 2 4 2 6 6
4 4 3 6 4 - 2 4 6 2 6
5 4 5 4 2 2 - 6 4 4 4
6 4 3 6 4 4 6 - 6 6 2
7 6 5 4 2 6 4 6 - 4 8
8 6 5 4 6 2 4 6 4 - 8
9 4 5 4 6 6 4 2 8 8 -

≥ 28; SMAPO# 1404

0 1 2 3 4 5 6 7 8 9
0 - 2 2 6 7 7 8 8 8 8
1 2 - 4 6 5 9 6 8 8 10
2 2 4 - 8 9 5 10 6 6 6
3 6 6 8 - 7 3 8 2 8 10
4 7 5 9 7 - 4 7 9 3 11
5 7 9 5 3 4 - 11 5 7 7
6 8 6 10 8 7 11 - 10 10 4
7 8 8 6 2 9 5 10 - 6 12
8 8 8 6 8 3 7 10 6 - 12
9 8 10 6 10 11 7 4 12 12 -

≥ 44; ( 49

120
, 71

120
)

1 038

115

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 2 3 3 4 4 3
1 1 - 3 1 3 2 2 3 3 2
2 2 3 - 2 2 3 3 2 2 3
3 2 1 2 - 2 3 1 2 2 3
4 2 3 2 2 - 3 1 4 4 3
5 3 2 3 3 3 - 2 1 3 2
6 3 2 3 1 1 2 - 3 3 2
7 4 3 2 2 4 1 3 - 2 3
8 4 3 2 2 4 3 3 2 - 1
9 3 2 3 3 3 2 2 3 1 -

≥ 16; SMAPO# 200

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 3 5 5 5 5 7
1 1 - 3 2 4 4 4 6 6 6
2 2 3 - 5 3 3 5 5 5 5
3 3 2 5 - 6 6 4 4 4 6
4 3 4 3 6 - 6 2 6 6 8
5 5 4 3 6 6 - 6 2 6 4
6 5 4 5 4 2 6 - 8 8 6
7 5 6 5 4 6 2 8 - 4 6
8 5 6 5 4 6 6 8 4 - 2
9 7 6 5 6 8 4 6 6 2 -

≥ 30; SMAPO# 1617

0 1 2 3 4 5 6 7 8 9
0 - 2 3 5 5 8 8 9 9 10
1 2 - 5 3 7 6 6 9 9 8
2 3 5 - 6 4 5 7 6 6 7
3 5 3 6 - 8 9 5 6 6 9
4 5 7 4 8 - 9 3 10 10 11
5 8 6 5 9 9 - 8 3 9 6
6 8 6 7 5 3 8 - 11 11 8
7 9 9 6 6 10 3 11 - 6 9
8 9 9 6 6 10 9 11 6 - 3
9 10 8 7 9 11 6 8 9 3 -

≥ 44; ( 38

115
, 77

115
)

1 019

60

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 0 1 1 3 2 2 3 2 3
1 0 - 1 1 3 2 2 3 2 3
2 1 1 - 2 2 3 3 2 3 4
3 1 1 2 - 2 3 1 2 3 2
4 3 3 2 2 - 3 1 2 3 4
5 2 2 3 3 3 - 2 1 2 3
6 2 2 3 1 1 2 - 3 2 3
7 3 3 2 2 2 1 3 - 3 2
8 2 2 3 3 3 2 2 3 - 1
9 3 3 4 2 4 3 3 2 1 -

≥ 14; SMAPO# 136

0 1 2 3 4 5 6 7 8 9
0 - 2 3 5 4 5 6 5 7 7
1 2 - 5 3 6 7 6 7 5 7
2 3 5 - 2 3 6 5 4 6 6
3 5 3 2 - 5 6 3 4 6 4
4 4 6 3 5 - 7 2 5 5 7
5 5 7 6 6 7 - 5 2 4 6
6 6 6 5 3 2 5 - 7 7 7
7 5 7 4 4 5 2 7 - 6 4
8 7 5 6 6 5 4 7 6 - 2
9 7 7 6 4 7 6 7 4 2 -

≥ 32; SMAPO# 1815

0 1 2 3 4 5 6 7 8 9
0 - 2 3 6 7 7 8 8 9 10
1 2 - 5 4 9 9 8 10 7 10
2 3 5 - 3 4 8 7 5 8 9
3 6 4 3 - 7 9 4 6 9 6
4 7 9 4 7 - 10 3 7 8 11
5 7 9 8 9 10 - 7 3 6 9
6 8 8 7 4 3 7 - 10 9 10
7 8 10 5 6 7 3 10 - 9 6
8 9 7 8 9 8 6 9 9 - 3
9 10 10 9 6 11 9 10 6 3 -

≥ 44; ( 19

60
, 41

60
)RHS = 45

1 048

193

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 2 2 3 3 3 4 5
1 1 - 4 3 3 2 2 2 3 4
2 3 4 - 3 5 4 4 4 5 2
3 2 3 3 - 4 3 3 1 2 5
4 2 3 5 4 - 3 1 3 2 3
5 3 2 4 3 3 - 4 2 1 4
6 3 2 4 3 1 4 - 4 3 4
7 3 2 4 1 3 2 4 - 3 4
8 4 3 5 2 2 1 3 3 - 3
9 5 4 2 5 3 4 4 4 3 -

≥ 20; SMAPO# 363

0 1 2 3 4 5 6 7 8 9
0 - 5 8 8 8 11 13 13 12 11
1 5 - 13 13 13 10 8 8 11 12
2 8 13 - 10 14 9 9 11 14 5
3 8 13 10 - 14 13 11 5 8 13
4 8 13 14 14 - 11 5 11 10 9
5 11 10 9 13 11 - 14 8 5 14
6 13 8 9 11 5 14 - 12 9 14
7 13 8 11 5 11 8 12 - 13 12
8 12 11 14 8 10 5 9 13 - 9
9 11 12 5 13 9 14 14 12 9 -

≥ 72; SMAPO# 12367

0 1 2 3 4 5 6 7 8 9
0 - 3 5 5 5 7 8 8 8 8
1 3 - 8 8 8 6 5 5 7 8
2 5 8 - 6 9 6 6 7 9 3
3 5 8 6 - 9 8 7 3 5 9
4 5 8 9 9 - 7 3 7 6 6
5 7 6 6 8 7 - 9 5 3 9
6 8 5 6 7 3 9 - 8 6 9
7 8 5 7 3 7 5 8 - 8 8
8 8 7 9 5 6 3 6 8 - 6
9 8 8 3 9 6 9 9 8 6 -

≥ 45; ( 48

193
, 145

193
)



A.1. odim(F ) = 2 63RHS = 46
1 047

124

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 0 1 1 3 2 2 4 4 3
1 0 - 1 1 3 2 2 4 4 3
2 1 1 - 2 4 3 3 3 5 2
3 1 1 2 - 2 3 3 5 3 4
4 3 3 4 2 - 1 3 5 3 2
5 2 2 3 3 1 - 2 4 4 3
6 2 2 3 3 3 2 - 4 4 1
7 4 4 3 5 5 4 4 - 2 3
8 4 4 5 3 3 4 4 2 - 5
9 3 3 2 4 2 3 1 3 5 -

≥ 18; SMAPO# 290

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 4 6 6 4 4 6
1 1 - 3 2 5 5 5 5 5 7
2 2 3 - 3 6 4 4 4 6 6
3 3 2 3 - 3 5 5 5 3 7
4 4 5 6 3 - 2 6 6 4 4
5 6 5 4 5 2 - 4 8 6 6
6 6 5 4 5 6 4 - 8 6 2
7 4 5 4 5 6 8 8 - 2 6
8 4 5 6 3 4 6 6 2 - 8
9 6 7 6 7 4 6 2 6 8 -

≥ 30; SMAPO# 1618

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 7 8 8 8 8 9
1 1 - 3 3 8 7 7 9 9 10
2 2 3 - 4 9 6 6 6 10 7
3 4 3 4 - 5 8 8 10 6 11
4 7 8 9 5 - 3 9 11 7 6
5 8 7 6 8 3 - 6 12 10 9
6 8 7 6 8 9 6 - 12 10 3
7 8 9 6 10 11 12 12 - 4 9
8 8 9 10 6 7 10 10 4 - 13
9 9 10 7 11 6 9 3 9 13 -

≥ 46; ( 47

124
, 77

124
)

1 038

115

0 12
TT-disjoint at 4

0 1 2 3 4 5 6 7 8 9
0 - 1 1 2 2 2 2 2 3 3
1 1 - 2 1 3 3 3 3 2 2
2 1 2 - 3 1 3 3 3 2 2
3 2 1 3 - 2 2 4 4 3 3
4 2 3 1 2 - 2 4 4 3 3
5 2 3 3 2 2 - 2 2 3 3
6 2 3 3 4 4 2 - 2 1 3
7 2 3 3 4 4 2 2 - 3 1
8 3 2 2 3 3 3 1 3 - 2
9 3 2 2 3 3 3 3 1 2 -

≥ 16; SMAPO# 200

0 1 2 3 4 5 6 7 8 9
0 - 1 1 2 3 4 5 5 6 6
1 1 - 2 1 4 3 6 6 5 5
2 1 2 - 3 2 3 6 6 7 7
3 2 1 3 - 3 2 7 7 6 6
4 3 4 2 3 - 3 8 8 5 5
5 4 3 3 2 3 - 5 5 8 8
6 5 6 6 7 8 5 - 6 3 9
7 5 6 6 7 8 5 6 - 9 3
8 6 5 7 6 5 8 3 9 - 6
9 6 5 7 6 5 8 9 3 6 -

≥ 32; SMAPO# 1961

0 1 2 3 4 5 6 7 8 9
0 - 2 2 4 4 6 7 7 9 9
1 2 - 4 2 6 6 9 9 7 7
2 2 4 - 6 2 6 9 9 9 9
3 4 2 6 - 4 4 11 11 9 9
4 4 6 2 4 - 4 11 11 7 7
5 6 6 6 4 4 - 7 7 11 11
6 7 9 9 11 11 7 - 8 4 12
7 7 9 9 11 11 7 8 - 12 4
8 9 7 9 9 7 11 4 12 - 8
9 9 7 9 9 7 11 12 4 8 -

≥ 46; ( 38

115
, 77

115
)

1 049

120

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 1 3 3 3 4 2 2 4
1 1 - 2 2 4 4 3 3 3 5
2 1 2 - 4 4 2 5 3 3 3
3 3 2 4 - 2 2 3 1 3 5
4 3 4 4 2 - 2 5 3 1 5
5 3 4 2 2 2 - 5 3 3 3
6 4 3 5 3 5 5 - 4 4 2
7 2 3 3 1 3 3 4 - 2 4
8 2 3 3 3 1 3 4 2 - 4
9 4 5 3 5 5 3 2 4 4 -

≥ 20; SMAPO# 365

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 4 4 4 6 6 4
1 1 - 3 3 3 5 3 5 5 5
2 2 3 - 6 6 4 6 4 4 4
3 4 3 6 - 4 2 4 2 6 6
4 4 3 6 4 - 2 4 6 2 6
5 4 5 4 2 2 - 6 4 4 4
6 4 3 6 4 4 6 - 6 6 2
7 6 5 4 2 6 4 6 - 4 8
8 6 5 4 6 2 4 6 4 - 8
9 4 5 4 6 6 4 2 8 8 -

≥ 28; SMAPO# 1404

0 1 2 3 4 5 6 7 8 9
0 - 2 2 7 7 7 8 8 8 8
1 2 - 4 5 7 9 6 8 8 10
2 2 4 - 9 9 5 10 6 6 6
3 7 5 9 - 6 4 7 3 9 11
4 7 7 9 6 - 4 9 9 3 11
5 7 9 5 4 4 - 11 7 7 7
6 8 6 10 7 9 11 - 10 10 4
7 8 8 6 3 9 7 10 - 6 12
8 8 8 6 9 3 7 10 6 - 12
9 8 10 6 11 11 7 4 12 12 -

≥ 46; ( 49

120
, 71

120
)

1 027

82

0 12
TT-disjoint at 1

0 1 2 3 4 5 6 7 8 9
0 - 2 1 6 6 4 6 4 4 6
1 2 - 3 4 6 6 4 4 6 6
2 1 3 - 5 7 3 5 5 3 7
3 6 4 5 - 2 6 4 8 6 6
4 6 6 7 2 - 4 6 6 8 4
5 4 6 3 6 4 - 6 6 4 4
6 6 4 5 4 6 6 - 8 6 2
7 4 4 5 8 6 6 8 - 2 6
8 4 6 3 6 8 4 6 2 - 8
9 6 6 7 6 4 4 2 6 8 -

≥ 32; SMAPO# 1859

0 1 2 3 4 5 6 7 8 9
0 - 3 3 8 8 10 10 12 12 12
1 3 - 6 7 9 13 9 9 15 9
2 3 6 - 9 11 7 11 15 9 15
3 8 7 9 - 2 6 6 14 12 10
4 8 9 11 2 - 4 8 12 14 8
5 10 13 7 6 4 - 12 16 10 8
6 10 9 11 6 8 12 - 16 14 4
7 12 9 15 14 12 16 16 - 6 12
8 12 15 9 12 14 10 14 6 - 18
9 12 9 15 10 8 8 4 12 18 -

≥ 62; SMAPO# 10896

0 1 2 3 4 5 6 7 8 9
0 - 2 2 7 7 7 8 8 8 9
1 2 - 4 5 7 9 6 6 10 7
2 2 4 - 7 9 5 8 10 6 11
3 7 5 7 - 2 6 5 11 9 8
4 7 7 9 2 - 4 7 9 11 6
5 7 9 5 6 4 - 9 11 7 6
6 8 6 8 5 7 9 - 12 10 3
7 8 6 10 11 9 11 12 - 4 9
8 8 10 6 9 11 7 10 4 - 13
9 9 7 11 8 6 6 3 9 13 -

≥ 46; ( 27

82
, 55

82
)

1 023

63

0 12
TT-disjoint at 0

0 1 2 3 4 5 6 7 8 9
0 - 1 3 2 2 3 3 3 4 4
1 1 - 2 3 3 2 2 2 3 3
2 3 2 - 1 3 4 4 4 5 3
3 2 3 1 - 2 3 3 3 4 4
4 2 3 3 2 - 3 3 1 4 2
5 3 2 4 3 3 - 2 4 1 3
6 3 2 4 3 3 2 - 4 3 1
7 3 2 4 3 1 4 4 - 3 3
8 4 3 5 4 4 1 3 3 - 2
9 4 3 3 4 2 3 1 3 2 -

≥ 18; SMAPO# 276

0 1 2 3 4 5 6 7 8 9
0 - 2 2 3 5 4 4 5 6 6
1 2 - 2 3 5 6 6 3 4 6
2 2 2 - 1 5 6 6 5 6 4
3 3 3 1 - 4 5 5 6 7 5
4 5 5 5 4 - 7 7 2 7 5
5 4 6 6 5 7 - 4 7 2 6
6 4 6 6 5 7 4 - 7 6 2
7 5 3 5 6 2 7 7 - 5 7
8 6 4 6 7 7 2 6 5 - 4
9 6 6 4 5 5 6 2 7 4 -

≥ 30; SMAPO# 1559

0 1 2 3 4 5 6 7 8 9
0 - 2 4 4 6 6 6 7 9 9
1 2 - 4 6 8 8 8 5 7 9
2 4 4 - 2 8 10 10 9 11 7
3 4 6 2 - 6 8 8 9 11 9
4 6 8 8 6 - 10 10 3 11 7
5 6 8 10 8 10 - 6 11 3 9
6 6 8 10 8 10 6 - 11 9 3
7 7 5 9 9 3 11 11 - 8 10
8 9 7 11 11 11 3 9 8 - 6
9 9 9 7 9 7 9 3 10 6 -

≥ 46; ( 23

63
, 40

63
)

1 014

39

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 3 3 4 3 4 3
1 1 - 3 3 2 2 3 4 3 4
2 2 3 - 2 3 1 4 3 4 3
3 2 3 2 - 3 3 2 3 2 3
4 3 2 3 3 - 2 3 2 3 2
5 3 2 1 3 2 - 3 4 3 4
6 4 3 4 2 3 3 - 1 2 3
7 3 4 3 3 2 4 1 - 3 2
8 4 3 4 2 3 3 2 3 - 1
9 3 4 3 3 2 4 3 2 1 -

≥ 18; SMAPO# 268

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 3 4 3 5 5 6
1 1 - 3 4 2 3 4 6 6 7
2 2 3 - 5 5 2 5 5 7 6
3 3 4 5 - 6 3 2 4 4 7
4 3 2 5 6 - 3 6 4 8 5
5 4 3 2 3 3 - 5 7 5 8
6 3 4 5 2 6 5 - 2 6 7
7 5 6 5 4 4 7 2 - 8 5
8 5 6 7 4 8 5 6 8 - 3
9 6 7 6 7 5 8 7 5 3 -

≥ 30; SMAPO# 1627

0 1 2 3 4 5 6 7 8 9
0 - 2 4 4 6 7 7 8 9 9
1 2 - 6 6 4 5 7 10 9 11
2 4 6 - 6 8 3 9 8 11 9
3 4 6 6 - 8 5 3 6 5 9
4 6 4 8 8 - 5 9 6 11 7
5 7 5 3 5 5 - 8 11 8 12
6 7 7 9 3 9 8 - 3 8 10
7 8 10 8 6 6 11 3 - 11 7
8 9 9 11 5 11 8 8 11 - 4
9 9 11 9 9 7 12 10 7 4 -

≥ 46; ( 14

39
, 25

39
)



64 Appendix A. Visualization of tilting omplexes for GTSP(10)
1 021

61

0 12
TT-disjoint at 4

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 3 3 3 3 4 4
1 1 - 3 3 2 2 4 4 3 3
2 2 3 - 2 3 3 3 3 2 2
3 2 3 2 - 3 1 3 3 4 4
4 3 2 3 3 - 2 2 2 3 3
5 3 2 3 1 2 - 4 4 3 3
6 3 4 3 3 2 4 - 2 1 3
7 3 4 3 3 2 4 2 - 3 1
8 4 3 2 4 3 3 1 3 - 2
9 4 3 2 4 3 3 3 1 2 -

≥ 18; SMAPO# 268

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 4 4 4 6 6 7
1 1 - 3 4 5 3 5 7 5 6
2 2 3 - 3 6 4 6 8 4 5
3 3 4 3 - 3 1 5 5 7 8
4 4 5 6 3 - 4 2 4 4 7
5 4 3 4 1 4 - 4 6 6 7
6 4 5 6 5 2 4 - 6 2 7
7 6 7 8 5 4 6 6 - 8 3
8 6 5 4 7 4 6 2 8 - 5
9 7 6 5 8 7 7 7 3 5 -

≥ 30; SMAPO# 1631

0 1 2 3 4 5 6 7 8 9
0 - 2 4 5 6 7 7 9 10 11
1 2 - 6 7 6 5 9 11 8 9
2 4 6 - 5 8 7 9 11 6 7
3 5 7 5 - 5 2 8 8 11 12
4 6 6 8 5 - 5 3 5 6 9
5 7 5 7 2 5 - 8 10 9 10
6 7 9 9 8 3 8 - 8 3 10
7 9 11 11 8 5 10 8 - 11 4
8 10 8 6 11 6 9 3 11 - 7
9 11 9 7 12 9 10 10 4 7 -

≥ 46; ( 21

61
, 40

61
)

1 012

29

0 12
TT-disjoint at 6

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 2 3 4 4 3 3
1 1 - 3 3 3 2 5 3 2 4
2 2 3 - 4 4 1 4 4 3 3
3 2 3 4 - 2 3 4 4 1 3
4 2 3 4 2 - 3 4 4 3 1
5 3 2 1 3 3 - 3 5 4 2
6 4 5 4 4 4 3 - 2 5 3
7 4 3 4 4 4 5 2 - 3 5
8 3 2 3 1 3 4 5 3 - 2
9 3 4 3 3 1 2 3 5 2 -

≥ 20; SMAPO# 363

0 1 2 3 4 5 6 7 8 9
0 - 1 3 4 4 4 4 4 6 6
1 1 - 4 5 5 3 5 3 5 5
2 3 4 - 5 5 1 3 5 5 5
3 4 5 5 - 4 6 4 6 2 6
4 4 5 5 4 - 6 4 6 6 2
5 4 3 1 6 6 - 4 4 6 4
6 4 5 3 4 4 4 - 2 6 4
7 4 3 5 6 6 4 2 - 4 4
8 6 5 5 2 6 6 6 4 - 4
9 6 5 5 6 2 4 4 4 4 -

≥ 28; SMAPO# 1246

0 1 2 3 4 5 6 7 8 9
0 - 2 5 6 6 7 7 8 9 9
1 2 - 7 8 8 5 9 6 7 9
2 5 7 - 9 9 2 6 9 8 8
3 6 8 9 - 6 9 7 10 3 9
4 6 8 9 6 - 9 7 10 9 3
5 7 5 2 9 9 - 6 9 10 6
6 7 9 6 7 7 6 - 3 10 6
7 8 6 9 10 10 9 3 - 7 9
8 9 7 8 3 9 10 10 7 - 6
9 9 9 8 9 3 6 6 9 6 -

≥ 46; ( 12

29
, 17

29
)

1 05

12

0 12
TT-disjoint at 6

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 3 3 4 4 4 4
1 1 - 3 4 2 4 5 3 3 5
2 2 3 - 3 1 3 4 4 4 4
3 3 4 3 - 4 2 5 3 5 3
4 3 2 1 4 - 4 3 5 5 3
5 3 4 3 2 4 - 3 5 3 5
6 4 5 4 5 3 3 - 2 4 4
7 4 3 4 3 5 5 2 - 4 4
8 4 3 4 5 5 3 4 4 - 2
9 4 5 4 3 3 5 4 4 2 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 4 4 5 5 5 6
1 1 - 4 4 3 5 6 4 4 5
2 3 4 - 4 1 5 4 6 6 5
3 3 4 4 - 5 1 4 2 4 3
4 4 3 1 5 - 6 5 5 5 4
5 4 5 5 1 6 - 3 3 3 4
6 5 6 4 4 5 3 - 2 4 3
7 5 4 6 2 5 3 2 - 4 5
8 5 4 6 4 5 3 4 4 - 1
9 6 5 5 3 4 4 3 5 1 -

≥ 24; SMAPO# 676

0 1 2 3 4 5 6 7 8 9
0 - 2 5 6 7 7 8 9 9 10
1 2 - 7 8 5 9 10 7 7 10
2 5 7 - 7 2 8 7 10 10 9
3 6 8 7 - 9 3 8 5 9 6
4 7 5 2 9 - 10 7 10 10 7
5 7 9 8 3 10 - 5 8 6 9
6 8 10 7 8 7 5 - 3 7 6
7 9 7 10 5 10 8 3 - 8 9
8 9 7 10 9 10 6 7 8 - 3
9 10 10 9 6 7 9 6 9 3 -

≥ 46; ( 5

12
, 7

12
)RHS = 48

1 091

248

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 0 2 2 6 6 5 6 7 7
1 0 - 2 2 6 6 5 6 7 7
2 2 2 - 4 4 4 7 6 7 7
3 2 2 4 - 8 8 5 6 5 5
4 6 6 4 8 - 6 3 8 9 5
5 6 6 4 8 6 - 7 6 3 9
6 5 5 7 5 3 7 - 5 8 8
7 6 6 6 6 8 6 5 - 9 3
8 7 7 7 5 9 3 8 9 - 6
9 7 7 7 5 5 9 8 3 6 -

≥ 36; SMAPO# 2949

0 1 2 3 4 5 6 7 8 9
0 - 2 2 5 8 8 9 10 11 13
1 2 - 4 3 10 10 11 12 9 11
2 2 4 - 7 6 6 11 10 11 13
3 5 3 7 - 13 13 8 9 8 10
4 8 10 6 13 - 10 5 14 15 9
5 8 10 6 13 10 - 13 12 5 17
6 9 11 11 8 5 13 - 9 16 14
7 10 12 10 9 14 12 9 - 17 5
8 11 9 11 8 15 5 16 17 - 12
9 13 11 13 10 9 17 14 5 12 -

≥ 62; SMAPO# 10880

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 7 7 7 8 9 10
1 1 - 3 2 8 8 8 9 8 9
2 2 3 - 5 5 5 9 8 9 10
3 3 2 5 - 10 10 6 7 6 7
4 7 8 5 10 - 8 4 11 12 7
5 7 8 5 10 8 - 10 9 4 13
6 7 8 9 6 4 10 - 7 12 11
7 8 9 8 7 11 9 7 - 13 4
8 9 8 9 6 12 4 12 13 - 9
9 10 9 10 7 7 13 11 4 9 -

≥ 48; ( 91

248
, 157

248
)

1 016

37

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 2 3 3 3 5 4
1 1 - 3 4 3 2 2 2 4 3
2 2 3 - 5 4 3 1 3 3 2
3 3 4 5 - 3 4 4 4 2 5
4 2 3 4 3 - 3 3 1 5 2
5 3 2 3 4 3 - 4 2 4 1
6 3 2 1 4 3 4 - 4 4 3
7 3 2 3 4 1 2 4 - 4 3
8 5 4 3 2 5 4 4 4 - 3
9 4 3 2 5 2 1 3 3 3 -

≥ 20; SMAPO# 363

0 1 2 3 4 5 6 7 8 9
0 - 2 3 4 4 4 5 6 4 6
1 2 - 5 6 6 4 3 4 4 6
2 3 5 - 5 5 5 2 5 3 5
3 4 6 5 - 4 4 3 6 2 6
4 4 6 5 4 - 6 3 2 4 4
5 4 4 5 4 6 - 5 4 6 2
6 5 3 2 3 3 5 - 5 5 5
7 6 4 5 6 2 4 5 - 6 6
8 4 4 3 2 4 6 5 6 - 4
9 6 6 5 6 4 2 5 6 4 -

≥ 30; SMAPO# 1467

0 1 2 3 4 5 6 7 8 9
0 - 3 5 6 6 7 8 9 9 10
1 3 - 8 9 9 6 5 6 8 9
2 5 8 - 9 9 8 3 8 6 7
3 6 9 9 - 6 7 6 9 3 10
4 6 9 9 6 - 9 6 3 9 6
5 7 6 8 7 9 - 9 6 10 3
6 8 5 3 6 6 9 - 9 9 8
7 9 6 8 9 3 6 9 - 10 9
8 9 8 6 3 9 10 9 10 - 7
9 10 9 7 10 6 3 8 9 7 -

≥ 48; ( 16

37
, 21

37
)

1 043

125

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 0 1 2 3 3 2 2 3 3
1 0 - 1 2 3 3 2 2 3 3
2 1 1 - 3 2 2 3 3 4 4
3 2 2 3 - 1 3 4 4 3 3
4 3 3 2 1 - 2 3 3 4 4
5 3 3 2 3 2 - 3 3 2 2
6 2 2 3 4 3 3 - 2 1 3
7 2 2 3 4 3 3 2 - 3 1
8 3 3 4 3 4 2 1 3 - 2
9 3 3 4 3 4 2 3 1 2 -

≥ 16; SMAPO# 206

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 3 3 7 7 6 6
1 1 - 3 3 4 4 6 6 7 7
2 2 3 - 4 3 3 5 5 8 8
3 4 3 4 - 1 3 7 7 6 6
4 3 4 3 1 - 2 6 6 7 7
5 3 4 3 3 2 - 8 8 5 5
6 7 6 5 7 6 8 - 6 3 9
7 7 6 5 7 6 8 6 - 9 3
8 6 7 8 6 7 5 3 9 - 6
9 6 7 8 6 7 5 9 3 6 -

≥ 34; SMAPO# 2395

0 1 2 3 4 5 6 7 8 9
0 - 1 2 6 6 6 9 9 9 9
1 1 - 3 5 7 7 8 8 10 10
2 2 3 - 6 4 4 7 7 11 11
3 6 5 6 - 2 6 11 11 9 9
4 6 7 4 2 - 4 9 9 11 11
5 6 7 4 6 4 - 11 11 7 7
6 9 8 7 11 9 11 - 8 4 12
7 9 8 7 11 9 11 8 - 12 4
8 9 10 11 9 11 7 4 12 - 8
9 9 10 11 9 11 7 12 4 8 -

≥ 48; ( 43

125
, 82

125
)



A.1. odim(F ) = 2 65
1 075

248

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 1 3 3 3 5 5 5 7
1 1 - 2 2 4 4 6 6 4 6
2 1 2 - 4 2 2 4 4 4 6
3 3 2 4 - 6 6 4 4 4 6
4 3 4 2 6 - 4 2 6 6 4
5 3 4 2 6 4 - 6 6 2 8
6 5 6 4 4 2 6 - 4 8 6
7 5 6 4 4 6 6 4 - 8 2
8 5 4 4 4 6 2 8 8 - 6
9 7 6 6 6 4 8 6 2 6 -

≥ 28; SMAPO# 1405

0 1 2 3 4 5 6 7 8 9
0 - 3 3 6 9 9 11 13 15 15
1 3 - 6 3 12 12 10 12 12 12
2 3 6 - 9 6 6 12 10 12 12
3 6 3 9 - 15 15 9 11 9 9
4 9 12 6 15 - 12 6 16 18 10
5 9 12 6 15 12 - 14 12 6 18
6 11 10 12 9 6 14 - 10 16 16
7 13 12 10 11 16 12 10 - 18 6
8 15 12 12 9 18 6 16 18 - 12
9 15 12 12 9 10 18 16 6 12 -

≥ 70; SMAPO# 12312

0 1 2 3 4 5 6 7 8 9
0 - 2 2 4 6 6 8 9 10 11
1 2 - 4 2 8 8 8 9 8 9
2 2 4 - 6 4 4 8 7 8 9
3 4 2 6 - 10 10 6 7 6 7
4 6 8 4 10 - 8 4 11 12 7
5 6 8 4 10 8 - 10 9 4 13
6 8 8 8 6 4 10 - 7 12 11
7 9 9 7 7 11 9 7 - 13 4
8 10 8 8 6 12 4 12 13 - 9
9 11 9 9 7 7 13 11 4 9 -

≥ 48; ( 75

248
, 173

248
)

1 07

18

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 1 3 3 4 2 2 4 3
1 1 - 2 2 4 3 3 3 5 4
2 1 2 - 4 4 5 3 3 3 2
3 3 2 4 - 2 3 3 3 5 2
4 3 4 4 2 - 5 1 3 5 2
5 4 3 5 3 5 - 4 4 2 5
6 2 3 3 3 1 4 - 2 4 3
7 2 3 3 3 3 4 2 - 4 1
8 4 5 3 5 5 2 4 4 - 3
9 3 4 2 2 2 5 3 1 3 -

≥ 20; SMAPO# 365

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 4 4 6 6 4 6
1 1 - 3 2 5 3 5 5 5 7
2 2 3 - 5 6 6 4 4 4 6
3 3 2 5 - 3 3 5 5 5 5
4 4 5 6 3 - 6 2 6 6 4
5 4 3 6 3 6 - 6 6 2 8
6 6 5 4 5 2 6 - 4 8 6
7 6 5 4 5 6 6 4 - 8 2
8 4 5 4 5 6 2 8 8 - 6
9 6 7 6 5 4 8 6 2 6 -

≥ 30; SMAPO# 1617

0 1 2 3 4 5 6 7 8 9
0 - 2 2 6 7 8 8 8 8 9
1 2 - 4 4 9 6 8 8 10 11
2 2 4 - 8 9 10 6 6 6 7
3 6 4 8 - 5 6 8 8 10 7
4 7 9 9 5 - 11 3 9 11 6
5 8 6 10 6 11 - 10 10 4 13
6 8 8 6 8 3 10 - 6 12 9
7 8 8 6 8 9 10 6 - 12 3
8 8 10 6 10 11 4 12 12 - 9
9 9 11 7 7 6 13 9 3 9 -

≥ 48; ( 7

18
, 11

18
)

1 067

139

0 12
TT-disjoint at 5

0 1 2 3 4 5 6 7 8 9
0 - 1 1 3 4 4 4 4 5 5
1 1 - 2 2 3 5 5 3 4 4
2 1 2 - 4 5 3 3 5 4 6
3 3 2 4 - 5 3 5 1 2 4
4 4 3 5 5 - 6 2 6 7 5
5 4 5 3 3 6 - 4 2 5 3
6 4 5 3 5 2 4 - 6 5 7
7 4 3 5 1 6 2 6 - 3 3
8 5 4 4 2 7 5 5 3 - 2
9 5 4 6 4 5 3 7 3 2 -

≥ 24; SMAPO# 818

0 1 2 3 4 5 6 7 8 9
0 - 1 1 3 4 5 4 5 5 5
1 1 - 2 2 3 6 5 4 4 6
2 1 2 - 4 5 4 3 4 4 6
3 3 2 4 - 5 4 5 2 2 4
4 4 3 5 5 - 5 2 7 7 5
5 5 6 4 4 5 - 5 2 6 4
6 4 5 3 5 2 5 - 5 5 7
7 5 4 4 2 7 2 5 - 4 6
8 5 4 4 2 7 6 5 4 - 2
9 5 6 6 4 5 4 7 6 2 -

≥ 26; SMAPO# 1075

0 1 2 3 4 5 6 7 8 9
0 - 2 2 6 8 8 8 9 10 10
1 2 - 4 4 6 10 10 7 8 10
2 2 4 - 8 10 6 6 9 8 12
3 6 4 8 - 10 6 10 3 4 8
4 8 6 10 10 - 10 4 13 14 10
5 8 10 6 6 10 - 8 3 10 6
6 8 10 6 10 4 8 - 11 10 14
7 9 7 9 3 13 3 11 - 7 9
8 10 8 8 4 14 10 10 7 - 4
9 10 10 12 8 10 6 14 9 4 -

≥ 48; ( 67

139
, 72

139
)

1 067

139

0 12
TT-disjoint at 4

0 1 2 3 4 5 6 7 8 9
0 - 1 1 3 4 4 4 4 5 5
1 1 - 2 4 3 3 5 5 4 6
2 1 2 - 4 5 5 3 5 6 4
3 3 4 4 - 3 5 3 1 2 4
4 4 3 5 3 - 4 6 2 5 3
5 4 3 5 5 4 - 2 6 5 7
6 4 5 3 3 6 2 - 4 5 5
7 4 5 5 1 2 6 4 - 3 3
8 5 4 6 2 5 5 5 3 - 2
9 5 6 4 4 3 7 5 3 2 -

≥ 24; SMAPO# 786

0 1 2 3 4 5 6 7 8 9
0 - 1 1 3 5 4 4 5 5 5
1 1 - 2 4 4 3 5 4 4 6
2 1 2 - 4 4 5 3 6 6 4
3 3 4 4 - 4 5 3 2 2 4
4 5 4 4 4 - 5 7 2 6 4
5 4 3 5 5 5 - 2 5 5 7
6 4 5 3 3 7 2 - 5 5 7
7 5 4 6 2 2 5 5 - 4 6
8 5 4 6 2 6 5 5 4 - 2
9 5 6 4 4 4 7 7 6 2 -

≥ 26; SMAPO# 1093

0 1 2 3 4 5 6 7 8 9
0 - 2 2 6 8 8 8 9 10 10
1 2 - 4 8 6 6 10 9 8 12
2 2 4 - 8 8 10 6 11 12 8
3 6 8 8 - 6 10 6 3 4 8
4 8 6 8 6 - 8 12 3 10 6
5 8 6 10 10 8 - 4 11 10 14
6 8 10 6 6 12 4 - 9 10 12
7 9 9 11 3 3 11 9 - 7 9
8 10 8 12 4 10 10 10 7 - 4
9 10 12 8 8 6 14 12 9 4 -

≥ 48; ( 67

139
, 72

139
)

1 061

137

0 12
TT-disjoint at 1

0 1 2 3 4 5 6 7 8 9
0 - 1 1 3 4 4 4 4 3 4
1 1 - 2 4 3 3 5 5 4 3
2 1 2 - 4 5 5 3 3 4 5
3 3 4 4 - 1 5 3 5 2 3
4 4 3 5 1 - 4 2 6 3 2
5 4 3 5 5 4 - 6 2 5 4
6 4 5 3 3 2 6 - 4 3 2
7 4 5 3 5 6 2 4 - 5 6
8 3 4 4 2 3 5 3 5 - 1
9 4 3 5 3 2 4 2 6 1 -

≥ 22; SMAPO# 559

0 1 2 3 4 5 6 7 8 9
0 - 2 1 5 4 4 4 4 6 6
1 2 - 3 3 4 4 6 6 4 6
2 1 3 - 4 5 5 3 3 5 7
3 5 3 4 - 1 7 3 5 3 5
4 4 4 5 1 - 6 2 6 4 4
5 4 4 5 7 6 - 6 2 8 6
6 4 6 3 3 2 6 - 4 6 4
7 4 6 3 5 6 2 4 - 6 8
8 6 4 5 3 4 8 6 6 - 2
9 6 6 7 5 4 6 4 8 2 -

≥ 28; SMAPO# 1389

0 1 2 3 4 5 6 7 8 9
0 - 2 2 8 8 8 8 8 9 10
1 2 - 4 6 6 6 10 10 7 8
2 2 4 - 8 10 10 6 6 9 12
3 8 6 8 - 2 12 6 10 5 8
4 8 6 10 2 - 10 4 12 7 6
5 8 6 10 12 10 - 12 4 13 10
6 8 10 6 6 4 12 - 8 9 6
7 8 10 6 10 12 4 8 - 11 14
8 9 7 9 5 7 13 9 11 - 3
9 10 8 12 8 6 10 6 14 3 -

≥ 48; ( 61

137
, 76

137
)

1 061

132

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 1 4 4 4 4 4 3 3
1 1 - 2 3 3 3 5 5 4 4
2 1 2 - 5 5 5 3 3 4 4
3 4 3 5 - 2 4 2 6 1 3
4 4 3 5 2 - 4 2 6 3 1
5 4 3 5 4 4 - 6 2 5 5
6 4 5 3 2 2 6 - 4 3 3
7 4 5 3 6 6 2 4 - 5 5
8 3 4 4 1 3 5 3 5 - 2
9 3 4 4 3 1 5 3 5 2 -

≥ 22; SMAPO# 559

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 4 4 4 4 6 6
1 1 - 3 3 3 3 5 5 5 5
2 2 3 - 6 6 6 4 4 4 4
3 4 3 6 - 4 4 2 6 2 6
4 4 3 6 4 - 4 2 6 6 2
5 4 3 6 4 4 - 6 2 6 6
6 4 5 4 2 2 6 - 4 4 4
7 4 5 4 6 6 2 4 - 8 8
8 6 5 4 2 6 6 4 8 - 4
9 6 5 4 6 2 6 4 8 4 -

≥ 28; SMAPO# 1404

0 1 2 3 4 5 6 7 8 9
0 - 2 2 8 8 8 8 8 9 9
1 2 - 4 6 6 6 10 10 9 9
2 2 4 - 10 10 10 6 6 7 7
3 8 6 10 - 6 8 4 12 3 9
4 8 6 10 6 - 8 4 12 9 3
5 8 6 10 8 8 - 12 4 11 11
6 8 10 6 4 4 12 - 8 7 7
7 8 10 6 12 12 4 8 - 13 13
8 9 9 7 3 9 11 7 13 - 6
9 9 9 7 9 3 11 7 13 6 -

≥ 48; ( 61

132
, 71

132
)



66 Appendix A. Visualization of tilting omplexes for GTSP(10)
1 010

23

0 12
TT-disjoint at 6

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 3 3 5 4 5 4
1 2 - 5 3 5 3 3 4 3 4
2 3 5 - 4 4 4 2 3 4 5
3 3 3 4 - 4 2 4 3 4 1
4 3 5 4 4 - 4 4 5 2 3
5 3 3 4 2 4 - 4 1 4 3
6 5 3 2 4 4 4 - 5 4 3
7 4 4 3 3 5 1 5 - 3 2
8 5 3 4 4 2 4 4 3 - 5
9 4 4 5 1 3 3 3 2 5 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 3 4 4 4 4 5
1 1 - 3 4 4 5 3 5 3 6
2 2 3 - 5 5 6 2 4 4 5
3 3 4 5 - 6 3 5 5 5 2
4 3 4 5 6 - 5 3 5 1 4
5 4 5 6 3 5 - 4 2 6 5
6 4 3 2 5 3 4 - 6 4 5
7 4 5 4 5 5 2 6 - 4 3
8 4 3 4 5 1 6 4 4 - 5
9 5 6 5 2 4 5 5 3 5 -

≥ 26; SMAPO# 909

0 1 2 3 4 5 6 7 8 9
0 - 3 5 6 6 7 8 8 9 9
1 3 - 8 7 9 8 5 9 6 10
2 5 8 - 9 9 10 3 7 8 10
3 6 7 9 - 10 5 8 8 9 3
4 6 9 9 10 - 9 6 10 3 7
5 7 8 10 5 9 - 7 3 10 8
6 8 5 3 8 6 7 - 10 7 7
7 8 9 7 8 10 3 10 - 7 5
8 9 6 8 9 3 10 7 7 - 10
9 9 10 10 3 7 8 7 5 10 -

≥ 48; ( 10

23
, 13

23
)RHS = 50

1 049

130

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 1 3 4 2 2 4 3 3
1 1 - 2 2 3 3 3 5 4 4
2 1 2 - 4 5 3 3 3 2 4
3 3 2 4 - 3 3 3 5 2 2
4 4 3 5 3 - 4 4 2 5 5
5 2 3 3 3 4 - 2 4 1 3
6 2 3 3 3 4 2 - 4 3 1
7 4 5 3 5 2 4 4 - 3 5
8 3 4 2 2 5 1 3 3 - 2
9 3 4 4 2 5 3 1 5 2 -

≥ 20; SMAPO# 365

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 4 6 6 4 6 6
1 1 - 3 3 3 5 5 5 7 7
2 2 3 - 6 6 4 4 4 6 6
3 4 3 6 - 4 6 6 6 4 4
4 4 3 6 4 - 6 6 2 8 8
5 6 5 4 6 6 - 4 8 2 6
6 6 5 4 6 6 4 - 8 6 2
7 4 5 4 6 2 8 8 - 6 6
8 6 7 6 4 8 2 6 6 - 4
9 6 7 6 4 8 6 2 6 4 -

≥ 32; SMAPO# 1859

0 1 2 3 4 5 6 7 8 9
0 - 2 2 7 8 8 8 8 9 9
1 2 - 4 5 6 8 8 10 11 11
2 2 4 - 9 10 6 6 6 7 9
3 7 5 9 - 7 9 9 11 6 6
4 8 6 10 7 - 10 10 4 13 13
5 8 8 6 9 10 - 6 12 3 9
6 8 8 6 9 10 6 - 12 9 3
7 8 10 6 11 4 12 12 - 9 11
8 9 11 7 6 13 3 9 9 - 6
9 9 11 9 6 13 9 3 11 6 -

≥ 50; ( 49

130
, 81

130
)

1 019

62

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 2 3 3 3 4 4
1 1 - 3 1 3 2 2 2 3 3
2 2 3 - 2 2 3 3 3 2 2
3 2 1 2 - 2 1 3 3 2 2
4 2 3 2 2 - 1 3 3 4 4
5 3 2 3 1 1 - 2 2 3 3
6 3 2 3 3 3 2 - 2 1 3
7 3 2 3 3 3 2 2 - 3 1
8 4 3 2 2 4 3 1 3 - 2
9 4 3 2 2 4 3 3 1 2 -

≥ 16; SMAPO# 200

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 3 5 7 7 6 6
1 1 - 3 2 4 4 6 6 7 7
2 2 3 - 5 3 5 5 5 6 6
3 3 2 5 - 6 4 8 8 5 5
4 3 4 3 6 - 2 8 8 7 7
5 5 4 5 4 2 - 6 6 9 9
6 7 6 5 8 8 6 - 6 3 9
7 7 6 5 8 8 6 6 - 9 3
8 6 7 6 5 7 9 3 9 - 6
9 6 7 6 5 7 9 9 3 6 -

≥ 36; SMAPO# 2888

0 1 2 3 4 5 6 7 8 9
0 - 2 3 5 5 8 10 10 10 10
1 2 - 5 3 7 6 8 8 10 10
2 3 5 - 6 4 7 7 7 7 7
3 5 3 6 - 8 5 11 11 7 7
4 5 7 4 8 - 3 11 11 11 11
5 8 6 7 5 3 - 8 8 12 12
6 10 8 7 11 11 8 - 8 4 12
7 10 8 7 11 11 8 8 - 12 4
8 10 10 7 7 11 12 4 12 - 8
9 10 10 7 7 11 12 12 4 8 -

≥ 50; ( 19

62
, 43

62
)

1 046

129

0 12
TT-disjoint at 0

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 2 3 3 3 4 4
1 1 - 3 2 3 2 2 2 3 3
2 2 3 - 3 2 1 3 3 4 4
3 3 2 3 - 1 4 4 4 3 3
4 2 3 2 1 - 3 3 3 2 4
5 3 2 1 4 3 - 4 4 3 5
6 3 2 3 4 3 4 - 2 1 3
7 3 2 3 4 3 4 2 - 3 1
8 4 3 4 3 2 3 1 3 - 2
9 4 3 4 3 4 5 3 1 2 -

≥ 18; SMAPO# 276

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 4 4 5 5 8 8
1 2 - 3 3 4 2 7 7 6 6
2 3 3 - 4 3 1 6 6 7 7
3 3 3 4 - 1 3 8 8 5 5
4 4 4 3 1 - 4 7 7 6 6
5 4 2 1 3 4 - 7 7 6 6
6 5 7 6 8 7 7 - 6 3 9
7 5 7 6 8 7 7 6 - 9 3
8 8 6 7 5 6 6 3 9 - 6
9 8 6 7 5 6 6 9 3 6 -

≥ 34; SMAPO# 2402

0 1 2 3 4 5 6 7 8 9
0 - 2 4 5 5 6 7 7 11 11
1 2 - 6 5 7 4 9 9 9 9
2 4 6 - 7 5 2 9 9 11 11
3 5 5 7 - 2 7 12 12 8 8
4 5 7 5 2 - 7 10 10 8 10
5 6 4 2 7 7 - 11 11 9 11
6 7 9 9 12 10 11 - 8 4 12
7 7 9 9 12 10 11 8 - 12 4
8 11 9 11 8 8 9 4 12 - 8
9 11 9 11 8 10 11 12 4 8 -

≥ 50; ( 46

129
, 83

129
)

1 01

4

0 12
TT-disjoint at 0

0 1 2 3 4 5 6 7 8 9
0 - 1 1 1 2 2 1 1 3 3
1 1 - 0 0 3 3 0 0 2 2
2 1 0 - 0 3 3 0 0 2 2
3 1 0 0 - 3 3 0 0 2 2
4 2 3 3 3 - 2 3 3 1 3
5 2 3 3 3 2 - 3 3 3 1
6 1 0 0 0 3 3 - 0 2 2
7 1 0 0 0 3 3 0 - 2 2
8 3 2 2 2 1 3 2 2 - 2
9 3 2 2 2 3 1 2 2 2 -

≥ 10; SMAPO# 51

0 1 2 3 4 5 6 7 8 9
0 - 3 5 6 5 5 8 9 7 7
1 3 - 8 9 6 6 5 6 6 8
2 5 8 - 7 8 8 3 8 6 8
3 6 9 7 - 7 7 6 3 9 5
4 5 6 8 7 - 4 7 8 2 6
5 5 6 8 7 4 - 7 8 6 2
6 8 5 3 6 7 7 - 9 9 5
7 9 6 8 3 8 8 9 - 6 8
8 7 6 6 9 2 6 9 6 - 4
9 7 8 8 5 6 2 5 8 4 -

≥ 42; SMAPO# 4540

0 1 2 3 4 5 6 7 8 9
0 - 3 5 6 6 6 8 9 9 9
1 3 - 8 9 9 9 5 6 8 10
2 5 8 - 7 11 11 3 8 8 10
3 6 9 7 - 10 10 6 3 11 7
4 6 9 11 10 - 6 10 11 3 9
5 6 9 11 10 6 - 10 11 9 3
6 8 5 3 6 10 10 - 9 11 7
7 9 6 8 3 11 11 9 - 8 10
8 9 8 8 11 3 9 11 8 - 6
9 9 10 10 7 9 3 7 10 6 -

≥ 50; ( 1

4
, 3

4
)

1 025

59

0 12
TT-disjoint at 0

0 1 2 3 4 5 6 7 8 9
0 - 2 4 3 3 4 4 4 5 5
1 2 - 4 5 5 4 4 4 3 3
2 4 4 - 3 5 2 4 4 5 3
3 3 5 3 - 4 5 3 3 2 4
4 3 5 5 4 - 3 1 3 4 2
5 4 4 2 5 3 - 4 4 3 5
6 4 4 4 3 1 4 - 2 3 3
7 4 4 4 3 3 4 2 - 3 1
8 5 3 5 2 4 3 3 3 - 4
9 5 3 3 4 2 5 3 1 4 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 2 3 4 4 4 4 4 5 6
1 2 - 5 4 4 4 6 6 3 4
2 3 5 - 3 5 1 5 5 4 5
3 4 4 3 - 6 4 4 4 1 6
4 4 4 5 6 - 4 2 6 5 4
5 4 4 1 4 4 - 6 6 3 6
6 4 6 5 4 2 6 - 4 5 6
7 4 6 5 4 6 6 4 - 5 2
8 5 3 4 1 5 3 5 5 - 5
9 6 4 5 6 4 6 6 2 5 -

≥ 28; SMAPO# 1246

0 1 2 3 4 5 6 7 8 9
0 - 3 6 6 6 7 7 7 9 10
1 3 - 9 9 9 8 10 10 6 7
2 6 9 - 6 10 3 9 9 9 8
3 6 9 6 - 10 9 7 7 3 10
4 6 9 10 10 - 7 3 9 9 6
5 7 8 3 9 7 - 10 10 6 11
6 7 10 9 7 3 10 - 6 8 9
7 7 10 9 7 9 10 6 - 8 3
8 9 6 9 3 9 6 8 8 - 9
9 10 7 8 10 6 11 9 3 9 -

≥ 50; ( 25

59
, 34

59
)



A.1. odim(F ) = 2 67
1 01

5

0 12
TT-disjoint at 0

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 2 2 2 3 3 2
1 1 - 3 3 1 1 1 2 2 1
2 2 3 - 2 2 2 2 1 3 2
3 2 3 2 - 2 2 2 3 1 2
4 2 1 2 2 - 0 0 1 1 0
5 2 1 2 2 0 - 0 1 1 0
6 2 1 2 2 0 0 - 1 1 0
7 3 2 1 3 1 1 1 - 2 1
8 3 2 3 1 1 1 1 2 - 1
9 2 1 2 2 0 0 0 1 1 -

≥ 10; SMAPO# 7

0 1 2 3 4 5 6 7 8 9
0 - 3 5 5 5 6 8 7 7 9
1 3 - 6 6 8 9 5 6 8 6
2 5 6 - 4 8 7 7 2 6 8
3 5 6 4 - 8 7 7 6 2 8
4 5 8 8 8 - 7 3 6 8 8
5 6 9 7 7 7 - 6 9 5 3
6 8 5 7 7 3 6 - 9 5 9
7 7 6 2 6 6 9 9 - 4 6
8 7 8 6 2 8 5 5 4 - 8
9 9 6 8 8 8 3 9 6 8 -

≥ 42; SMAPO# 4540

0 1 2 3 4 5 6 7 8 9
0 - 3 6 6 6 7 9 9 9 10
1 3 - 9 9 9 10 6 8 10 7
2 6 9 - 6 10 9 9 3 9 10
3 6 9 6 - 10 9 9 9 3 10
4 6 9 10 10 - 7 3 7 9 8
5 7 10 9 9 7 - 6 10 6 3
6 9 6 9 9 3 6 - 10 6 9
7 9 8 3 9 7 10 10 - 6 7
8 9 10 9 3 9 6 6 6 - 9
9 10 7 10 10 8 3 9 7 9 -

≥ 50; ( 1

5
, 4

5
)RHS = 52

1 037

140

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 0 2 1 2 2 2 3 3
1 1 - 1 1 2 3 3 3 2 2
2 0 1 - 2 1 2 2 2 3 3
3 2 1 2 - 3 2 2 4 3 3
4 1 2 1 3 - 1 3 3 2 2
5 2 3 2 2 1 - 2 4 3 3
6 2 3 2 2 3 2 - 2 1 3
7 2 3 2 4 3 4 2 - 3 1
8 3 2 3 3 2 3 1 3 - 2
9 3 2 3 3 2 3 3 1 2 -

≥ 14; SMAPO# 131

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 4 5 8 8 7 7
1 1 - 3 2 5 4 7 7 8 8
2 2 3 - 5 4 7 6 6 9 9
3 3 2 5 - 7 4 7 9 6 6
4 4 5 4 7 - 3 10 10 7 7
5 5 4 7 4 3 - 7 9 10 10
6 8 7 6 7 10 7 - 6 3 9
7 8 7 6 9 10 9 6 - 9 3
8 7 8 9 6 7 10 3 9 - 6
9 7 8 9 6 7 10 9 3 6 -

≥ 40; SMAPO# 4264

0 1 2 3 4 5 6 7 8 9
0 - 2 2 4 5 7 10 10 10 10
1 2 - 4 2 7 7 10 10 10 10
2 2 4 - 6 5 9 8 8 12 12
3 4 2 6 - 9 5 8 12 8 8
4 5 7 5 9 - 4 13 13 9 9
5 7 7 9 5 4 - 9 13 13 13
6 10 10 8 8 13 9 - 8 4 12
7 10 10 8 12 13 13 8 - 12 4
8 10 10 12 8 9 13 4 12 - 8
9 10 10 12 8 9 13 12 4 8 -

≥ 52; ( 37

140
, 103

140
)

1 068

141

0 12
TT-disjoint at 4

0 1 2 3 4 5 6 7 8 9
0 - 1 1 3 3 3 5 5 5 5
1 1 - 2 2 4 2 4 4 6 6
2 1 2 - 4 2 2 6 6 4 4
3 3 2 4 - 4 2 6 6 4 4
4 3 4 2 4 - 2 4 4 6 6
5 3 2 2 2 2 - 6 6 6 6
6 5 4 6 6 4 6 - 4 2 6
7 5 4 6 6 4 6 4 - 6 2
8 5 6 4 4 6 6 2 6 - 4
9 5 6 4 4 6 6 6 2 4 -

≥ 26; SMAPO# 949

0 1 2 3 4 5 6 7 8 9
0 - 1 1 3 4 4 5 5 5 5
1 1 - 2 2 5 3 4 4 6 6
2 1 2 - 4 3 5 6 6 4 6
3 3 2 4 - 5 3 6 6 4 4
4 4 5 3 5 - 2 5 5 5 7
5 4 3 5 3 2 - 5 5 7 7
6 5 4 6 6 5 5 - 4 2 6
7 5 4 6 6 5 5 4 - 6 2
8 5 6 4 4 5 7 2 6 - 4
9 5 6 6 4 7 7 6 2 4 -

≥ 28; SMAPO# 1340

0 1 2 3 4 5 6 7 8 9
0 - 2 2 6 6 7 10 10 10 10
1 2 - 4 4 8 5 8 8 12 12
2 2 4 - 8 4 7 12 12 8 10
3 6 4 8 - 8 5 12 12 8 8
4 6 8 4 8 - 3 8 8 10 12
5 7 5 7 5 3 - 11 11 13 13
6 10 8 12 12 8 11 - 8 4 12
7 10 8 12 12 8 11 8 - 12 4
8 10 12 8 8 10 13 4 12 - 8
9 10 12 10 8 12 13 12 4 8 -

≥ 52; ( 68

141
, 73

141
)

1 061

142

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 1 4 4 4 3 3 4 4
1 1 - 2 3 3 5 4 4 5 5
2 1 2 - 5 5 3 4 4 3 3
3 4 3 5 - 4 2 5 5 6 6
4 4 3 5 4 - 6 3 3 2 2
5 4 5 3 2 6 - 5 5 4 4
6 3 4 4 5 3 5 - 2 1 3
7 3 4 4 5 3 5 2 - 3 1
8 4 5 3 6 2 4 1 3 - 2
9 4 5 3 6 2 4 3 1 2 -

≥ 22; SMAPO# 559

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 4 4 6 6 6 6
1 1 - 3 3 3 5 5 5 7 7
2 2 3 - 6 6 4 4 4 6 6
3 4 3 6 - 4 2 6 6 8 8
4 4 3 6 4 - 6 6 6 4 4
5 4 5 4 2 6 - 8 8 6 6
6 6 5 4 6 6 8 - 4 2 6
7 6 5 4 6 6 8 4 - 6 2
8 6 7 6 8 4 6 2 6 - 4
9 6 7 6 8 4 6 6 2 4 -

≥ 32; SMAPO# 1859

0 1 2 3 4 5 6 7 8 9
0 - 2 2 8 8 8 9 9 10 10
1 2 - 4 6 6 10 9 9 12 12
2 2 4 - 10 10 6 7 7 8 8
3 8 6 10 - 8 4 11 11 14 14
4 8 6 10 8 - 12 9 9 6 6
5 8 10 6 4 12 - 13 13 10 10
6 9 9 7 11 9 13 - 6 3 9
7 9 9 7 11 9 13 6 - 9 3
8 10 12 8 14 6 10 3 9 - 6
9 10 12 8 14 6 10 9 3 6 -

≥ 52; ( 61

142
, 81

142
)

1 019

64

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 0 1 1 2 3 2 3 2 3
1 0 - 1 1 2 3 2 3 2 3
2 1 1 - 2 3 2 3 2 3 4
3 1 1 2 - 3 2 1 2 3 2
4 2 2 3 3 - 3 2 1 2 3
5 3 3 2 2 3 - 1 2 3 4
6 2 2 3 1 2 1 - 3 2 3
7 3 3 2 2 1 2 3 - 3 2
8 2 2 3 3 2 3 2 3 - 1
9 3 3 4 2 3 4 3 2 1 -

≥ 14; SMAPO# 136

0 1 2 3 4 5 6 7 8 9
0 - 2 3 6 5 5 6 6 8 7
1 2 - 5 4 7 7 8 8 6 9
2 3 5 - 3 6 4 7 5 7 8
3 6 4 3 - 7 7 4 6 8 5
4 5 7 6 7 - 8 5 3 5 8
5 5 7 4 7 8 - 3 5 7 8
6 6 8 7 4 5 3 - 8 8 7
7 6 8 5 6 3 5 8 - 8 5
8 8 6 7 8 5 7 8 8 - 3
9 7 9 8 5 8 8 7 5 3 -

≥ 40; SMAPO# 3917

0 1 2 3 4 5 6 7 8 9
0 - 2 3 7 7 8 8 9 10 10
1 2 - 5 5 9 10 10 11 8 12
2 3 5 - 4 8 5 9 6 9 11
3 7 5 4 - 10 9 5 8 11 7
4 7 9 8 10 - 11 7 4 7 11
5 8 10 5 9 11 - 4 7 10 12
6 8 10 9 5 7 4 - 11 10 10
7 9 11 6 8 4 7 11 - 11 7
8 10 8 9 11 7 10 10 11 - 4
9 10 12 11 7 11 12 10 7 4 -

≥ 52; ( 19

64
, 45

64
)

1 050

129

0 12
TT-disjoint at 0

0 1 2 3 4 5 6 7 8 9
0 - 2 4 3 4 3 4 4 5 5
1 2 - 4 5 4 5 4 4 3 3
2 4 4 - 5 2 3 4 4 3 5
3 3 5 5 - 3 4 3 3 2 4
4 4 4 2 3 - 5 4 4 5 3
5 3 5 3 4 5 - 1 3 4 2
6 4 4 4 3 4 1 - 2 3 3
7 4 4 4 3 4 3 2 - 3 1
8 5 3 3 2 5 4 3 3 - 4
9 5 3 5 4 3 2 3 1 4 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 2 3 4 4 5 5 5 5 7
1 2 - 5 4 4 5 7 7 3 5
2 3 5 - 5 1 4 6 6 4 6
3 4 4 5 - 4 7 5 5 1 7
4 4 4 1 4 - 5 7 7 5 5
5 5 5 4 7 5 - 2 6 6 4
6 5 7 6 5 7 2 - 4 4 6
7 5 7 6 5 7 6 4 - 4 2
8 5 3 4 1 5 6 4 4 - 6
9 7 5 6 7 5 4 6 2 6 -

≥ 30; SMAPO# 1525

0 1 2 3 4 5 6 7 8 9
0 - 3 6 6 7 7 8 8 9 11
1 3 - 9 9 8 10 11 11 6 8
2 6 9 - 10 3 7 10 10 7 11
3 6 9 10 - 7 11 8 8 3 11
4 7 8 3 7 - 10 11 11 10 8
5 7 10 7 11 10 - 3 9 10 6
6 8 11 10 8 11 3 - 6 7 9
7 8 11 10 8 11 9 6 - 7 3
8 9 6 7 3 10 10 7 7 - 10
9 11 8 11 11 8 6 9 3 10 -

≥ 52; ( 50

129
, 79

129
)



68 Appendix A. Visualization of tilting omplexes for GTSP(10)
1 050

129

0 12
TT-disjoint at 0

0 1 2 3 4 5 6 7 8 9
0 - 2 4 3 4 3 4 4 5 5
1 2 - 4 5 4 5 4 4 3 3
2 4 4 - 5 2 3 4 4 3 5
3 3 5 5 - 3 4 3 3 2 4
4 4 4 2 3 - 5 4 4 5 3
5 3 5 3 4 5 - 1 3 4 2
6 4 4 4 3 4 1 - 2 3 3
7 4 4 4 3 4 3 2 - 3 1
8 5 3 3 2 5 4 3 3 - 4
9 5 3 5 4 3 2 3 1 4 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 2 3 4 4 5 5 5 5 7
1 2 - 5 4 4 5 5 7 3 5
2 3 5 - 5 1 4 6 6 4 6
3 4 4 5 - 4 7 5 5 1 7
4 4 4 1 4 - 5 7 7 5 5
5 5 5 4 7 5 - 2 6 6 4
6 5 5 6 5 7 2 - 4 4 6
7 5 7 6 5 7 6 4 - 6 2
8 5 3 4 1 5 6 4 6 - 6
9 7 5 6 7 5 4 6 2 6 -

≥ 30; SMAPO# 1524

0 1 2 3 4 5 6 7 8 9
0 - 3 6 6 7 7 8 8 9 11
1 3 - 9 9 8 10 9 11 6 8
2 6 9 - 10 3 7 10 10 7 11
3 6 9 10 - 7 11 8 8 3 11
4 7 8 3 7 - 10 11 11 10 8
5 7 10 7 11 10 - 3 9 10 6
6 8 9 10 8 11 3 - 6 7 9
7 8 11 10 8 11 9 6 - 9 3
8 9 6 7 3 10 10 7 9 - 10
9 11 8 11 11 8 6 9 3 10 -

≥ 52; ( 50

129
, 79

129
)

1 050

129

0 12
TT-disjoint at 0

0 1 2 3 4 5 6 7 8 9
0 - 2 4 3 4 3 4 4 5 5
1 2 - 4 5 4 5 4 4 3 3
2 4 4 - 5 2 3 4 4 3 5
3 3 5 5 - 3 4 3 3 2 4
4 4 4 2 3 - 5 4 4 5 3
5 3 5 3 4 5 - 3 1 4 2
6 4 4 4 3 4 3 - 2 3 1
7 4 4 4 3 4 1 2 - 3 3
8 5 3 3 2 5 4 3 3 - 4
9 5 3 5 4 3 2 1 3 4 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 2 3 4 4 5 5 5 5 7
1 2 - 5 4 4 5 5 7 3 5
2 3 5 - 5 1 4 6 6 4 6
3 4 4 5 - 4 7 5 5 1 7
4 4 4 1 4 - 5 7 7 5 5
5 5 5 4 7 5 - 6 2 6 4
6 5 5 6 5 7 6 - 4 4 2
7 5 7 6 5 7 2 4 - 6 6
8 5 3 4 1 5 6 4 6 - 6
9 7 5 6 7 5 4 2 6 6 -

≥ 30; SMAPO# 1526

0 1 2 3 4 5 6 7 8 9
0 - 3 6 6 7 7 8 8 9 11
1 3 - 9 9 8 10 9 11 6 8
2 6 9 - 10 3 7 10 10 7 11
3 6 9 10 - 7 11 8 8 3 11
4 7 8 3 7 - 10 11 11 10 8
5 7 10 7 11 10 - 9 3 10 6
6 8 9 10 8 11 9 - 6 7 3
7 8 11 10 8 11 3 6 - 9 9
8 9 6 7 3 10 10 7 9 - 10
9 11 8 11 11 8 6 3 9 10 -

≥ 52; ( 50

129
, 79

129
)RHS = 54

1 065

142

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 3 5 3 5 5 5
1 1 - 3 3 4 4 4 6 6 6
2 2 3 - 2 5 5 3 5 5 5
3 4 3 2 - 5 5 5 5 3 3
4 3 4 5 5 - 4 6 2 4 6
5 5 4 5 5 4 - 6 6 6 2
6 3 4 3 5 6 6 - 4 2 4
7 5 6 5 5 2 6 4 - 6 4
8 5 6 5 3 4 6 2 6 - 4
9 5 6 5 3 6 2 4 4 4 -

≥ 28; SMAPO# 1236

0 1 2 3 4 5 6 7 8 9
0 - 0 2 3 4 4 6 6 6 6
1 0 - 2 3 4 4 6 6 6 6
2 2 2 - 3 6 6 4 4 6 6
3 3 3 3 - 5 5 5 5 3 3
4 4 4 6 5 - 4 6 2 4 6
5 4 4 6 5 4 - 6 6 6 2
6 6 6 4 5 6 6 - 4 2 6
7 6 6 4 5 2 6 4 - 6 4
8 6 6 6 3 4 6 2 6 - 4
9 6 6 6 3 6 2 6 4 4 -

≥ 28; SMAPO# 1264

0 1 2 3 4 5 6 7 8 9
0 - 1 3 7 7 9 9 11 11 11
1 1 - 4 6 8 8 10 12 12 12
2 3 4 - 4 10 10 6 8 10 10
3 7 6 4 - 10 10 10 10 6 6
4 7 8 10 10 - 8 12 4 8 12
5 9 8 10 10 8 - 12 12 12 4
6 9 10 6 10 12 12 - 8 4 10
7 11 12 8 10 4 12 8 - 12 8
8 11 12 10 6 8 12 4 12 - 8
9 11 12 10 6 12 4 10 8 8 -

≥ 54; ( 65

142
, 77

142
)

1 049

135

0 12
TT-disjoint at 1

0 1 2 3 4 5 6 7 8 9
0 - 1 1 3 4 4 2 2 3 3
1 1 - 2 2 3 5 3 3 4 4
2 1 2 - 4 5 3 3 3 2 4
3 3 2 4 - 3 5 3 3 2 2
4 4 3 5 3 - 2 4 4 5 5
5 4 5 3 5 2 - 4 4 3 5
6 2 3 3 3 4 4 - 2 1 3
7 2 3 3 3 4 4 2 - 3 1
8 3 4 2 2 5 3 1 3 - 2
9 3 4 4 2 5 5 3 1 2 -

≥ 20; SMAPO# 365

0 1 2 3 4 5 6 7 8 9
0 - 2 1 3 4 4 7 7 6 6
1 2 - 3 3 4 6 5 5 8 8
2 1 3 - 4 5 3 6 6 5 7
3 3 3 4 - 3 5 8 8 5 5
4 4 4 5 3 - 2 7 7 8 8
5 4 6 3 5 2 - 7 7 6 8
6 7 5 6 8 7 7 - 6 3 9
7 7 5 6 8 7 7 6 - 9 3
8 6 8 5 5 8 6 3 9 - 6
9 6 8 7 5 8 8 9 3 6 -

≥ 36; SMAPO# 2862

0 1 2 3 4 5 6 7 8 9
0 - 2 2 6 8 8 9 9 9 9
1 2 - 4 4 6 10 7 7 11 11
2 2 4 - 8 10 6 9 9 7 11
3 6 4 8 - 6 10 11 11 7 7
4 8 6 10 6 - 4 11 11 13 13
5 8 10 6 10 4 - 11 11 9 13
6 9 7 9 11 11 11 - 8 4 12
7 9 7 9 11 11 11 8 - 12 4
8 9 11 7 7 13 9 4 12 - 8
9 9 11 11 7 13 13 12 4 8 -

≥ 54; ( 49

135
, 86

135
)

1 038

135

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 0 1 1 2 3 2 2 3 3
1 0 - 1 1 2 3 2 2 3 3
2 1 1 - 2 3 2 3 3 2 4
3 1 1 2 - 3 2 1 3 2 2
4 2 2 3 3 - 3 2 2 1 3
5 3 3 2 2 3 - 1 3 2 4
6 2 2 3 1 2 1 - 2 3 3
7 2 2 3 3 2 3 2 - 3 1
8 3 3 2 2 1 2 3 3 - 2
9 3 3 4 2 3 4 3 1 2 -

≥ 14; SMAPO# 136

0 1 2 3 4 5 6 7 8 9
0 - 2 3 6 6 5 6 8 7 7
1 2 - 5 4 6 7 8 6 9 9
2 3 5 - 3 7 4 7 7 6 8
3 6 4 3 - 8 7 4 8 7 5
4 6 6 7 8 - 9 6 6 3 9
5 5 7 4 7 9 - 3 9 6 8
6 6 8 7 4 6 3 - 8 9 7
7 8 6 7 8 6 9 8 - 9 3
8 7 9 6 7 3 6 9 9 - 6
9 7 9 8 5 9 8 7 3 6 -

≥ 42; SMAPO# 4547

0 1 2 3 4 5 6 7 8 9
0 - 2 3 7 8 8 8 10 10 10
1 2 - 5 5 8 10 10 8 12 12
2 3 5 - 4 9 5 9 9 7 11
3 7 5 4 - 11 9 5 11 9 7
4 8 8 9 11 - 12 8 8 4 12
5 8 10 5 9 12 - 4 12 8 12
6 8 10 9 5 8 4 - 10 12 10
7 10 8 9 11 8 12 10 - 12 4
8 10 12 7 9 4 8 12 12 - 8
9 10 12 11 7 12 12 10 4 8 -

≥ 54; ( 38

135
, 97

135
)

1 048

133

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 2 3 5 4 3 3
1 1 - 3 4 3 2 4 3 4 4
2 2 3 - 5 4 1 3 2 3 3
3 3 4 5 - 3 4 2 5 4 4
4 2 3 4 3 - 3 5 2 1 3
5 3 2 1 4 3 - 4 3 2 2
6 5 4 3 2 5 4 - 3 4 4
7 4 3 2 5 2 3 3 - 3 1
8 3 4 3 4 1 2 4 3 - 2
9 3 4 3 4 3 2 4 1 2 -

≥ 20; SMAPO# 363

0 1 2 3 4 5 6 7 8 9
0 - 1 3 4 5 5 4 7 8 8
1 1 - 4 3 6 4 5 6 7 7
2 3 4 - 5 6 2 3 6 7 7
3 4 3 5 - 5 5 2 7 6 6
4 5 6 6 5 - 8 5 6 3 9
5 5 4 2 5 8 - 5 8 5 5
6 4 5 3 2 5 5 - 5 8 8
7 7 6 6 7 6 8 5 - 9 3
8 8 7 7 6 3 5 8 9 - 6
9 8 7 7 6 9 5 8 3 6 -

≥ 36; SMAPO# 2834

0 1 2 3 4 5 6 7 8 9
0 - 2 5 6 7 8 9 11 11 11
1 2 - 7 6 9 6 9 9 11 11
2 5 7 - 9 10 3 6 8 10 10
3 6 6 9 - 7 8 3 11 9 9
4 7 9 10 7 - 11 10 8 4 12
5 8 6 3 8 11 - 9 11 7 7
6 9 9 6 3 10 9 - 8 12 12
7 11 9 8 11 8 11 8 - 12 4
8 11 11 10 9 4 7 12 12 - 8
9 11 11 10 9 12 7 12 4 8 -

≥ 54; ( 48

133
, 85

133
)



A.1. odim(F ) = 2 69RHS = 56
1 023

78

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 2 3 3 3 4 4
1 1 - 3 2 3 4 4 4 5 3
2 2 3 - 1 2 3 3 3 4 4
3 3 2 1 - 3 2 2 2 3 3
4 2 3 2 3 - 1 3 3 4 2
5 3 4 3 2 1 - 4 4 3 3
6 3 4 3 2 3 4 - 2 1 3
7 3 4 3 2 3 4 2 - 3 1
8 4 5 4 3 4 3 1 3 - 2
9 4 3 4 3 2 3 3 1 2 -

≥ 18; SMAPO# 276

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 5 5 8 8 7 9
1 1 - 3 2 6 6 7 7 8 8
2 2 3 - 3 5 7 6 6 9 9
3 3 2 3 - 6 4 7 7 6 10
4 5 6 5 6 - 2 11 11 8 8
5 5 6 7 4 2 - 9 9 6 10
6 8 7 6 7 11 9 - 6 3 9
7 8 7 6 7 11 9 6 - 9 3
8 7 8 9 6 8 6 3 9 - 6
9 9 8 9 10 8 10 9 3 6 -

≥ 40; SMAPO# 4359

0 1 2 3 4 5 6 7 8 9
0 - 2 3 6 7 8 11 11 11 13
1 2 - 5 4 9 10 11 11 13 11
2 3 5 - 3 6 9 8 8 12 12
3 6 4 3 - 9 6 9 9 9 13
4 7 9 6 9 - 3 14 14 12 10
5 8 10 9 6 3 - 13 13 9 13
6 11 11 8 9 14 13 - 8 4 12
7 11 11 8 9 14 13 8 - 12 4
8 11 13 12 9 12 9 4 12 - 8
9 13 11 12 13 10 13 12 4 8 -

≥ 56; ( 23

78
, 55

78
)

1 043

128

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 3 3 3 2 4 4
1 1 - 3 3 4 2 4 3 3 3
2 2 3 - 4 3 3 5 4 2 4
3 2 3 4 - 5 3 3 4 4 2
4 3 4 3 5 - 4 2 3 5 3
5 3 2 3 3 4 - 4 1 3 3
6 3 4 5 3 2 4 - 3 3 5
7 2 3 4 4 3 1 3 - 2 2
8 4 3 2 4 5 3 3 2 - 4
9 4 3 4 2 3 3 5 2 4 -

≥ 22; SMAPO# 464

0 1 2 3 4 5 6 7 8 9
0 - 1 3 5 3 5 5 6 5 6
1 1 - 4 4 4 4 6 7 4 7
2 3 4 - 8 4 8 6 7 2 7
3 5 4 8 - 8 6 6 9 6 3
4 3 4 4 8 - 8 2 5 6 5
5 5 4 8 6 8 - 8 3 6 9
6 5 6 6 6 2 8 - 7 4 7
7 6 7 7 9 5 3 7 - 5 6
8 5 4 2 6 6 6 4 5 - 7
9 6 7 7 3 5 9 7 6 7 -

≥ 36; SMAPO# 2853

0 1 2 3 4 5 6 7 8 9
0 - 2 5 6 6 8 8 8 9 10
1 2 - 7 6 8 6 10 10 7 10
2 5 7 - 11 7 11 11 11 4 11
3 6 6 11 - 12 8 8 12 9 4
4 6 8 7 12 - 12 4 8 11 8
5 8 6 11 8 12 - 12 4 9 12
6 8 10 11 8 4 12 - 10 7 12
7 8 10 11 12 8 4 10 - 7 8
8 9 7 4 9 11 9 7 7 - 11
9 10 10 11 4 8 12 12 8 11 -

≥ 56; ( 43

128
, 85

128
)

1 050

137

0 12
TT-disjoint at 0

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 3 3 5 5 4 4
1 2 - 5 5 3 3 3 3 4 4
2 3 5 - 4 4 4 2 4 3 5
3 3 5 4 - 4 4 4 2 5 3
4 3 3 4 4 - 2 4 4 1 3
5 3 3 4 4 2 - 4 4 3 1
6 5 3 2 4 4 4 - 4 5 3
7 5 3 4 2 4 4 4 - 3 5
8 4 4 3 5 1 3 5 3 - 2
9 4 4 5 3 3 1 3 5 2 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 2 3 4 5 5 4 5 8 8
1 2 - 3 4 7 7 2 3 6 6
2 3 3 - 3 6 6 1 2 5 7
3 4 4 3 - 9 9 4 1 6 6
4 5 7 6 9 - 6 7 8 3 9
5 5 7 6 9 6 - 7 8 9 3
6 4 2 1 4 7 7 - 3 6 6
7 5 3 2 1 8 8 3 - 5 7
8 8 6 5 6 3 9 6 5 - 6
9 8 6 7 6 9 3 6 7 6 -

≥ 34; SMAPO# 2606

0 1 2 3 4 5 6 7 8 9
0 - 3 5 6 7 7 8 9 11 11
1 3 - 8 9 10 10 5 6 10 10
2 5 8 - 7 10 10 3 6 8 12
3 6 9 7 - 13 13 8 3 11 9
4 7 10 10 13 - 8 11 12 4 12
5 7 10 10 13 8 - 11 12 12 4
6 8 5 3 8 11 11 - 7 11 9
7 9 6 6 3 12 12 7 - 8 12
8 11 10 8 11 4 12 11 8 - 8
9 11 10 12 9 12 4 9 12 8 -

≥ 56; ( 50

137
, 87

137
)RHS = 58

1 041

180

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 0 0 1 2 3 2 2 3 3
1 0 - 0 1 2 3 2 2 3 3
2 0 0 - 1 2 3 2 2 3 3
3 1 1 1 - 3 2 3 3 4 2
4 2 2 2 3 - 1 4 4 3 3
5 3 3 3 2 1 - 3 3 4 2
6 2 2 2 3 4 3 - 2 3 1
7 2 2 2 3 4 3 2 - 1 3
8 3 3 3 4 3 4 3 1 - 2
9 3 3 3 2 3 2 1 3 2 -

≥ 14; SMAPO# 146

0 1 2 3 4 5 6 7 8 9
0 - 1 2 5 6 6 8 9 8 11
1 1 - 3 4 5 7 9 8 9 12
2 2 3 - 3 8 6 10 11 8 11
3 5 4 3 - 7 5 7 8 11 10
4 6 5 8 7 - 2 12 11 8 11
5 6 7 6 5 2 - 12 13 10 9
6 8 9 10 7 12 12 - 7 10 3
7 9 8 11 8 11 13 7 - 3 10
8 8 9 8 11 8 10 10 3 - 7
9 11 12 11 10 11 9 3 10 7 -

≥ 46; SMAPO# 6334

0 1 2 3 4 5 6 7 8 9
0 - 1 2 5 8 9 10 11 11 14
1 1 - 3 4 7 10 11 10 12 15
2 2 3 - 3 10 9 12 13 11 14
3 5 4 3 - 9 6 9 10 14 11
4 8 7 10 9 - 3 16 15 11 14
5 9 10 9 6 3 - 15 16 14 11
6 10 11 12 9 16 15 - 9 13 4
7 11 10 13 10 15 16 9 - 4 13
8 11 12 11 14 11 14 13 4 - 9
9 14 15 14 11 14 11 4 13 9 -

≥ 58; ( 41

180
, 139

180
)

1 059

152

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 2 3 7 6 6 8 9 9 10
1 2 - 5 5 8 8 10 7 11 10
2 3 5 - 8 5 3 9 10 6 7
3 7 5 8 - 3 7 11 8 8 7
4 6 8 5 3 - 4 10 11 9 8
5 6 8 3 7 4 - 6 7 9 10
6 8 10 9 11 10 6 - 7 11 4
7 9 7 10 8 11 7 7 - 4 11
8 9 11 6 8 9 9 11 4 - 7
9 10 10 7 7 8 10 4 11 7 -

≥ 48; SMAPO# 6626

0 1 2 3 4 5 6 7 8 9
0 - 2 5 8 10 10 12 13 15 16
1 2 - 7 6 8 12 14 11 17 16
2 5 7 - 11 7 5 15 16 10 11
3 8 6 11 - 4 8 16 13 11 10
4 10 8 7 4 - 4 14 15 15 14
5 10 12 5 8 4 - 10 11 15 16
6 12 14 15 16 14 10 - 11 17 6
7 13 11 16 13 15 11 11 - 6 17
8 15 17 10 11 15 15 17 6 - 11
9 16 16 11 10 14 16 6 17 11 -

≥ 70; SMAPO# 12240

0 1 2 3 4 5 6 7 8 9
0 - 2 4 7 8 8 10 11 12 13
1 2 - 6 5 8 10 12 9 14 13
2 4 6 - 9 6 4 12 13 8 9
3 7 5 9 - 3 7 13 10 9 8
4 8 8 6 3 - 4 12 13 12 11
5 8 10 4 7 4 - 8 9 12 13
6 10 12 12 13 12 8 - 9 14 5
7 11 9 13 10 13 9 9 - 5 14
8 12 14 8 9 12 12 14 5 - 9
9 13 13 9 8 11 13 5 14 9 -

≥ 58; ( 59

152
, 93

152
)

1 011

27

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 2 3 4 3 5 5
1 1 - 4 4 3 4 3 4 4 4
2 3 4 - 4 5 4 5 4 6 2
3 3 4 4 - 5 4 5 4 2 6
4 2 3 5 5 - 1 2 3 3 3
5 3 4 4 4 1 - 3 2 4 4
6 4 3 5 5 2 3 - 1 5 5
7 3 4 4 4 3 2 1 - 4 4
8 5 4 6 2 3 4 5 4 - 4
9 5 4 2 6 3 4 5 4 4 -

≥ 24; SMAPO# 665

0 1 2 3 4 5 6 7 8 9
0 - 1 4 3 6 5 5 6 5 5
1 1 - 3 4 5 6 4 7 4 6
2 4 3 - 5 8 5 7 6 7 3
3 3 4 5 - 7 6 6 7 2 6
4 6 5 8 7 - 3 5 8 5 5
5 5 6 5 6 3 - 8 5 6 8
6 5 4 7 6 5 8 - 3 8 8
7 6 7 6 7 8 5 3 - 5 7
8 5 4 7 2 5 6 8 5 - 4
9 5 6 3 6 5 8 8 7 4 -

≥ 36; SMAPO# 2766

0 1 2 3 4 5 6 7 8 9
0 - 2 6 6 8 8 9 9 10 10
1 2 - 6 8 8 10 7 11 8 10
2 6 6 - 8 12 8 11 9 12 4
3 6 8 8 - 12 10 11 11 4 12
4 8 8 12 12 - 4 7 11 8 8
5 8 10 8 10 4 - 11 7 10 12
6 9 7 11 11 7 11 - 4 13 13
7 9 11 9 11 11 7 4 - 9 11
8 10 8 12 4 8 10 13 9 - 8
9 10 10 4 12 8 12 13 11 8 -

≥ 58; ( 11

27
, 16

27
)



70 Appendix A. Visualization of tilting omplexes for GTSP(10)
1 010

31

0 12
TT-disjoint at 8

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 3 3 4 4 4 4
1 1 - 3 2 4 4 3 3 5 5
2 2 3 - 1 3 3 4 4 4 4
3 3 2 1 - 4 4 5 5 3 3
4 3 4 3 4 - 2 5 3 5 3
5 3 4 3 4 2 - 3 5 3 5
6 4 3 4 5 5 3 - 4 4 2
7 4 3 4 5 3 5 4 - 2 4
8 4 5 4 3 5 3 4 2 - 4
9 4 5 4 3 3 5 2 4 4 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 1 4 5 5 7 7 7 8 9
1 1 - 5 4 6 8 6 6 9 8
2 4 5 - 1 7 7 7 9 6 7
3 5 4 1 - 8 8 8 8 7 6
4 5 6 7 8 - 2 6 4 7 4
5 7 8 7 8 2 - 4 6 5 6
6 7 6 7 8 6 4 - 6 5 2
7 7 6 9 8 4 6 6 - 3 8
8 8 9 6 7 7 5 5 3 - 5
9 9 8 7 6 4 6 2 8 5 -

≥ 36; SMAPO# 2820

0 1 2 3 4 5 6 7 8 9
0 - 2 6 8 8 10 11 11 11 13
1 2 - 8 6 10 12 9 9 13 13
2 6 8 - 2 10 10 11 13 9 11
3 8 6 2 - 12 12 13 13 9 9
4 8 10 10 12 - 4 11 7 11 7
5 10 12 10 12 4 - 7 11 7 11
6 11 9 11 13 11 7 - 10 8 4
7 11 9 13 13 7 11 10 - 4 12
8 11 13 9 9 11 7 8 4 - 8
9 13 13 11 9 7 11 4 12 8 -

≥ 58; ( 10

31
, 21

31
)

1 013

37

0 12
TT-disjoint at 5

0 1 2 3 4 5 6 7 8 9
0 - 0 0 1 3 2 0 3 5 5
1 0 - 0 1 3 2 0 3 5 5
2 0 0 - 1 3 2 0 3 5 5
3 1 1 1 - 4 1 1 4 4 4
4 3 3 3 4 - 5 3 4 2 6
5 2 2 2 1 5 - 2 5 3 3
6 0 0 0 1 3 2 - 3 5 5
7 3 3 3 4 4 5 3 - 6 2
8 5 5 5 4 2 3 5 6 - 4
9 5 5 5 4 6 3 5 2 4 -

≥ 18; SMAPO# 313

0 1 2 3 4 5 6 7 8 9
0 - 3 6 5 5 8 9 9 7 7
1 3 - 7 8 8 5 8 6 8 8
2 6 7 - 9 5 6 3 9 7 7
3 5 8 9 - 8 3 6 6 6 6
4 5 8 5 8 - 7 8 4 2 6
5 8 5 6 3 7 - 9 7 5 5
6 9 8 3 6 8 9 - 6 8 8
7 9 6 9 6 4 7 6 - 6 2
8 7 8 7 6 2 5 8 6 - 4
9 7 8 7 6 6 5 8 2 4 -

≥ 42; SMAPO# 4540

0 1 2 3 4 5 6 7 8 9
0 - 3 6 6 8 9 9 12 12 12
1 3 - 7 9 11 6 8 9 13 13
2 6 7 - 10 8 7 3 12 12 12
3 6 9 10 - 12 3 7 10 10 10
4 8 11 8 12 - 11 11 8 4 12
5 9 6 7 3 11 - 10 11 7 7
6 9 8 3 7 11 10 - 9 13 13
7 12 9 12 10 8 11 9 - 12 4
8 12 13 12 10 4 7 13 12 - 8
9 12 13 12 10 12 7 13 4 8 -

≥ 58; ( 13

37
, 24

37
)

1 05

13

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 2 2 3 3 5 5
1 1 - 4 4 3 3 2 2 4 4
2 3 4 - 4 5 5 4 4 6 2
3 3 4 4 - 5 5 4 4 2 6
4 2 3 5 5 - 2 1 1 3 3
5 2 3 5 5 2 - 1 1 3 3
6 3 2 4 4 1 1 - 2 4 4
7 3 2 4 4 1 1 2 - 4 4
8 5 4 6 2 3 3 4 4 - 4
9 5 4 2 6 3 3 4 4 4 -

≥ 22; SMAPO# 482

0 1 2 3 4 5 6 7 8 9
0 - 2 5 4 5 6 6 7 6 6
1 2 - 5 6 7 8 6 5 4 8
2 5 5 - 5 8 7 5 6 7 3
3 4 6 5 - 7 6 6 7 2 6
4 5 7 8 7 - 7 3 4 5 5
5 6 8 7 6 7 - 4 3 4 6
6 6 6 5 6 3 4 - 7 6 8
7 7 5 6 7 4 3 7 - 7 7
8 6 4 7 2 5 4 6 7 - 4
9 6 8 3 6 5 6 8 7 4 -

≥ 38; SMAPO# 3287

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 7 8 9 10 11 11
1 3 - 8 10 10 11 8 7 8 12
2 7 8 - 8 12 11 8 9 12 4
3 7 10 8 - 12 11 10 11 4 12
4 7 10 12 12 - 9 4 5 8 8
5 8 11 11 11 9 - 5 4 7 9
6 9 8 8 10 4 5 - 9 10 12
7 10 7 9 11 5 4 9 - 11 11
8 11 8 12 4 8 7 10 11 - 8
9 11 12 4 12 8 9 12 11 8 -

≥ 58; ( 5

13
, 8

13
)RHS = 60

1 041

175

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 0 0 1 2 3 2 2 3 3
1 0 - 0 1 2 3 2 2 3 3
2 0 0 - 1 2 3 2 2 3 3
3 1 1 1 - 3 2 3 3 4 2
4 2 2 2 3 - 1 4 4 3 3
5 3 3 3 2 1 - 3 3 4 2
6 2 2 2 3 4 3 - 2 1 3
7 2 2 2 3 4 3 2 - 3 1
8 3 3 3 4 3 4 1 3 - 2
9 3 3 3 2 3 2 3 1 2 -

≥ 14; SMAPO# 146

0 1 2 3 4 5 6 7 8 9
0 - 1 2 5 6 6 8 9 8 11
1 1 - 3 4 5 7 9 8 9 12
2 2 3 - 3 8 6 10 11 8 11
3 5 4 3 - 7 5 7 8 11 10
4 6 5 8 7 - 2 12 11 8 11
5 6 7 6 5 2 - 12 13 10 9
6 8 9 10 7 12 12 - 7 4 11
7 9 8 11 8 11 13 7 - 11 4
8 8 9 8 11 8 10 4 11 - 7
9 11 12 11 10 11 9 11 4 7 -

≥ 48; SMAPO# 6971

0 1 2 3 4 5 6 7 8 9
0 - 1 2 5 8 9 10 11 11 14
1 1 - 3 4 7 10 11 10 12 15
2 2 3 - 3 10 9 12 13 11 14
3 5 4 3 - 9 6 9 10 14 11
4 8 7 10 9 - 3 16 15 11 14
5 9 10 9 6 3 - 15 16 14 11
6 10 11 12 9 16 15 - 9 5 14
7 11 10 13 10 15 16 9 - 14 5
8 11 12 11 14 11 14 5 14 - 9
9 14 15 14 11 14 11 14 5 9 -

≥ 60; ( 41

175
, 134

175
)

1 061

144

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 3 9 7 13 13 13 13 11 11
1 3 - 8 10 10 10 16 16 8 14
2 9 8 - 10 18 18 12 12 14 6
3 7 10 10 - 16 16 14 14 4 12
4 13 10 18 16 - 12 6 18 12 12
5 13 10 18 16 12 - 18 6 16 16
6 13 16 12 14 6 18 - 12 14 18
7 13 16 12 14 18 6 12 - 10 14
8 11 8 14 4 12 16 14 10 - 8
9 11 14 6 12 12 16 18 14 8 -

≥ 80; SMAPO# 13644

0 1 2 3 4 5 6 7 8 9
0 - 3 11 11 14 14 14 14 19 19
1 3 - 12 14 11 11 17 17 16 16
2 11 12 - 16 23 23 17 17 24 8
3 11 14 16 - 23 23 19 19 8 24
4 14 11 23 23 - 12 6 18 15 15
5 14 11 23 23 12 - 18 6 23 23
6 14 17 17 19 6 18 - 12 19 21
7 14 17 17 19 18 6 12 - 17 19
8 19 16 24 8 15 23 19 17 - 16
9 19 16 8 24 15 23 21 19 16 -

≥ 104; SMAPO# 14960

0 1 2 3 4 5 6 7 8 9
0 - 2 6 6 9 9 9 9 10 10
1 2 - 6 8 7 7 11 11 8 10
2 6 6 - 8 13 13 9 9 12 4
3 6 8 8 - 13 13 11 11 4 12
4 9 7 13 13 - 8 4 12 9 9
5 9 7 13 13 8 - 12 4 13 13
6 9 11 9 11 4 12 - 8 11 13
7 9 11 9 11 12 4 8 - 9 11
8 10 8 12 4 9 13 11 9 - 8
9 10 10 4 12 9 13 13 11 8 -

≥ 60; ( 61

144
, 83

144
)

1 038

155

0 12
TT-disjoint at 4

0 1 2 3 4 5 6 7 8 9
0 - 1 1 2 2 2 2 2 3 3
1 1 - 2 1 3 3 3 3 2 2
2 1 2 - 3 1 3 3 3 2 2
3 2 1 3 - 2 4 2 4 3 3
4 2 3 1 2 - 4 2 4 3 3
5 2 3 3 4 4 - 2 2 3 1
6 2 3 3 2 2 2 - 2 3 3
7 2 3 3 4 4 2 2 - 1 3
8 3 2 2 3 3 3 3 1 - 2
9 3 2 2 3 3 1 3 3 2 -

≥ 16; SMAPO# 200

0 1 2 3 4 5 6 7 8 9
0 - 2 2 4 5 6 7 8 8 10
1 2 - 4 2 7 8 5 10 6 8
2 2 4 - 6 3 8 5 10 10 10
3 4 2 6 - 5 10 3 10 8 10
4 5 7 3 5 - 11 4 11 7 7
5 6 8 8 10 11 - 7 8 12 4
6 7 5 5 3 4 7 - 7 11 11
7 8 10 10 10 11 8 7 - 4 12
8 8 6 10 8 7 12 11 4 - 8
9 10 8 10 10 7 4 11 12 8 -

≥ 46; SMAPO# 6141

0 1 2 3 4 5 6 7 8 9
0 - 3 3 6 6 8 9 10 11 13
1 3 - 6 3 9 11 8 13 8 10
2 3 6 - 9 3 11 8 13 12 12
3 6 3 9 - 6 14 5 14 11 13
4 6 9 3 6 - 14 5 14 9 9
5 8 11 11 14 14 - 9 10 15 5
6 9 8 8 5 5 9 - 9 14 14
7 10 13 13 14 14 10 9 - 5 15
8 11 8 12 11 9 15 14 5 - 10
9 13 10 12 13 9 5 14 15 10 -

≥ 60; ( 38

155
, 117

155
)



A.1. odim(F ) = 2 71
1 043

135

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 3 3 2 4 3 4
1 1 - 3 3 4 4 3 3 2 3
2 2 3 - 4 3 5 4 2 3 4
3 2 3 4 - 5 3 4 4 3 2
4 3 4 3 5 - 2 3 5 4 3
5 3 4 5 3 2 - 3 3 4 5
6 2 3 4 4 3 3 - 2 1 2
7 4 3 2 4 5 3 2 - 3 4
8 3 2 3 3 4 4 1 3 - 3
9 4 3 4 2 3 5 2 4 3 -

≥ 22; SMAPO# 464

0 1 2 3 4 5 6 7 8 9
0 - 2 4 6 4 6 7 6 8 7
1 2 - 6 6 6 8 9 4 6 9
2 4 6 - 8 4 6 7 2 8 7
3 6 6 8 - 8 6 9 6 6 3
4 4 6 4 8 - 2 5 6 8 5
5 6 8 6 6 2 - 7 4 8 7
6 7 9 7 9 5 7 - 5 3 6
7 6 4 2 6 6 4 5 - 6 7
8 8 6 8 6 8 8 3 6 - 9
9 7 9 7 3 5 7 6 7 9 -

≥ 40; SMAPO# 3930

0 1 2 3 4 5 6 7 8 9
0 - 3 6 7 7 9 9 10 11 11
1 3 - 9 8 10 12 12 7 8 12
2 6 9 - 11 7 11 11 4 11 11
3 7 8 11 - 12 8 12 9 8 4
4 7 10 7 12 - 4 8 11 12 8
5 9 12 11 8 4 - 10 7 12 12
6 9 12 11 12 8 10 - 7 4 8
7 10 7 4 9 11 7 7 - 9 11
8 11 8 11 8 12 12 4 9 - 12
9 11 12 11 4 8 12 8 11 12 -

≥ 60; ( 43

135
, 92

135
)

1 011

27

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 2 3 3 4 5 5
1 1 - 4 4 3 4 4 3 4 4
2 3 4 - 4 5 4 4 5 6 2
3 3 4 4 - 5 4 4 5 2 6
4 2 3 5 5 - 1 3 2 3 3
5 3 4 4 4 1 - 2 3 4 4
6 3 4 4 4 3 2 - 1 4 4
7 4 3 5 5 2 3 1 - 5 5
8 5 4 6 2 3 4 4 5 - 4
9 5 4 2 6 3 4 4 5 4 -

≥ 24; SMAPO# 665

0 1 2 3 4 5 6 7 8 9
0 - 2 5 4 5 6 6 7 6 6
1 2 - 5 6 7 6 8 5 4 8
2 5 5 - 5 8 5 7 6 7 3
3 4 6 5 - 7 6 6 7 2 6
4 5 7 8 7 - 3 7 4 5 5
5 6 6 5 6 3 - 4 7 6 8
6 6 8 7 6 7 4 - 3 4 6
7 7 5 6 7 4 7 3 - 7 7
8 6 4 7 2 5 6 4 7 - 4
9 6 8 3 6 5 8 6 7 4 -

≥ 38; SMAPO# 3287

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 7 9 9 11 11 11
1 3 - 8 10 10 10 12 8 8 12
2 7 8 - 8 12 8 10 10 12 4
3 7 10 8 - 12 10 10 12 4 12
4 7 10 12 12 - 4 10 6 8 8
5 9 10 8 10 4 - 6 10 10 12
6 9 12 10 10 10 6 - 4 8 10
7 11 8 10 12 6 10 4 - 12 12
8 11 8 12 4 8 10 8 12 - 8
9 11 12 4 12 8 12 10 12 8 -

≥ 60; ( 11

27
, 16

27
)

1 050

137

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 2 2 3 3 5 5
1 1 - 4 4 3 3 2 2 4 4
2 3 4 - 4 5 5 4 4 6 2
3 3 4 4 - 5 5 4 4 2 6
4 2 3 5 5 - 2 1 1 3 3
5 2 3 5 5 2 - 1 1 3 3
6 3 2 4 4 1 1 - 2 4 4
7 3 2 4 4 1 1 2 - 4 4
8 5 4 6 2 3 3 4 4 - 4
9 5 4 2 6 3 3 4 4 4 -

≥ 22; SMAPO# 482

0 1 2 3 4 5 6 7 8 9
0 - 2 5 4 6 6 7 7 6 6
1 2 - 5 6 6 8 5 7 4 8
2 5 5 - 5 9 7 8 6 7 3
3 4 6 5 - 8 6 7 7 2 6
4 6 6 9 8 - 8 5 3 6 6
5 6 8 7 6 8 - 3 5 4 6
6 7 5 8 7 5 3 - 8 7 7
7 7 7 6 7 3 5 8 - 7 9
8 6 4 7 2 6 4 7 7 - 4
9 6 8 3 6 6 6 7 9 4 -

≥ 40; SMAPO# 3893

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 8 8 10 10 11 11
1 3 - 8 10 9 11 7 9 8 12
2 7 8 - 8 13 11 11 9 12 4
3 7 10 8 - 13 11 11 11 4 12
4 8 9 13 13 - 10 6 4 9 9
5 8 11 11 11 10 - 4 6 7 9
6 10 7 11 11 6 4 - 10 11 11
7 10 9 9 11 4 6 10 - 11 13
8 11 8 12 4 9 7 11 11 - 8
9 11 12 4 12 9 9 11 13 8 -

≥ 60; ( 50

137
, 87

137
)

1 05

13

0 12
TT-disjoint at 6

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 3 3 4 4 4 4
1 1 - 3 4 4 2 3 5 5 3
2 2 3 - 3 3 1 4 4 4 4
3 3 4 3 - 2 4 5 5 3 3
4 3 4 3 2 - 4 3 3 5 5
5 3 2 1 4 4 - 5 3 3 5
6 4 3 4 5 3 5 - 4 2 4
7 4 5 4 5 3 3 4 - 4 2
8 4 5 4 3 5 3 2 4 - 4
9 4 3 4 3 5 5 4 2 4 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 3 4 4 6 7 7 6 6 8
1 3 - 7 7 7 4 6 7 7 5
2 4 7 - 6 6 3 5 6 8 6
3 4 7 6 - 2 5 7 6 4 4
4 6 7 6 2 - 7 5 4 6 6
5 7 4 3 5 7 - 8 5 5 7
6 7 6 5 7 5 8 - 5 3 5
7 6 7 6 6 4 5 5 - 6 2
8 6 7 8 4 6 5 3 6 - 8
9 8 5 6 4 6 7 5 2 8 -

≥ 38; SMAPO# 3287

0 1 2 3 4 5 6 7 8 9
0 - 4 6 7 9 10 10 10 10 12
1 4 - 10 11 11 6 8 12 12 8
2 6 10 - 9 9 4 8 10 12 10
3 7 11 9 - 4 9 11 11 7 7
4 9 11 9 4 - 11 7 7 11 11
5 10 6 4 9 11 - 12 8 8 12
6 10 8 8 11 7 12 - 8 4 8
7 10 12 10 11 7 8 8 - 10 4
8 10 12 12 7 11 8 4 10 - 12
9 12 8 10 7 11 12 8 4 12 -

≥ 60; ( 5

13
, 8

13
)

1 05

13

0 12
TT-disjoint at 6

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 3 3 4 4 4 4
1 1 - 3 4 4 2 3 5 5 3
2 2 3 - 3 3 1 4 4 4 4
3 3 4 3 - 2 4 5 5 3 3
4 3 4 3 2 - 4 3 3 5 5
5 3 2 1 4 4 - 5 3 3 5
6 4 3 4 5 3 5 - 4 2 4
7 4 5 4 5 3 3 4 - 4 2
8 4 5 4 3 5 3 2 4 - 4
9 4 3 4 3 5 5 4 2 4 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 3 4 4 6 7 7 6 6 8
1 3 - 7 7 7 4 6 7 7 5
2 4 7 - 6 6 3 5 6 8 6
3 4 7 6 - 2 5 7 6 4 4
4 6 7 6 2 - 5 5 4 6 6
5 7 4 3 5 5 - 8 5 5 7
6 7 6 5 7 5 8 - 7 3 5
7 6 7 6 6 4 5 7 - 6 2
8 6 7 8 4 6 5 3 6 - 8
9 8 5 6 4 6 7 5 2 8 -

≥ 38; SMAPO# 3286

0 1 2 3 4 5 6 7 8 9
0 - 4 6 7 9 10 10 10 10 12
1 4 - 10 11 11 6 8 12 12 8
2 6 10 - 9 9 4 8 10 12 10
3 7 11 9 - 4 9 11 11 7 7
4 9 11 9 4 - 9 7 7 11 11
5 10 6 4 9 9 - 12 8 8 12
6 10 8 8 11 7 12 - 10 4 8
7 10 12 10 11 7 8 10 - 10 4
8 10 12 12 7 11 8 4 10 - 12
9 12 8 10 7 11 12 8 4 12 -

≥ 60; ( 5

13
, 8

13
)



72 Appendix A. Visualization of tilting omplexes for GTSP(10)RHS = 62
1 041

182

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 0 0 1 2 3 2 2 3 3
1 0 - 0 1 2 3 2 2 3 3
2 0 0 - 1 2 3 2 2 3 3
3 1 1 1 - 3 2 3 3 4 2
4 2 2 2 3 - 1 4 4 3 3
5 3 3 3 2 1 - 3 3 4 2
6 2 2 2 3 4 3 - 2 1 3
7 2 2 2 3 4 3 2 - 3 1
8 3 3 3 4 3 4 1 3 - 2
9 3 3 3 2 3 2 3 1 2 -

≥ 14; SMAPO# 146

0 1 2 3 4 5 6 7 8 9
0 - 1 2 5 6 6 9 9 9 11
1 1 - 3 4 5 7 8 8 10 12
2 2 3 - 3 8 6 11 11 9 11
3 5 4 3 - 7 5 8 8 12 10
4 6 5 8 7 - 2 13 13 9 11
5 6 7 6 5 2 - 13 13 11 9
6 9 8 11 8 13 13 - 8 4 12
7 9 8 11 8 13 13 8 - 12 4
8 9 10 9 12 9 11 4 12 - 8
9 11 12 11 10 11 9 12 4 8 -

≥ 50; SMAPO# 7693

0 1 2 3 4 5 6 7 8 9
0 - 1 2 5 8 9 11 11 12 14
1 1 - 3 4 7 10 10 10 13 15
2 2 3 - 3 10 9 13 13 12 14
3 5 4 3 - 9 6 10 10 15 11
4 8 7 10 9 - 3 17 17 12 14
5 9 10 9 6 3 - 16 16 15 11
6 11 10 13 10 17 16 - 10 5 15
7 11 10 13 10 17 16 10 - 15 5
8 12 13 12 15 12 15 5 15 - 10
9 14 15 14 11 14 11 15 5 10 -

≥ 62; ( 41

182
, 141

182
)

1 050

157

0 12
TT-disjoint at 8

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 3 3 4 4 5 5
1 1 - 3 4 4 2 3 3 4 4
2 2 3 - 5 5 1 4 4 3 3
3 3 4 5 - 4 4 5 3 4 2
4 3 4 5 4 - 4 3 5 2 4
5 3 2 1 4 4 - 3 3 4 4
6 4 3 4 5 3 3 - 2 5 3
7 4 3 4 3 5 3 2 - 3 5
8 5 4 3 4 2 4 5 3 - 4
9 5 4 3 2 4 4 3 5 4 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 2 5 6 6 7 6 8 9 8
1 2 - 7 8 8 5 6 8 7 10
2 5 7 - 9 9 2 9 9 8 7
3 6 8 9 - 6 7 6 4 5 2
4 6 8 9 6 - 9 4 6 3 8
5 7 5 2 7 9 - 7 7 6 9
6 6 6 9 6 4 7 - 2 7 4
7 8 8 9 4 6 7 2 - 5 6
8 9 7 8 5 3 6 7 5 - 5
9 8 10 7 2 8 9 4 6 5 -

≥ 40; SMAPO# 4109

0 1 2 3 4 5 6 7 8 9
0 - 3 7 9 9 10 10 12 13 13
1 3 - 10 12 12 7 9 11 10 14
2 7 10 - 14 14 3 13 13 10 10
3 9 12 14 - 10 11 11 7 8 4
4 9 12 14 10 - 13 7 11 4 12
5 10 7 3 11 13 - 10 10 9 13
6 10 9 13 11 7 10 - 4 11 7
7 12 11 13 7 11 10 4 - 7 11
8 13 10 10 8 4 9 11 7 - 8
9 13 14 10 4 12 13 7 11 8 -

≥ 62; ( 50

157
, 107

157
)

1 050

137

0 12
TT-disjoint at 8

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 3 3 4 5 5 4
1 2 - 3 5 5 3 4 3 3 4
2 3 3 - 4 4 2 3 4 4 1
3 3 5 4 - 4 4 5 2 4 3
4 3 5 4 4 - 4 3 4 2 5
5 3 3 2 4 4 - 1 4 4 3
6 4 4 3 5 3 1 - 3 5 2
7 5 3 4 2 4 4 3 - 4 5
8 5 3 4 4 2 4 5 4 - 3
9 4 4 1 3 5 3 2 5 3 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 2 4 4 4 5 6 6 7 7
1 2 - 6 6 6 7 6 4 5 7
2 4 6 - 8 8 5 8 6 7 3
3 4 6 8 - 8 7 8 2 5 5
4 4 6 8 8 - 9 6 6 3 7
5 5 7 5 7 9 - 3 7 6 8
6 6 6 8 8 6 3 - 6 9 5
7 6 4 6 2 6 7 6 - 7 7
8 7 5 7 5 3 6 9 7 - 6
9 7 7 3 5 7 8 5 7 6 -

≥ 40; SMAPO# 3899

0 1 2 3 4 5 6 7 8 9
0 - 4 7 7 7 8 10 11 11 11
1 4 - 9 11 11 10 10 7 7 11
2 7 9 - 12 12 7 11 10 10 4
3 7 11 12 - 12 11 13 4 8 8
4 7 11 12 12 - 13 9 10 4 12
5 8 10 7 11 13 - 4 11 9 11
6 10 10 11 13 9 4 - 9 13 7
7 11 7 10 4 10 11 9 - 10 12
8 11 7 10 8 4 9 13 10 - 8
9 11 11 4 8 12 11 7 12 8 -

≥ 62; ( 50

137
, 87

137
)

1 050

137

0 12
TT-disjoint at 8

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 3 3 4 5 5 4
1 2 - 3 5 5 3 4 3 3 4
2 3 3 - 4 4 2 3 4 4 1
3 3 5 4 - 4 4 5 2 4 3
4 3 5 4 4 - 4 3 4 2 5
5 3 3 2 4 4 - 1 4 4 3
6 4 4 3 5 3 1 - 3 5 2
7 5 3 4 2 4 4 3 - 4 5
8 5 3 4 4 2 4 5 4 - 3
9 4 4 1 3 5 3 2 5 3 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 2 4 4 4 5 6 6 7 7
1 2 - 6 6 6 7 8 4 5 7
2 4 6 - 8 8 5 8 6 7 3
3 4 6 8 - 8 7 8 2 5 5
4 4 6 8 8 - 9 6 6 3 7
5 5 7 5 7 9 - 3 7 6 8
6 6 8 8 8 6 3 - 6 9 5
7 6 4 6 2 6 7 6 - 5 7
8 7 5 7 5 3 6 9 5 - 6
9 7 7 3 5 7 8 5 7 6 -

≥ 40; SMAPO# 3906

0 1 2 3 4 5 6 7 8 9
0 - 4 7 7 7 8 10 11 11 11
1 4 - 9 11 11 10 12 7 7 11
2 7 9 - 12 12 7 11 10 10 4
3 7 11 12 - 12 11 13 4 8 8
4 7 11 12 12 - 13 9 10 4 12
5 8 10 7 11 13 - 4 11 9 11
6 10 12 11 13 9 4 - 9 13 7
7 11 7 10 4 10 11 9 - 8 12
8 11 7 10 8 4 9 13 8 - 8
9 11 11 4 8 12 11 7 12 8 -

≥ 62; ( 50

137
, 87

137
)

1 016

45

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 2 2 3 3 3 5 4
1 1 - 4 3 3 4 2 2 4 3
2 3 4 - 3 5 4 4 4 2 5
3 2 3 3 - 4 3 3 1 5 2
4 2 3 5 4 - 3 1 3 3 2
5 3 4 4 3 3 - 4 2 4 1
6 3 2 4 3 1 4 - 2 4 3
7 3 2 4 1 3 2 2 - 4 3
8 5 4 2 5 3 4 4 4 - 3
9 4 3 5 2 2 1 3 3 3 -

≥ 20; SMAPO# 363

0 1 2 3 4 5 6 7 8 9
0 - 3 5 5 5 6 8 8 6 7
1 3 - 6 8 8 7 5 5 7 8
2 5 6 - 6 8 5 5 7 3 8
3 5 8 6 - 8 9 7 3 7 6
4 5 8 8 8 - 7 3 7 5 6
5 6 7 5 9 7 - 8 6 8 3
6 8 5 5 7 3 8 - 6 8 7
7 8 5 7 3 7 6 6 - 8 9
8 6 7 3 7 5 8 8 8 - 5
9 7 8 8 6 6 3 7 9 5 -

≥ 44; SMAPO# 5074

0 1 2 3 4 5 6 7 8 9
0 - 4 7 7 7 9 11 11 11 11
1 4 - 9 11 11 11 7 7 11 11
2 7 9 - 8 12 8 8 10 4 12
3 7 11 8 - 12 12 10 4 12 8
4 7 11 12 12 - 10 4 10 8 8
5 9 11 8 12 10 - 12 8 12 4
6 11 7 8 10 4 12 - 8 12 10
7 11 7 10 4 10 8 8 - 12 12
8 11 11 4 12 8 12 12 12 - 8
9 11 11 12 8 8 4 10 12 8 -

≥ 62; ( 16

45
, 29

45
)

1 050

137

0 12
TT-disjoint at 7

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 3 3 4 5 5 4
1 2 - 5 5 3 3 4 3 3 4
2 3 5 - 4 4 4 3 2 4 5
3 3 5 4 - 4 4 5 4 2 3
4 3 3 4 4 - 2 3 4 4 1
5 3 3 4 4 2 - 1 4 4 3
6 4 4 3 5 3 1 - 5 3 2
7 5 3 2 4 4 4 5 - 4 3
8 5 3 4 2 4 4 3 4 - 5
9 4 4 5 3 1 3 2 3 5 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 2 4 4 5 6 5 7 6 8
1 2 - 6 6 7 6 7 5 4 8
2 4 6 - 8 7 8 5 3 6 8
3 4 6 8 - 9 8 7 5 2 6
4 5 7 7 9 - 5 8 6 7 3
5 6 6 8 8 5 - 3 5 6 8
6 5 7 5 7 8 3 - 8 5 5
7 7 5 3 5 6 5 8 - 5 7
8 6 4 6 2 7 6 5 5 - 8
9 8 8 8 6 3 8 5 7 8 -

≥ 40; SMAPO# 3896

0 1 2 3 4 5 6 7 8 9
0 - 4 7 7 8 9 9 11 11 12
1 4 - 11 11 10 9 11 7 7 12
2 7 11 - 12 11 12 8 4 10 13
3 7 11 12 - 13 12 12 8 4 9
4 8 10 11 13 - 7 11 9 11 4
5 9 9 12 12 7 - 4 8 10 11
6 9 11 8 12 11 4 - 12 8 7
7 11 7 4 8 9 8 12 - 8 9
8 11 7 10 4 11 10 8 8 - 13
9 12 12 13 9 4 11 7 9 13 -

≥ 62; ( 50

137
, 87

137
)



A.1. odim(F ) = 2 73
1 049

152

0 12
TT-disjoint at 1

0 1 2 3 4 5 6 7 8 9
0 - 1 1 3 4 4 2 2 3 3
1 1 - 2 2 3 5 3 3 4 4
2 1 2 - 4 5 3 3 3 2 4
3 3 2 4 - 3 5 3 3 2 2
4 4 3 5 3 - 2 4 4 5 5
5 4 5 3 5 2 - 4 4 3 5
6 2 3 3 3 4 4 - 2 1 3
7 2 3 3 3 4 4 2 - 3 1
8 3 4 2 2 5 3 1 3 - 2
9 3 4 4 2 5 5 3 1 2 -

≥ 20; SMAPO# 365

0 1 2 3 4 5 6 7 8 9
0 - 2 1 4 4 4 8 8 8 8
1 2 - 3 4 4 6 6 6 10 10
2 1 3 - 5 5 3 7 7 7 7
3 4 4 5 - 4 6 10 10 6 6
4 4 4 5 4 - 2 10 10 10 10
5 4 6 3 6 2 - 8 8 8 8
6 8 6 7 10 10 8 - 8 4 12
7 8 6 7 10 10 8 8 - 12 4
8 8 10 7 6 10 8 4 12 - 8
9 8 10 7 6 10 8 12 4 8 -

≥ 44; SMAPO# 5476

0 1 2 3 4 5 6 7 8 9
0 - 2 2 7 8 8 10 10 11 11
1 2 - 4 5 6 10 8 8 13 13
2 2 4 - 9 10 6 10 10 9 11
3 7 5 9 - 7 11 13 13 8 8
4 8 6 10 7 - 4 14 14 15 15
5 8 10 6 11 4 - 12 12 11 13
6 10 8 10 13 14 12 - 10 5 15
7 10 8 10 13 14 12 10 - 15 5
8 11 13 9 8 15 11 5 15 - 10
9 11 13 11 8 15 13 15 5 10 -

≥ 62; ( 49

152
, 103

152
)

1 055

142

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 2 3 3 5 5 4
1 1 - 4 4 3 4 4 4 4 3
2 3 4 - 4 5 4 4 6 2 5
3 3 4 4 - 5 4 4 2 6 5
4 2 3 5 5 - 1 3 3 3 2
5 3 4 4 4 1 - 2 4 4 3
6 3 4 4 4 3 2 - 4 4 1
7 5 4 6 2 3 4 4 - 4 5
8 5 4 2 6 3 4 4 4 - 5
9 4 3 5 5 2 3 1 5 5 -

≥ 24; SMAPO# 665

0 1 2 3 4 5 6 7 8 9
0 - 2 5 4 5 6 7 6 6 8
1 2 - 5 6 7 8 9 4 8 6
2 5 5 - 5 8 5 6 7 3 7
3 4 6 5 - 7 6 7 2 6 8
4 5 7 8 7 - 3 8 5 5 5
5 6 8 5 6 3 - 5 6 8 8
6 7 9 6 7 8 5 - 5 7 3
7 6 4 7 2 5 6 5 - 4 8
8 6 8 3 6 5 8 7 4 - 8
9 8 6 7 8 5 8 3 8 8 -

≥ 40; SMAPO# 3896

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 7 9 10 11 11 12
1 3 - 8 10 10 12 13 8 12 9
2 7 8 - 8 12 8 9 12 4 11
3 7 10 8 - 12 10 11 4 12 13
4 7 10 12 12 - 4 11 8 8 7
5 9 12 8 10 4 - 7 10 12 11
6 10 13 9 11 11 7 - 9 11 4
7 11 8 12 4 8 10 9 - 8 13
8 11 12 4 12 8 12 11 8 - 13
9 12 9 11 13 7 11 4 13 13 -

≥ 62; ( 55

142
, 87

142
)

1 055

142

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 2 3 3 4 5 5
1 1 - 4 4 3 4 4 3 4 4
2 3 4 - 4 5 4 4 5 6 2
3 3 4 4 - 5 4 4 5 2 6
4 2 3 5 5 - 3 1 2 3 3
5 3 4 4 4 3 - 2 1 4 4
6 3 4 4 4 1 2 - 3 4 4
7 4 3 5 5 2 1 3 - 5 5
8 5 4 6 2 3 4 4 5 - 4
9 5 4 2 6 3 4 4 5 4 -

≥ 24; SMAPO# 665

0 1 2 3 4 5 6 7 8 9
0 - 2 5 4 6 6 7 7 6 6
1 2 - 5 6 8 8 7 5 4 8
2 5 5 - 5 9 7 6 6 7 3
3 4 6 5 - 8 6 7 7 2 6
4 6 8 9 8 - 8 3 5 6 6
5 6 8 7 6 8 - 5 3 4 8
6 7 7 6 7 3 5 - 8 5 9
7 7 5 6 7 5 3 8 - 7 7
8 6 4 7 2 6 4 5 7 - 4
9 6 8 3 6 6 8 9 7 4 -

≥ 40; SMAPO# 3906

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 8 9 10 11 11 11
1 3 - 8 10 11 12 11 8 8 12
2 7 8 - 8 13 10 9 10 12 4
3 7 10 8 - 13 10 11 12 4 12
4 8 11 13 13 - 11 4 7 9 9
5 9 12 10 10 11 - 7 4 8 12
6 10 11 9 11 4 7 - 11 9 13
7 11 8 10 12 7 4 11 - 12 12
8 11 8 12 4 9 8 9 12 - 8
9 11 12 4 12 9 12 13 12 8 -

≥ 62; ( 55

142
, 87

142
)

1 059

146

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 2 3 3 5 4 5
1 1 - 4 4 3 2 2 4 3 4
2 3 4 - 4 5 6 6 6 5 2
3 3 4 4 - 5 6 6 2 5 6
4 2 3 5 5 - 3 1 3 2 3
5 3 2 6 6 3 - 2 4 1 4
6 3 2 6 6 1 2 - 4 3 4
7 5 4 6 2 3 4 4 - 5 4
8 4 3 5 5 2 1 3 5 - 5
9 5 4 2 6 3 4 4 4 5 -

≥ 24; SMAPO# 724

0 1 2 3 4 5 6 7 8 9
0 - 2 5 4 6 6 7 6 7 6
1 2 - 5 6 8 6 5 4 7 8
2 5 5 - 5 7 9 8 7 6 3
3 4 6 5 - 6 8 7 2 7 6
4 6 8 7 6 - 8 3 4 5 6
5 6 6 9 8 8 - 5 6 3 6
6 7 5 8 7 3 5 - 7 8 7
7 6 4 7 2 4 6 7 - 7 4
8 7 7 6 7 5 3 8 7 - 9
9 6 8 3 6 6 6 7 4 9 -

≥ 40; SMAPO# 3893

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 8 9 10 11 11 11
1 3 - 8 10 11 8 7 8 10 12
2 7 8 - 8 11 14 13 12 10 4
3 7 10 8 - 11 14 13 4 12 12
4 8 11 11 11 - 11 4 7 7 9
5 9 8 14 14 11 - 7 10 4 10
6 10 7 13 13 4 7 - 11 11 11
7 11 8 12 4 7 10 11 - 12 8
8 11 10 10 12 7 4 11 12 - 14
9 11 12 4 12 9 10 11 8 14 -

≥ 62; ( 59

146
, 87

146
)

1 055

142

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 2 3 3 5 4 5
1 1 - 4 4 3 4 4 4 3 4
2 3 4 - 4 5 4 4 6 5 2
3 3 4 4 - 5 4 4 2 5 6
4 2 3 5 5 - 3 1 3 2 3
5 3 4 4 4 3 - 2 4 1 4
6 3 4 4 4 1 2 - 4 3 4
7 5 4 6 2 3 4 4 - 5 4
8 4 3 5 5 2 1 3 5 - 5
9 5 4 2 6 3 4 4 4 5 -

≥ 24; SMAPO# 665

0 1 2 3 4 5 6 7 8 9
0 - 2 5 4 6 6 7 6 7 6
1 2 - 5 6 6 8 7 4 5 8
2 5 5 - 5 9 7 6 7 8 3
3 4 6 5 - 8 6 7 2 7 6
4 6 6 9 8 - 8 3 6 5 6
5 6 8 7 6 8 - 5 4 3 6
6 7 7 6 7 3 5 - 7 8 9
7 6 4 7 2 6 4 7 - 7 4
8 7 5 8 7 5 3 8 7 - 7
9 6 8 3 6 6 6 9 4 7 -

≥ 40; SMAPO# 3893

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 8 9 10 11 11 11
1 3 - 8 10 9 12 11 8 8 12
2 7 8 - 8 13 10 9 12 12 4
3 7 10 8 - 13 10 11 4 12 12
4 8 9 13 13 - 11 4 9 7 9
5 9 12 10 10 11 - 7 8 4 10
6 10 11 9 11 4 7 - 11 11 13
7 11 8 12 4 9 8 11 - 12 8
8 11 8 12 12 7 4 11 12 - 12
9 11 12 4 12 9 10 13 8 12 -

≥ 62; ( 55

142
, 87

142
)

1 055

142

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 2 3 3 5 4 5
1 1 - 4 4 3 4 4 4 3 4
2 3 4 - 4 5 4 4 6 5 2
3 3 4 4 - 5 4 4 2 5 6
4 2 3 5 5 - 3 1 3 2 3
5 3 4 4 4 3 - 2 4 1 4
6 3 4 4 4 1 2 - 4 3 4
7 5 4 6 2 3 4 4 - 5 4
8 4 3 5 5 2 1 3 5 - 5
9 5 4 2 6 3 4 4 4 5 -

≥ 24; SMAPO# 665

0 1 2 3 4 5 6 7 8 9
0 - 2 5 4 6 6 7 6 7 6
1 2 - 5 6 6 8 7 4 5 8
2 5 5 - 5 9 7 6 7 8 3
3 4 6 5 - 8 6 7 2 7 6
4 6 6 9 8 - 8 3 6 5 6
5 6 8 7 6 8 - 5 4 3 8
6 7 7 6 7 3 5 - 5 8 9
7 6 4 7 2 6 4 5 - 7 4
8 7 5 8 7 5 3 8 7 - 7
9 6 8 3 6 6 8 9 4 7 -

≥ 40; SMAPO# 3898

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 8 9 10 11 11 11
1 3 - 8 10 9 12 11 8 8 12
2 7 8 - 8 13 10 9 12 12 4
3 7 10 8 - 13 10 11 4 12 12
4 8 9 13 13 - 11 4 9 7 9
5 9 12 10 10 11 - 7 8 4 12
6 10 11 9 11 4 7 - 9 11 13
7 11 8 12 4 9 8 9 - 12 8
8 11 8 12 12 7 4 11 12 - 12
9 11 12 4 12 9 12 13 8 12 -

≥ 62; ( 55

142
, 87

142
)



74 Appendix A. Visualization of tilting omplexes for GTSP(10)
1 025

72

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 4 3 4 4 3 4
1 1 - 3 4 5 2 3 3 4 5
2 2 3 - 3 4 1 4 4 3 4
3 3 4 3 - 5 4 5 3 2 3
4 4 5 4 5 - 3 4 2 3 4
5 3 2 1 4 3 - 5 5 4 3
6 4 3 4 5 4 5 - 4 3 2
7 4 3 4 3 2 5 4 - 5 4
8 3 4 3 2 3 4 3 5 - 5
9 4 5 4 3 4 3 2 4 5 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 2 5 5 5 8 7 7 8 7
1 2 - 7 7 7 6 5 5 8 7
2 5 7 - 6 8 3 6 8 9 8
3 5 7 6 - 8 9 8 6 3 6
4 5 7 8 8 - 5 4 2 5 4
5 8 6 3 9 5 - 7 7 8 5
6 7 5 6 8 4 7 - 6 5 2
7 7 5 8 6 2 7 6 - 7 6
8 8 8 9 3 5 8 5 7 - 7
9 7 7 8 6 4 5 2 6 7 -

≥ 40; SMAPO# 3915

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 9 11 11 11 11 11
1 3 - 10 10 12 8 8 8 12 12
2 7 10 - 8 12 4 10 12 12 12
3 7 10 8 - 12 12 12 8 4 8
4 9 12 12 12 - 8 8 4 8 8
5 11 8 4 12 8 - 12 12 12 8
6 11 8 10 12 8 12 - 10 8 4
7 11 8 12 8 4 12 10 - 12 10
8 11 12 12 4 8 12 8 12 - 12
9 11 12 12 8 8 8 4 10 12 -

≥ 62; ( 25

72
, 47

72
)

1 050

157

0 12
TT-disjoint at 7

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 3 3 4 4 4 4
1 1 - 3 4 2 4 3 5 3 5
2 2 3 - 3 1 3 4 4 4 4
3 3 4 3 - 4 2 5 5 3 3
4 3 2 1 4 - 4 5 3 5 3
5 3 4 3 2 4 - 3 3 5 5
6 4 3 4 5 5 3 - 4 4 2
7 4 5 4 5 3 3 4 - 2 4
8 4 3 4 3 5 5 4 2 - 4
9 4 5 4 3 3 5 2 4 4 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 2 5 5 7 7 7 8 9 9
1 2 - 7 7 5 9 7 10 7 9
2 5 7 - 6 2 8 8 7 10 8
3 5 7 6 - 8 2 6 7 4 4
4 7 5 2 8 - 8 8 7 8 6
5 7 9 8 2 8 - 4 5 6 6
6 7 7 8 6 8 4 - 5 6 2
7 8 10 7 7 7 5 5 - 3 5
8 9 7 10 4 8 6 6 3 - 8
9 9 9 8 4 6 6 2 5 8 -

≥ 40; SMAPO# 4130

0 1 2 3 4 5 6 7 8 9
0 - 3 7 8 10 10 11 11 13 13
1 3 - 10 11 7 13 10 14 10 14
2 7 10 - 9 3 11 12 10 14 12
3 8 11 9 - 12 4 11 11 7 7
4 10 7 3 12 - 12 13 9 13 9
5 10 13 11 4 12 - 7 7 11 11
6 11 10 12 11 13 7 - 8 10 4
7 11 14 10 11 9 7 8 - 4 8
8 13 10 14 7 13 11 10 4 - 12
9 13 14 12 7 9 11 4 8 12 -

≥ 62; ( 50

157
, 107

157
)RHS = 64

1 019

78

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 0 1 1 2 3 2 3 2 3
1 0 - 1 1 2 3 2 3 2 3
2 1 1 - 2 3 2 3 2 3 4
3 1 1 2 - 3 2 3 2 1 2
4 2 2 3 3 - 3 2 1 2 3
5 3 3 2 2 3 - 3 2 1 4
6 2 2 3 3 2 3 - 3 2 1
7 3 3 2 2 1 2 3 - 3 2
8 2 2 3 1 2 1 2 3 - 3
9 3 3 4 2 3 4 1 2 3 -

≥ 14; SMAPO# 136

0 1 2 3 4 5 6 7 8 9
0 - 2 3 7 6 7 9 8 9 9
1 2 - 5 5 8 9 7 10 11 11
2 3 5 - 4 9 6 8 7 10 10
3 7 5 4 - 9 10 10 9 6 6
4 6 8 9 9 - 11 7 4 7 11
5 7 9 6 10 11 - 10 7 4 10
6 9 7 8 10 7 10 - 11 10 4
7 8 10 7 9 4 7 11 - 11 7
8 9 11 10 6 7 4 10 11 - 8
9 9 11 10 6 11 10 4 7 8 -

≥ 52; SMAPO# 7787

0 1 2 3 4 5 6 7 8 9
0 - 2 3 8 8 10 11 11 11 12
1 2 - 5 6 10 12 9 13 13 14
2 3 5 - 5 11 7 10 8 12 13
3 8 6 5 - 12 12 13 11 7 8
4 8 10 11 12 - 14 9 5 9 14
5 10 12 7 12 14 - 13 9 5 14
6 11 9 10 13 9 13 - 14 12 5
7 11 13 8 11 5 9 14 - 14 9
8 11 13 12 7 9 5 12 14 - 11
9 12 14 13 8 14 14 5 9 11 -

≥ 64; ( 19

78
, 59

78
)

1 025

72

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 3 3 4 5 4 5
1 1 - 3 4 4 2 3 4 3 4
2 2 3 - 5 5 1 4 3 4 3
3 3 4 5 - 4 4 5 2 3 4
4 3 4 5 4 - 4 3 4 5 2
5 3 2 1 4 4 - 3 4 3 4
6 4 3 4 5 3 3 - 3 2 5
7 5 4 3 2 4 4 3 - 5 4
8 4 3 4 3 5 3 2 5 - 3
9 5 4 3 4 2 4 5 4 3 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 3 5 6 5 8 8 7 8 7
1 3 - 8 7 8 5 5 6 7 8
2 5 8 - 9 8 3 7 6 7 6
3 6 7 9 - 5 6 8 3 6 7
4 5 8 8 5 - 7 5 8 7 2
5 8 5 3 6 7 - 8 9 6 7
6 8 5 7 8 5 8 - 5 2 7
7 7 6 6 3 8 9 5 - 7 6
8 8 7 7 6 7 6 2 7 - 5
9 7 8 6 7 2 7 7 6 5 -

≥ 42; SMAPO# 4504

0 1 2 3 4 5 6 7 8 9
0 - 4 7 8 8 11 12 12 12 12
1 4 - 11 10 12 7 8 10 10 12
2 7 11 - 13 13 4 11 9 11 9
3 8 10 13 - 8 9 12 4 8 10
4 8 12 13 8 - 11 8 12 12 4
5 11 7 4 9 11 - 11 13 9 11
6 12 8 11 12 8 11 - 8 4 12
7 12 10 9 4 12 13 8 - 12 10
8 12 10 11 8 12 9 4 12 - 8
9 12 12 9 10 4 11 12 10 8 -

≥ 64; ( 25

72
, 47

72
)

1 025

72

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 3 3 4 4 5 5
1 1 - 3 4 4 2 3 3 4 4
2 2 3 - 5 5 1 4 4 3 3
3 3 4 5 - 4 4 5 3 2 4
4 3 4 5 4 - 4 3 5 4 2
5 3 2 1 4 4 - 3 3 4 4
6 4 3 4 5 3 3 - 2 3 5
7 4 3 4 3 5 3 2 - 5 3
8 5 4 3 2 4 4 3 5 - 4
9 5 4 3 4 2 4 5 3 4 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 3 5 6 5 8 8 8 7 7
1 3 - 8 7 8 5 5 7 8 8
2 5 8 - 9 8 3 7 7 6 6
3 6 7 9 - 5 6 8 6 3 7
4 5 8 8 5 - 7 5 7 8 2
5 8 5 3 6 7 - 6 6 9 7
6 8 5 7 8 5 6 - 2 5 7
7 8 7 7 6 7 6 2 - 7 5
8 7 8 6 3 8 9 5 7 - 6
9 7 8 6 7 2 7 7 5 6 -

≥ 42; SMAPO# 4505

0 1 2 3 4 5 6 7 8 9
0 - 4 7 8 8 11 12 12 12 12
1 4 - 11 10 12 7 8 10 12 12
2 7 11 - 13 13 4 11 11 9 9
3 8 10 13 - 8 9 12 8 4 10
4 8 12 13 8 - 11 8 12 12 4
5 11 7 4 9 11 - 9 9 13 11
6 12 8 11 12 8 9 - 4 8 12
7 12 10 11 8 12 9 4 - 12 8
8 12 12 9 4 12 13 8 12 - 10
9 12 12 9 10 4 11 12 8 10 -

≥ 64; ( 25

72
, 47

72
)

1 050

157

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 2 4 3 4 5 3 4 4 5
1 2 - 4 5 4 3 5 4 4 3
2 4 4 - 5 2 3 3 4 4 5
3 3 5 5 - 3 2 4 3 3 4
4 4 4 2 3 - 5 5 4 4 3
5 5 3 3 2 5 - 4 3 3 4
6 3 5 3 4 5 4 - 1 3 2
7 4 4 4 3 4 3 1 - 2 3
8 4 4 4 3 4 3 3 2 - 1
9 5 3 5 4 3 4 2 3 1 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 3 4 6 8 8 8
1 1 - 3 5 4 3 7 9 9 7
2 2 3 - 6 1 4 6 10 10 8
3 4 5 6 - 5 2 10 6 6 10
4 3 4 1 5 - 5 7 11 11 7
5 4 3 4 2 5 - 8 8 8 8
6 6 7 6 10 7 8 - 4 12 8
7 8 9 10 6 11 8 4 - 8 12
8 8 9 10 6 11 8 12 8 - 4
9 8 7 8 10 7 8 8 12 4 -

≥ 42; SMAPO# 4983

0 1 2 3 4 5 6 7 8 9
0 - 3 6 6 7 9 9 12 12 13
1 3 - 7 9 8 6 12 13 13 10
2 6 7 - 10 3 7 9 14 14 13
3 6 9 10 - 7 3 13 8 8 13
4 7 8 3 7 - 10 12 15 15 10
5 9 6 7 3 10 - 12 11 11 12
6 9 12 9 13 12 12 - 5 15 10
7 12 13 14 8 15 11 5 - 10 15
8 12 13 14 8 15 11 15 10 - 5
9 13 10 13 13 10 12 10 15 5 -

≥ 64; ( 50

157
, 107

157
)



A.1. odim(F ) = 2 75
1 055

149

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 2 3 3 5 5 4
1 1 - 4 4 3 4 4 4 4 3
2 3 4 - 4 5 4 4 6 2 5
3 3 4 4 - 5 4 4 2 6 5
4 2 3 5 5 - 1 3 3 3 2
5 3 4 4 4 1 - 2 4 4 3
6 3 4 4 4 3 2 - 4 4 1
7 5 4 6 2 3 4 4 - 4 5
8 5 4 2 6 3 4 4 4 - 5
9 4 3 5 5 2 3 1 5 5 -

≥ 24; SMAPO# 665

0 1 2 3 4 5 6 7 8 9
0 - 2 5 4 6 7 7 6 6 8
1 2 - 5 6 6 9 9 4 8 6
2 5 5 - 5 9 6 6 7 3 9
3 4 6 5 - 8 7 7 2 6 8
4 6 6 9 8 - 3 9 6 6 6
5 7 9 6 7 3 - 6 7 9 9
6 7 9 6 7 9 6 - 5 7 3
7 6 4 7 2 6 7 5 - 4 8
8 6 8 3 6 6 9 7 4 - 8
9 8 6 9 8 6 9 3 8 8 -

≥ 42; SMAPO# 4551

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 8 10 10 11 11 12
1 3 - 8 10 9 13 13 8 12 9
2 7 8 - 8 13 9 9 12 4 13
3 7 10 8 - 13 11 11 4 12 13
4 8 9 13 13 - 4 12 9 9 8
5 10 13 9 11 4 - 8 11 13 12
6 10 13 9 11 12 8 - 9 11 4
7 11 8 12 4 9 11 9 - 8 13
8 11 12 4 12 9 13 11 8 - 13
9 12 9 13 13 8 12 4 13 13 -

≥ 64; ( 55

149
, 94

149
)

1 059

157

0 12
TT-disjoint at 4

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 4 4 4 3 3 4
1 1 - 3 3 3 5 3 2 4 5
2 2 3 - 2 6 4 6 1 3 4
3 2 3 2 - 6 4 6 3 1 4
4 4 3 6 6 - 6 4 5 5 2
5 4 5 4 4 6 - 2 3 5 4
6 4 3 6 6 4 2 - 5 5 6
7 3 2 1 3 5 3 5 - 2 3
8 3 4 3 1 5 5 5 2 - 5
9 4 5 4 4 2 4 6 3 5 -

≥ 24; SMAPO# 724

0 1 2 3 4 5 6 7 8 9
0 - 2 5 5 5 4 6 8 8 8
1 2 - 7 7 5 6 4 6 8 6
2 5 7 - 6 10 7 9 3 9 9
3 5 7 6 - 10 7 9 9 3 7
4 5 5 10 10 - 7 5 7 7 3
5 4 6 7 7 7 - 2 4 8 4
6 6 4 9 9 5 2 - 6 8 6
7 8 6 3 9 7 4 6 - 6 6
8 8 8 9 3 7 8 8 6 - 10
9 8 6 9 7 3 4 6 6 10 -

≥ 42; SMAPO# 4653

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 8 8 10 11 11 12
1 3 - 10 10 7 11 7 8 12 11
2 7 10 - 8 15 11 15 4 12 13
3 7 10 8 - 15 11 15 12 4 11
4 8 7 15 15 - 12 8 11 11 4
5 8 11 11 11 12 - 4 7 13 8
6 10 7 15 15 8 4 - 11 13 12
7 11 8 4 12 11 7 11 - 8 9
8 11 12 12 4 11 13 13 8 - 15
9 12 11 13 11 4 8 12 9 15 -

≥ 64; ( 59

157
, 98

157
)

1 01

2

0 12
TT-disjoint at 5

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 9 10 11 11 13 13
1 3 - 10 10 10 7 8 14 10 14
2 7 10 - 8 14 3 8 12 14 10
3 7 10 8 - 14 11 4 10 14 14
4 9 10 14 14 - 13 10 12 8 4
5 10 7 3 11 13 - 7 9 13 13
6 11 8 8 4 10 7 - 14 14 12
7 11 14 12 10 12 9 14 - 4 8
8 13 10 14 14 8 13 14 4 - 12
9 13 14 10 14 4 13 12 8 12 -

≥ 64; SMAPO# 11099

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 9 11 11 11 13 13
1 3 - 10 10 10 8 8 14 10 14
2 7 10 - 8 14 4 12 12 14 10
3 7 10 8 - 14 12 4 10 14 14
4 9 10 14 14 - 10 10 12 8 4
5 11 8 4 12 10 - 8 10 14 14
6 11 8 12 4 10 8 - 14 14 12
7 11 14 12 10 12 10 14 - 4 8
8 13 10 14 14 8 14 14 4 - 12
9 13 14 10 14 4 14 12 8 12 -

≥ 66; SMAPO# 11468

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 9 10 11 11 13 13
1 3 - 10 10 10 7 8 14 10 14
2 7 10 - 8 14 3 10 12 14 10
3 7 10 8 - 14 11 4 10 14 14
4 9 10 14 14 - 11 10 12 8 4
5 10 7 3 11 11 - 7 9 13 13
6 11 8 10 4 10 7 - 14 14 12
7 11 14 12 10 12 9 14 - 4 8
8 13 10 14 14 8 13 14 4 - 12
9 13 14 10 14 4 13 12 8 12 -

≥ 64; ( 1

2
, 1

2
)

1 01

2

0 12
TT-disjoint at 5

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 9 10 11 11 13 13
1 3 - 10 10 10 7 8 14 10 14
2 7 10 - 8 14 3 8 12 14 10
3 7 10 8 - 14 11 4 10 14 14
4 9 10 14 14 - 13 10 4 8 12
5 10 7 3 11 13 - 7 9 13 13
6 11 8 8 4 10 7 - 14 14 12
7 11 14 12 10 4 9 14 - 12 8
8 13 10 14 14 8 13 14 12 - 4
9 13 14 10 14 12 13 12 8 4 -

≥ 64; SMAPO# 11100

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 9 11 11 11 13 13
1 3 - 10 10 10 8 8 14 10 14
2 7 10 - 8 14 4 12 12 14 10
3 7 10 8 - 14 12 4 10 14 14
4 9 10 14 14 - 10 10 4 8 12
5 11 8 4 12 10 - 8 10 14 14
6 11 8 12 4 10 8 - 14 14 12
7 11 14 12 10 4 10 14 - 12 8
8 13 10 14 14 8 14 14 12 - 4
9 13 14 10 14 12 14 12 8 4 -

≥ 66; SMAPO# 11469

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 9 10 11 11 13 13
1 3 - 10 10 10 7 8 14 10 14
2 7 10 - 8 14 3 10 12 14 10
3 7 10 8 - 14 11 4 10 14 14
4 9 10 14 14 - 11 10 4 8 12
5 10 7 3 11 11 - 7 9 13 13
6 11 8 10 4 10 7 - 14 14 12
7 11 14 12 10 4 9 14 - 12 8
8 13 10 14 14 8 13 14 12 - 4
9 13 14 10 14 12 13 12 8 4 -

≥ 64; ( 1

2
, 1

2
)

1 025

82

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 3 3 4 4 5 5
1 1 - 3 4 4 2 3 3 4 4
2 2 3 - 5 5 1 4 4 3 3
3 3 4 5 - 4 4 5 3 4 2
4 3 4 5 4 - 4 3 5 2 4
5 3 2 1 4 4 - 3 3 4 4
6 4 3 4 5 3 3 - 2 5 3
7 4 3 4 3 5 3 2 - 3 5
8 5 4 3 4 2 4 5 3 - 4
9 5 4 3 2 4 4 3 5 4 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 2 5 7 6 7 9 9 8 8
1 2 - 7 7 8 5 7 7 8 10
2 5 7 - 10 9 2 8 10 7 7
3 7 7 10 - 5 8 8 6 5 3
4 6 8 9 5 - 9 5 7 2 8
5 7 5 2 8 9 - 6 8 9 9
6 9 7 8 8 5 6 - 2 7 5
7 9 7 10 6 7 8 2 - 5 7
8 8 8 7 5 2 9 7 5 - 6
9 8 10 7 3 8 9 5 7 6 -

≥ 42; SMAPO# 4710

0 1 2 3 4 5 6 7 8 9
0 - 3 7 9 9 10 13 13 13 13
1 3 - 10 10 12 7 10 10 12 14
2 7 10 - 14 14 3 12 14 10 10
3 9 10 14 - 8 11 12 8 8 4
4 9 12 14 8 - 13 8 12 4 12
5 10 7 3 11 13 - 9 11 13 13
6 13 10 12 12 8 9 - 4 12 8
7 13 10 14 8 12 11 4 - 8 12
8 13 12 10 8 4 13 12 8 - 10
9 13 14 10 4 12 13 8 12 10 -

≥ 64; ( 25

82
, 57

82
)

1 012

37

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 2 2 3 3 5 3 4
1 1 - 4 3 3 2 2 4 2 3
2 3 4 - 5 3 4 4 2 4 5
3 2 3 5 - 4 3 1 3 3 2
4 2 3 3 4 - 3 3 5 1 2
5 3 2 4 3 3 - 4 4 2 1
6 3 2 4 1 3 4 - 4 4 3
7 5 4 2 3 5 4 4 - 4 3
8 3 2 4 3 1 2 4 4 - 3
9 4 3 5 2 2 1 3 3 3 -

≥ 20; SMAPO# 363

0 1 2 3 4 5 6 7 8 9
0 - 3 5 5 6 7 8 6 9 8
1 3 - 8 8 9 6 5 7 6 9
2 5 8 - 8 7 6 5 3 8 9
3 5 8 8 - 9 8 3 5 8 7
4 6 9 7 9 - 9 6 8 3 6
5 7 6 6 8 9 - 9 9 6 3
6 8 5 5 3 6 9 - 8 9 6
7 6 7 3 5 8 9 8 - 9 6
8 9 6 8 8 3 6 9 9 - 9
9 8 9 9 7 6 3 6 6 9 -

≥ 46; SMAPO# 5697

0 1 2 3 4 5 6 7 8 9
0 - 4 7 7 8 10 11 11 12 12
1 4 - 11 11 12 8 7 11 8 12
2 7 11 - 12 9 9 8 4 11 13
3 7 11 12 - 13 11 4 8 11 9
4 8 12 9 13 - 12 9 13 4 8
5 10 8 9 11 12 - 13 13 8 4
6 11 7 8 4 9 13 - 12 13 9
7 11 11 4 8 13 13 12 - 13 9
8 12 8 11 11 4 8 13 13 - 12
9 12 12 13 9 8 4 9 9 12 -

≥ 64; ( 12

37
, 25

37
)



76 Appendix A. Visualization of tilting omplexes for GTSP(10)
1 012

37

0 12
TT-disjoint at 8

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 3 3 3 4 5 3
1 1 - 3 3 4 4 2 3 4 4
2 2 3 - 4 5 3 1 2 3 3
3 2 3 4 - 3 1 3 2 5 3
4 3 4 5 3 - 4 4 5 2 4
5 3 4 3 1 4 - 2 3 4 2
6 3 2 1 3 4 2 - 3 4 2
7 4 3 2 2 5 3 3 - 3 1
8 5 4 3 5 2 4 4 3 - 4
9 3 4 3 3 4 2 2 1 4 -

≥ 20; SMAPO# 363

0 1 2 3 4 5 6 7 8 9
0 - 3 5 6 5 7 8 8 8 9
1 3 - 8 7 8 8 5 5 5 8
2 5 8 - 9 8 6 3 7 7 10
3 6 7 9 - 5 3 8 6 8 9
4 5 8 8 5 - 8 7 7 3 8
5 7 8 6 3 8 - 7 9 5 6
6 8 5 3 8 7 7 - 10 10 7
7 8 5 7 6 7 9 10 - 6 3
8 8 5 7 8 3 5 10 6 - 9
9 9 8 10 9 8 6 7 3 9 -

≥ 46; SMAPO# 5739

0 1 2 3 4 5 6 7 8 9
0 - 4 7 8 8 10 11 12 12 12
1 4 - 11 10 12 12 7 8 8 12
2 7 11 - 13 13 9 4 9 9 13
3 8 10 13 - 8 4 11 8 12 12
4 8 12 13 8 - 12 11 12 4 12
5 10 12 9 4 12 - 9 12 8 8
6 11 7 4 11 11 9 - 13 13 9
7 12 8 9 8 12 12 13 - 8 4
8 12 8 9 12 4 8 13 8 - 12
9 12 12 13 12 12 8 9 4 12 -

≥ 64; ( 12

37
, 25

37
)RHS = 66

1 09

20

0 12
TT-disjoint at 6

0 1 2 3 4 5 6 7 8 9
0 - 0 2 4 3 4 6 4 6 6
1 0 - 2 4 3 4 6 4 6 6
2 2 2 - 6 5 6 4 6 4 8
3 4 4 6 - 1 6 2 4 6 4
4 3 3 5 1 - 7 3 3 5 5
5 4 4 6 6 7 - 6 8 2 6
6 6 6 4 2 3 6 - 6 4 4
7 4 4 6 4 3 8 6 - 6 2
8 6 6 4 6 5 2 4 6 - 8
9 6 6 8 4 5 6 4 2 8 -

≥ 28; SMAPO# 1414

0 1 2 3 4 5 6 7 8 9
0 - 2 2 4 6 5 6 8 6 8
1 2 - 4 6 4 5 8 6 8 10
2 2 4 - 4 6 7 4 8 4 8
3 4 6 4 - 2 7 2 8 6 8
4 6 4 6 2 - 9 4 6 8 10
5 5 5 7 7 9 - 5 11 3 7
6 6 8 4 2 4 5 - 10 6 6
7 8 6 8 8 6 11 10 - 8 4
8 6 8 4 6 8 3 6 8 - 10
9 8 10 8 8 10 7 6 4 10 -

≥ 40; SMAPO# 4336

0 1 2 3 4 5 6 7 8 9
0 - 2 4 8 9 9 11 12 12 14
1 2 - 6 10 7 9 13 10 14 16
2 4 6 - 10 11 13 7 14 8 16
3 8 10 10 - 3 13 3 12 12 12
4 9 7 11 3 - 16 6 9 13 15
5 9 9 13 13 16 - 10 19 5 13
6 11 13 7 3 6 10 - 15 9 9
7 12 10 14 12 9 19 15 - 14 6
8 12 14 8 12 13 5 9 14 - 18
9 14 16 16 12 15 13 9 6 18 -

≥ 66; ( 9

20
, 11

20
)

1 019

48

0 12
TT-disjoint at 6

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 4 4 4 5 6 6
1 1 - 3 3 5 5 3 4 5 7
2 2 3 - 6 4 4 6 3 4 6
3 4 3 6 - 2 6 4 5 6 8
4 4 5 4 2 - 6 6 7 8 6
5 4 5 4 6 6 - 2 1 4 4
6 4 3 6 4 6 2 - 3 6 4
7 5 4 3 5 7 1 3 - 3 5
8 6 5 4 6 8 4 6 3 - 2
9 6 7 6 8 6 4 4 5 2 -

≥ 28; SMAPO# 1389

0 1 2 3 4 5 6 7 8 9
0 - 1 2 5 5 5 7 7 9 9
1 1 - 3 4 6 6 6 6 8 10
2 2 3 - 7 5 7 9 5 7 11
3 5 4 7 - 2 6 6 8 10 10
4 5 6 5 2 - 8 6 10 12 8
5 5 6 7 6 8 - 2 2 8 8
6 7 6 9 6 6 2 - 4 10 6
7 7 6 5 8 10 2 4 - 6 10
8 9 8 7 10 12 8 10 6 - 4
9 9 10 11 10 8 8 6 10 4 -

≥ 40; SMAPO# 4428

0 1 2 3 4 5 6 7 8 9
0 - 2 4 9 9 9 10 12 15 15
1 2 - 6 7 11 11 8 10 13 17
2 4 6 - 13 9 11 14 8 11 17
3 9 7 13 - 4 12 9 13 16 18
4 9 11 9 4 - 14 11 17 20 14
5 9 11 11 12 14 - 3 3 12 12
6 10 8 14 9 11 3 - 6 15 9
7 12 10 8 13 17 3 6 - 9 15
8 15 13 11 16 20 12 15 9 - 6
9 15 17 17 18 14 12 9 15 6 -

≥ 66; ( 19

48
, 29

48
)

1 025

59

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 4 4 4 6 6 6
1 1 - 3 1 3 3 5 5 5 7
2 2 3 - 4 6 6 4 4 4 6
3 2 1 4 - 2 2 4 4 4 6
4 4 3 6 2 - 4 2 6 6 8
5 4 3 6 2 4 - 6 6 2 4
6 4 5 4 4 2 6 - 8 8 6
7 6 5 4 4 6 6 8 - 4 2
8 6 5 4 4 6 2 8 4 - 6
9 6 7 6 6 8 4 6 2 6 -

≥ 28; SMAPO# 1405

0 1 2 3 4 5 6 7 8 9
0 - 2 2 5 6 7 7 6 6 7
1 2 - 4 3 6 5 9 8 8 9
2 2 4 - 7 8 9 5 6 6 5
3 5 3 7 - 3 4 6 5 7 8
4 6 6 8 3 - 7 3 6 8 9
5 7 5 9 4 7 - 10 9 3 6
6 7 9 5 6 3 10 - 9 9 6
7 6 8 6 5 6 9 9 - 6 3
8 6 8 6 7 8 3 9 6 - 9
9 7 9 5 8 9 6 6 3 9 -

≥ 40; SMAPO# 4159

0 1 2 3 4 5 6 7 8 9
0 - 3 3 7 10 11 11 12 12 13
1 3 - 6 4 9 8 14 13 13 16
2 3 6 - 10 13 14 8 9 9 10
3 7 4 10 - 5 6 10 9 11 14
4 10 9 13 5 - 11 5 12 14 17
5 11 8 14 6 11 - 16 15 5 10
6 11 14 8 10 5 16 - 17 17 12
7 12 13 9 9 12 15 17 - 10 5
8 12 13 9 11 14 5 17 10 - 15
9 13 16 10 14 17 10 12 5 15 -

≥ 66; ( 25

59
, 34

59
)

1 076

175

0 12
TT-disjoint at 1

0 1 2 3 4 5 6 7 8 9
0 - 2 1 4 5 4 6 4 4 6
1 2 - 3 4 3 6 4 4 6 6
2 1 3 - 5 4 3 5 5 3 7
3 4 4 5 - 1 2 4 6 6 4
4 5 3 4 1 - 3 3 7 5 5
5 4 6 3 2 3 - 6 6 4 4
6 6 4 5 4 3 6 - 8 6 2
7 4 4 5 6 7 6 8 - 2 6
8 4 6 3 6 5 4 6 2 - 8
9 6 6 7 4 5 4 2 6 8 -

≥ 28; SMAPO# 1389

0 1 2 3 4 5 6 7 8 9
0 - 2 2 4 4 6 6 8 8 7
1 2 - 4 6 4 8 6 6 10 5
2 2 4 - 6 6 4 8 10 6 9
3 4 6 6 - 2 2 6 8 8 5
4 4 4 6 2 - 4 4 8 8 7
5 6 8 4 2 4 - 8 10 6 5
6 6 6 8 6 4 8 - 10 8 3
7 8 6 10 8 8 10 10 - 4 7
8 8 10 6 8 8 6 8 4 - 11
9 7 5 9 5 7 5 3 7 11 -

≥ 40; SMAPO# 4336

0 1 2 3 4 5 6 7 8 9
0 - 3 3 8 9 10 12 12 12 13
1 3 - 6 9 6 13 9 9 15 10
2 3 6 - 11 10 7 13 15 9 16
3 8 9 11 - 3 4 10 14 14 9
4 9 6 10 3 - 7 7 15 13 12
5 10 13 7 4 7 - 14 16 10 9
6 12 9 13 10 7 14 - 18 14 5
7 12 9 15 14 15 16 18 - 6 13
8 12 15 9 14 13 10 14 6 - 19
9 13 10 16 9 12 9 5 13 19 -

≥ 66; ( 76

175
, 99

175
)

1 055

164

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 2 5 5 3 3 4
1 1 - 4 4 3 4 4 4 4 3
2 3 4 - 4 5 6 2 4 4 5
3 3 4 4 - 5 2 6 4 4 5
4 2 3 5 5 - 3 3 1 3 2
5 5 4 6 2 3 - 4 4 4 5
6 5 4 2 6 3 4 - 4 4 5
7 3 4 4 4 1 4 4 - 2 3
8 3 4 4 4 3 4 4 2 - 1
9 4 3 5 5 2 5 5 3 1 -

≥ 24; SMAPO# 665

0 1 2 3 4 5 6 7 8 9
0 - 2 5 4 7 6 6 8 8 9
1 2 - 5 6 7 4 8 10 10 7
2 5 5 - 5 10 7 3 7 7 10
3 4 6 5 - 9 2 6 8 8 9
4 7 7 10 9 - 7 7 3 9 6
5 6 4 7 2 7 - 4 6 8 9
6 6 8 3 6 7 4 - 8 10 9
7 8 10 7 8 3 6 8 - 6 9
8 8 10 7 8 9 8 10 6 - 3
9 9 7 10 9 6 9 9 9 3 -

≥ 44; SMAPO# 5213

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 9 11 11 11 11 13
1 3 - 8 10 10 8 12 14 14 10
2 7 8 - 8 14 12 4 10 10 14
3 7 10 8 - 14 4 12 12 12 14
4 9 10 14 14 - 10 10 4 12 8
5 11 8 12 4 10 - 8 10 12 14
6 11 12 4 12 10 8 - 12 14 14
7 11 14 10 12 4 10 12 - 8 12
8 11 14 10 12 12 12 14 8 - 4
9 13 10 14 14 8 14 14 12 4 -

≥ 66; ( 55

164
, 109

164
)



A.1. odim(F ) = 2 77
1 050

159

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 3 3 4 4 5 5
1 1 - 3 4 4 2 3 3 4 4
2 2 3 - 5 5 1 4 4 3 3
3 3 4 5 - 4 4 5 3 2 4
4 3 4 5 4 - 4 3 5 4 2
5 3 2 1 4 4 - 3 3 4 4
6 4 3 4 5 3 3 - 2 3 5
7 4 3 4 3 5 3 2 - 5 3
8 5 4 3 2 4 4 3 5 - 4
9 5 4 3 4 2 4 5 3 4 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 3 5 7 6 8 9 9 8 8
1 3 - 8 8 9 5 6 8 9 9
2 5 8 - 10 9 3 8 10 7 7
3 7 8 10 - 5 7 8 6 3 5
4 6 9 9 5 - 8 5 7 8 2
5 8 5 3 7 8 - 7 7 10 8
6 9 6 8 8 5 7 - 2 5 7
7 9 8 10 6 7 7 2 - 7 5
8 8 9 7 3 8 10 5 7 - 6
9 8 9 7 5 2 8 7 5 6 -

≥ 44; SMAPO# 5203

0 1 2 3 4 5 6 7 8 9
0 - 4 7 9 9 11 13 13 13 13
1 4 - 11 11 13 7 9 11 13 13
2 7 11 - 14 14 4 12 14 10 10
3 9 11 14 - 8 10 12 8 4 8
4 9 13 14 8 - 12 8 12 12 4
5 11 7 4 10 12 - 10 10 14 12
6 13 9 12 12 8 10 - 4 8 12
7 13 11 14 8 12 10 4 - 12 8
8 13 13 10 4 12 14 8 12 - 10
9 13 13 10 8 4 12 12 8 10 -

≥ 66; ( 50

159
, 109

159
)RHS = 68

1 043

158

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 3 3 4 2 3 4
1 1 - 3 3 4 2 3 3 4 3
2 2 3 - 4 3 3 2 4 5 4
3 2 3 4 - 5 3 4 4 3 2
4 3 4 3 5 - 4 5 3 2 3
5 3 2 3 3 4 - 3 1 4 3
6 4 3 2 4 5 3 - 2 3 4
7 2 3 4 4 3 1 2 - 3 2
8 3 4 5 3 2 4 3 3 - 5
9 4 3 4 2 3 3 4 2 5 -

≥ 22; SMAPO# 464

0 1 2 3 4 5 6 7 8 9
0 - 1 3 6 5 6 6 8 8 8
1 1 - 4 5 6 5 5 9 9 9
2 3 4 - 9 6 9 3 9 9 9
3 6 5 9 - 11 8 8 12 8 4
4 5 6 6 11 - 11 9 7 3 7
5 6 5 9 8 11 - 8 4 12 12
6 6 5 3 8 9 8 - 6 6 10
7 8 9 9 12 7 4 6 - 10 8
8 8 9 9 8 3 12 6 10 - 10
9 8 9 9 4 7 12 10 8 10 -

≥ 48; SMAPO# 6826

0 1 2 3 4 5 6 7 8 9
0 - 2 5 7 8 9 10 10 11 12
1 2 - 7 7 10 7 8 12 13 12
2 5 7 - 12 9 12 5 13 14 13
3 7 7 12 - 15 10 11 15 10 5
4 8 10 9 15 - 15 14 10 5 10
5 9 7 12 10 15 - 11 5 16 15
6 10 8 5 11 14 11 - 8 9 14
7 10 12 13 15 10 5 8 - 13 10
8 11 13 14 10 5 16 9 13 - 15
9 12 12 13 5 10 15 14 10 15 -

≥ 68; ( 43

158
, 115

158
)

1 033

80

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 4 4 5 5 4 4
1 1 - 4 4 3 3 4 4 5 5
2 3 4 - 4 7 7 6 2 5 5
3 3 4 4 - 7 7 2 6 5 5
4 4 3 7 7 - 4 5 5 2 6
5 4 3 7 7 4 - 5 5 6 2
6 5 4 6 2 5 5 - 4 5 5
7 5 4 2 6 5 5 4 - 5 5
8 4 5 5 5 2 6 5 5 - 4
9 4 5 5 5 6 2 5 5 4 -

≥ 30; SMAPO# 1506

0 1 2 3 4 5 6 7 8 9
0 - 1 5 4 6 6 6 6 7 7
1 1 - 4 5 5 5 5 7 8 8
2 5 4 - 5 9 9 7 3 6 6
3 4 5 5 - 8 8 2 6 7 7
4 6 5 9 8 - 6 6 6 3 9
5 6 5 9 8 6 - 8 8 9 3
6 6 5 7 2 6 8 - 4 7 5
7 6 7 3 6 6 8 4 - 9 7
8 7 8 6 7 3 9 7 9 - 6
9 7 8 6 7 9 3 5 7 6 -

≥ 40; SMAPO# 3975

0 1 2 3 4 5 6 7 8 9
0 - 2 7 7 10 10 11 11 11 11
1 2 - 7 9 8 8 9 11 13 13
2 7 7 - 8 15 15 12 4 10 10
3 7 9 8 - 15 15 4 12 12 12
4 10 8 15 15 - 10 11 11 5 15
5 10 8 15 15 10 - 13 13 15 5
6 11 9 12 4 11 13 - 8 12 10
7 11 11 4 12 11 13 8 - 14 12
8 11 13 10 12 5 15 12 14 - 10
9 11 13 10 12 15 5 10 12 10 -

≥ 68; ( 33

80
, 47

80
)

1 071

179

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 4 6 4 4 6 4
1 1 - 3 3 3 5 5 3 5 5
2 2 3 - 6 6 4 4 6 4 4
3 4 3 6 - 4 2 2 4 6 6
4 4 3 6 4 - 6 2 4 2 6
5 6 5 4 2 6 - 4 6 4 8
6 4 5 4 2 2 4 - 6 4 4
7 4 3 6 4 4 6 6 - 6 2
8 6 5 4 6 2 4 4 6 - 8
9 4 5 4 6 6 8 4 2 8 -

≥ 28; SMAPO# 1404

0 1 2 3 4 5 6 7 8 9
0 - 2 2 6 7 5 7 8 6 8
1 2 - 4 6 5 7 9 6 8 10
2 2 4 - 8 9 5 5 10 6 6
3 6 6 8 - 7 3 3 8 6 10
4 7 5 9 7 - 6 4 7 3 11
5 5 7 5 3 6 - 6 9 3 9
6 7 9 5 3 4 6 - 11 5 7
7 8 6 10 8 7 9 11 - 10 4
8 6 8 6 6 3 3 5 10 - 10
9 8 10 6 10 11 9 7 4 10 -

≥ 42; SMAPO# 4862

0 1 2 3 4 5 6 7 8 9
0 - 3 3 10 11 11 11 12 12 12
1 3 - 6 9 8 12 14 9 13 15
2 3 6 - 13 14 8 8 15 9 9
3 10 9 13 - 11 5 5 12 12 16
4 11 8 14 11 - 12 6 11 5 17
5 11 12 8 5 12 - 10 15 7 17
6 11 14 8 5 6 10 - 17 9 11
7 12 9 15 12 11 15 17 - 16 6
8 12 13 9 12 5 7 9 16 - 18
9 12 15 9 16 17 17 11 6 18 -

≥ 68; ( 71

179
, 108

179
)

1 071

180

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 4 4 4 6 6 4
1 1 - 3 3 3 5 3 5 5 5
2 2 3 - 6 6 4 6 4 4 4
3 4 3 6 - 4 2 4 2 6 6
4 4 3 6 4 - 2 4 6 2 6
5 4 5 4 2 2 - 6 4 4 4
6 4 3 6 4 4 6 - 6 6 2
7 6 5 4 2 6 4 6 - 4 8
8 6 5 4 6 2 4 6 4 - 8
9 4 5 4 6 6 4 2 8 8 -

≥ 28; SMAPO# 1404

0 1 2 3 4 5 6 7 8 9
0 - 2 2 6 7 7 8 6 6 8
1 2 - 4 6 5 9 6 6 8 10
2 2 4 - 8 9 5 10 6 6 6
3 6 6 8 - 5 3 8 2 6 10
4 7 5 9 5 - 4 7 7 3 11
5 7 9 5 3 4 - 11 5 7 7
6 8 6 10 8 7 11 - 8 10 4
7 6 6 6 2 7 5 8 - 4 10
8 6 8 6 6 3 7 10 4 - 10
9 8 10 6 10 11 7 4 10 10 -

≥ 42; SMAPO# 4864

0 1 2 3 4 5 6 7 8 9
0 - 3 3 10 11 11 12 12 12 12
1 3 - 6 9 8 14 9 11 13 15
2 3 6 - 13 14 8 15 9 9 9
3 10 9 13 - 9 5 12 4 12 16
4 11 8 14 9 - 6 11 13 5 17
5 11 14 8 5 6 - 17 9 11 11
6 12 9 15 12 11 17 - 14 16 6
7 12 11 9 4 13 9 14 - 8 18
8 12 13 9 12 5 11 16 8 - 18
9 12 15 9 16 17 11 6 18 18 -

≥ 68; ( 71

180
, 109

180
)

1 071

182

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 4 4 4 6 6 4
1 1 - 3 3 3 5 3 5 5 5
2 2 3 - 6 6 4 6 4 4 4
3 4 3 6 - 4 2 4 2 6 6
4 4 3 6 4 - 2 4 6 2 6
5 4 5 4 2 2 - 6 4 4 4
6 4 3 6 4 4 6 - 6 6 2
7 6 5 4 2 6 4 6 - 4 8
8 6 5 4 6 2 4 6 4 - 8
9 4 5 4 6 6 4 2 8 8 -

≥ 28; SMAPO# 1404

0 1 2 3 4 5 6 7 8 9
0 - 2 2 6 7 7 8 6 6 8
1 2 - 4 6 5 9 6 8 8 10
2 2 4 - 8 9 5 10 6 6 6
3 6 6 8 - 5 3 8 2 6 10
4 7 5 9 5 - 4 7 7 3 11
5 7 9 5 3 4 - 11 5 5 7
6 8 6 10 8 7 11 - 10 10 4
7 6 8 6 2 7 5 10 - 4 10
8 6 8 6 6 3 5 10 4 - 10
9 8 10 6 10 11 7 4 10 10 -

≥ 42; SMAPO# 4865

0 1 2 3 4 5 6 7 8 9
0 - 3 3 10 11 11 12 12 12 12
1 3 - 6 9 8 14 9 13 13 15
2 3 6 - 13 14 8 15 9 9 9
3 10 9 13 - 9 5 12 4 12 16
4 11 8 14 9 - 6 11 13 5 17
5 11 14 8 5 6 - 17 9 9 11
6 12 9 15 12 11 17 - 16 16 6
7 12 13 9 4 13 9 16 - 8 18
8 12 13 9 12 5 9 16 8 - 18
9 12 15 9 16 17 11 6 18 18 -

≥ 68; ( 71

182
, 111

182
)



78 Appendix A. Visualization of tilting omplexes for GTSP(10)
1 071

185

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 4 4 4 6 4 6
1 1 - 3 3 3 5 3 5 5 5
2 2 3 - 6 6 4 6 4 4 4
3 4 3 6 - 4 2 4 2 6 6
4 4 3 6 4 - 2 4 6 6 2
5 4 5 4 2 2 - 6 4 4 4
6 4 3 6 4 4 6 - 6 2 6
7 6 5 4 2 6 4 6 - 8 4
8 4 5 4 6 6 4 2 8 - 8
9 6 5 4 6 2 4 6 4 8 -

≥ 28; SMAPO# 1404

0 1 2 3 4 5 6 7 8 9
0 - 2 2 6 7 7 8 6 8 7
1 2 - 4 6 5 9 6 8 10 7
2 2 4 - 8 9 5 10 6 6 7
3 6 6 8 - 5 3 8 2 10 7
4 7 5 9 5 - 4 7 7 11 2
5 7 9 5 3 4 - 11 5 7 6
6 8 6 10 8 7 11 - 10 4 9
7 6 8 6 2 7 5 10 - 10 5
8 8 10 6 10 11 7 4 10 - 11
9 7 7 7 7 2 6 9 5 11 -

≥ 42; SMAPO# 4925

0 1 2 3 4 5 6 7 8 9
0 - 3 3 10 11 11 12 12 12 13
1 3 - 6 9 8 14 9 13 15 12
2 3 6 - 13 14 8 15 9 9 10
3 10 9 13 - 9 5 12 4 16 13
4 11 8 14 9 - 6 11 13 17 4
5 11 14 8 5 6 - 17 9 11 10
6 12 9 15 12 11 17 - 16 6 15
7 12 13 9 4 13 9 16 - 18 9
8 12 15 9 16 17 11 6 18 - 19
9 13 12 10 13 4 10 15 9 19 -

≥ 68; ( 71

185
, 114

185
)

1 066

157

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 5 5 4 4 4 4
1 1 - 4 4 4 4 5 5 3 3
2 3 4 - 4 6 2 5 5 7 7
3 3 4 4 - 2 6 5 5 7 7
4 5 4 6 2 - 4 5 5 5 5
5 5 4 2 6 4 - 5 5 5 5
6 4 5 5 5 5 5 - 4 6 2
7 4 5 5 5 5 5 4 - 2 6
8 4 3 7 7 5 5 6 2 - 4
9 4 3 7 7 5 5 2 6 4 -

≥ 30; SMAPO# 1506

0 1 2 3 4 5 6 7 8 9
0 - 2 4 3 5 5 6 6 7 7
1 2 - 4 5 5 7 8 8 5 5
2 4 4 - 5 7 3 6 6 9 9
3 3 5 5 - 2 6 7 7 8 8
4 5 5 7 2 - 4 5 7 6 8
5 5 7 3 6 4 - 7 9 6 8
6 6 8 6 7 5 7 - 6 9 3
7 6 8 6 7 7 9 6 - 3 9
8 7 5 9 8 6 6 9 3 - 6
9 7 5 9 8 8 8 3 9 6 -

≥ 40; SMAPO# 3979

0 1 2 3 4 5 6 7 8 9
0 - 3 6 6 10 10 10 10 11 11
1 3 - 7 9 9 11 13 13 8 8
2 6 7 - 8 12 4 10 10 15 15
3 6 9 8 - 4 12 12 12 15 15
4 10 9 12 4 - 8 10 12 11 13
5 10 11 4 12 8 - 12 14 11 13
6 10 13 10 12 10 12 - 10 15 5
7 10 13 10 12 12 14 10 - 5 15
8 11 8 15 15 11 11 15 5 - 10
9 11 8 15 15 13 13 5 15 10 -

≥ 68; ( 66

157
, 91

157
)

1 04

11

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 3 5 5 4 5 4
1 2 - 5 5 5 5 3 4 3 4
2 3 5 - 6 6 4 2 5 4 5
3 3 5 6 - 4 6 4 5 2 3
4 3 5 6 4 - 2 4 3 4 5
5 5 5 4 6 2 - 6 5 4 3
6 5 3 2 4 4 6 - 5 4 3
7 4 4 5 5 3 5 5 - 3 2
8 5 3 4 2 4 4 4 3 - 5
9 4 4 5 3 5 3 3 2 5 -

≥ 28; SMAPO# 1227

0 1 2 3 4 5 6 7 8 9
0 - 2 4 6 6 5 6 7 7 8
1 2 - 6 8 8 7 4 5 5 8
2 4 6 - 8 8 5 2 7 7 8
3 6 8 8 - 6 9 6 9 3 8
4 6 8 8 6 - 3 6 5 9 8
5 5 7 5 9 3 - 7 8 6 5
6 6 4 2 6 6 7 - 9 9 6
7 7 5 7 9 5 8 9 - 6 3
8 7 5 7 3 9 6 9 6 - 9
9 8 8 8 8 8 5 6 3 9 -

≥ 42; SMAPO# 4544

0 1 2 3 4 5 6 7 8 9
0 - 4 7 8 9 10 11 11 12 12
1 4 - 11 12 13 12 7 9 8 12
2 7 11 - 13 14 9 4 12 11 13
3 8 12 13 - 9 14 9 13 4 10
4 9 13 14 9 - 5 10 8 13 13
5 10 12 9 14 5 - 13 13 10 8
6 11 7 4 9 10 13 - 14 13 9
7 11 9 12 13 8 13 14 - 9 5
8 12 8 11 4 13 10 13 9 - 14
9 12 12 13 10 13 8 9 5 14 -

≥ 68; ( 4

11
, 7

11
)

1 025

83

0 12
TT-disjoint at 0

0 1 2 3 4 5 6 7 8 9
0 - 2 4 4 3 3 4 4 5 5
1 2 - 4 4 5 5 4 4 3 3
2 4 4 - 2 3 5 4 4 5 3
3 4 4 2 - 5 3 4 4 3 5
4 3 5 3 5 - 4 3 3 2 4
5 3 5 5 3 4 - 1 3 4 2
6 4 4 4 4 3 1 - 2 3 3
7 4 4 4 4 3 3 2 - 3 1
8 5 3 5 3 2 4 3 3 - 4
9 5 3 3 5 4 2 3 1 4 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 3 5 5 6 7 8 8 8 11
1 3 - 6 8 7 8 11 11 5 8
2 5 6 - 2 5 8 9 9 7 8
3 5 8 2 - 7 6 9 9 5 10
4 6 7 5 7 - 9 8 8 2 11
5 7 8 8 6 9 - 3 9 9 6
6 8 11 9 9 8 3 - 6 6 9
7 8 11 9 9 8 9 6 - 6 3
8 8 5 7 5 2 9 6 6 - 9
9 11 8 8 10 11 6 9 3 9 -

≥ 46; SMAPO# 6006

0 1 2 3 4 5 6 7 8 9
0 - 4 8 8 8 9 11 11 12 15
1 4 - 10 12 12 13 15 15 8 11
2 8 10 - 4 8 13 13 13 12 11
3 8 12 4 - 12 9 13 13 8 15
4 8 12 8 12 - 13 11 11 4 15
5 9 13 13 9 13 - 4 12 13 8
6 11 15 13 13 11 4 - 8 9 12
7 11 15 13 13 11 12 8 - 9 4
8 12 8 12 8 4 13 9 9 - 13
9 15 11 11 15 15 8 12 4 13 -

≥ 68; ( 25

83
, 58

83
)RHS = 70

1 043

156

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 3 3 2 4 3 4
1 1 - 3 3 4 4 3 3 2 3
2 2 3 - 4 3 5 4 2 3 4
3 2 3 4 - 5 3 4 4 3 2
4 3 4 3 5 - 2 3 5 4 3
5 3 4 5 3 2 - 3 3 4 5
6 2 3 4 4 3 3 - 2 1 2
7 4 3 2 4 5 3 2 - 3 4
8 3 2 3 3 4 4 1 3 - 3
9 4 3 4 2 3 5 2 4 3 -

≥ 22; SMAPO# 464

0 1 2 3 4 5 6 7 8 9
0 - 2 4 6 5 6 8 7 8 8
1 2 - 6 6 7 8 10 5 6 10
2 4 6 - 10 5 8 10 3 10 10
3 6 6 10 - 11 8 12 9 8 4
4 5 7 5 11 - 3 7 8 11 7
5 6 8 8 8 3 - 8 5 10 10
6 8 10 10 12 7 8 - 7 4 8
7 7 5 3 9 8 5 7 - 9 9
8 8 6 10 8 11 10 4 9 - 12
9 8 10 10 4 7 10 8 9 12 -

≥ 50; SMAPO# 7345

0 1 2 3 4 5 6 7 8 9
0 - 3 6 7 8 9 10 11 11 12
1 3 - 9 8 11 12 13 8 8 13
2 6 9 - 13 8 13 14 5 13 14
3 7 8 13 - 15 10 15 12 10 5
4 8 11 8 15 - 5 10 13 15 10
5 9 12 13 10 5 - 11 8 14 15
6 10 13 14 15 10 11 - 9 5 10
7 11 8 5 12 13 8 9 - 12 13
8 11 8 13 10 15 14 5 12 - 15
9 12 13 14 5 10 15 10 13 15 -

≥ 70; ( 43

156
, 113

156
)

1 033

82

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 4 5 4 4 5 4
1 1 - 4 4 5 4 3 3 4 5
2 3 4 - 4 5 6 7 7 2 5
3 3 4 4 - 5 2 7 7 6 5
4 4 5 5 5 - 5 2 6 5 4
5 5 4 6 2 5 - 5 5 4 5
6 4 3 7 7 2 5 - 4 5 6
7 4 3 7 7 6 5 4 - 5 2
8 5 4 2 6 5 4 5 5 - 5
9 4 5 5 5 4 5 6 2 5 -

≥ 30; SMAPO# 1506

0 1 2 3 4 5 6 7 8 9
0 - 2 5 4 6 6 7 7 6 8
1 2 - 5 6 8 4 5 5 8 8
2 5 5 - 5 7 7 10 10 3 7
3 4 6 5 - 6 2 9 9 6 8
4 6 8 7 6 - 4 3 9 6 6
5 6 4 7 2 4 - 7 7 4 8
6 7 5 10 9 3 7 - 6 9 9
7 7 5 10 9 9 7 6 - 7 3
8 6 8 3 6 6 4 9 7 - 10
9 8 8 7 8 6 8 9 3 10 -

≥ 42; SMAPO# 4653

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 10 11 11 11 11 12
1 3 - 8 10 13 8 8 8 12 13
2 7 8 - 8 11 12 16 16 4 11
3 7 10 8 - 11 4 16 16 12 13
4 10 13 11 11 - 9 5 15 11 10
5 11 8 12 4 9 - 12 12 8 13
6 11 8 16 16 5 12 - 10 14 15
7 11 8 16 16 15 12 10 - 12 5
8 11 12 4 12 11 8 14 12 - 15
9 12 13 11 13 10 13 15 5 15 -

≥ 70; ( 33

82
, 49

82
)



A.1. odim(F ) = 2 79
1 033

82

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 4 5 4 4 5 4
1 1 - 4 4 5 4 3 3 4 5
2 3 4 - 4 5 6 7 7 2 5
3 3 4 4 - 5 2 7 7 6 5
4 4 5 5 5 - 5 2 6 5 4
5 5 4 6 2 5 - 5 5 4 5
6 4 3 7 7 2 5 - 4 5 6
7 4 3 7 7 6 5 4 - 5 2
8 5 4 2 6 5 4 5 5 - 5
9 4 5 5 5 4 5 6 2 5 -

≥ 30; SMAPO# 1506

0 1 2 3 4 5 6 7 8 9
0 - 2 5 4 6 6 7 7 6 8
1 2 - 5 6 8 4 5 5 8 8
2 5 5 - 5 7 7 10 10 3 7
3 4 6 5 - 6 2 9 9 6 8
4 6 8 7 6 - 4 3 9 8 6
5 6 4 7 2 4 - 7 7 4 6
6 7 5 10 9 3 7 - 6 9 9
7 7 5 10 9 9 7 6 - 7 3
8 6 8 3 6 8 4 9 7 - 10
9 8 8 7 8 6 6 9 3 10 -

≥ 42; SMAPO# 4652

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 10 11 11 11 11 12
1 3 - 8 10 13 8 8 8 12 13
2 7 8 - 8 11 12 16 16 4 11
3 7 10 8 - 11 4 16 16 12 13
4 10 13 11 11 - 9 5 15 13 10
5 11 8 12 4 9 - 12 12 8 11
6 11 8 16 16 5 12 - 10 14 15
7 11 8 16 16 15 12 10 - 12 5
8 11 12 4 12 13 8 14 12 - 15
9 12 13 11 13 10 11 15 5 15 -

≥ 70; ( 33

82
, 49

82
)

1 033

80

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 4 5 5 4 4 4
1 1 - 4 4 3 4 4 5 5 3
2 3 4 - 4 7 6 2 5 5 7
3 3 4 4 - 7 2 6 5 5 7
4 4 3 7 7 - 5 5 2 6 4
5 5 4 6 2 5 - 4 5 5 5
6 5 4 2 6 5 4 - 5 5 5
7 4 5 5 5 2 5 5 - 4 6
8 4 5 5 5 6 5 5 4 - 2
9 4 3 7 7 4 5 5 6 2 -

≥ 30; SMAPO# 1506

0 1 2 3 4 5 6 7 8 9
0 - 2 5 4 6 6 6 7 7 8
1 2 - 5 6 6 4 8 9 9 6
2 5 5 - 5 9 7 3 6 6 9
3 4 6 5 - 8 2 6 7 7 8
4 6 6 9 8 - 6 6 3 9 6
5 6 4 7 2 6 - 4 7 5 8
6 6 8 3 6 6 4 - 9 7 8
7 7 9 6 7 3 7 9 - 6 9
8 7 9 6 7 9 5 7 6 - 3
9 8 6 9 8 6 8 8 9 3 -

≥ 42; SMAPO# 4551

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 10 11 11 11 11 12
1 3 - 8 10 9 8 12 14 14 9
2 7 8 - 8 15 12 4 10 10 15
3 7 10 8 - 15 4 12 12 12 15
4 10 9 15 15 - 11 11 5 15 10
5 11 8 12 4 11 - 8 12 10 13
6 11 12 4 12 11 8 - 14 12 13
7 11 14 10 12 5 12 14 - 10 15
8 11 14 10 12 15 10 12 10 - 5
9 12 9 15 15 10 13 13 15 5 -

≥ 70; ( 33

80
, 47

80
)RHS = 72

1 081

169

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 5 6 4 5 7 6
1 1 - 3 2 4 5 5 6 6 7
2 2 3 - 5 7 4 4 7 5 6
3 3 2 5 - 4 7 7 4 6 5
4 5 4 7 4 - 7 3 8 6 9
5 6 5 4 7 7 - 8 3 5 8
6 4 5 4 7 3 8 - 7 9 6
7 5 6 7 4 8 3 7 - 8 5
8 7 6 5 6 6 5 9 8 - 3
9 6 7 6 5 9 8 6 5 3 -

≥ 36; SMAPO# 2790

0 1 2 3 4 5 6 7 8 9
0 - 2 2 4 6 5 7 6 6 7
1 2 - 4 2 4 5 7 6 6 7
2 2 4 - 6 8 5 5 8 6 5
3 4 2 6 - 4 7 7 4 6 5
4 6 4 8 4 - 7 3 8 6 9
5 5 5 5 7 7 - 8 3 5 8
6 7 7 5 7 3 8 - 9 9 6
7 6 6 8 4 8 3 9 - 8 5
8 6 6 6 6 6 5 9 8 - 3
9 7 7 5 5 9 8 6 5 3 -

≥ 38; SMAPO# 3396

0 1 2 3 4 5 6 7 8 9
0 - 3 3 7 11 11 11 11 13 13
1 3 - 6 4 8 10 12 12 12 14
2 3 6 - 10 14 8 8 14 10 10
3 7 4 10 - 8 14 14 8 12 10
4 11 8 14 8 - 14 6 16 12 18
5 11 10 8 14 14 - 16 6 10 16
6 11 12 8 14 6 16 - 16 18 12
7 11 12 14 8 16 6 16 - 16 10
8 13 12 10 12 12 10 18 16 - 6
9 13 14 10 10 18 16 12 10 6 -

≥ 72; ( 81

169
, 88

169
)

1 043

163

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 3 2 3 3 4 4
1 1 - 3 3 4 3 2 4 3 3
2 2 3 - 4 5 4 3 3 4 2
3 2 3 4 - 3 4 3 5 2 4
4 3 4 5 3 - 3 4 2 5 3
5 2 3 4 4 3 - 1 3 2 2
6 3 2 3 3 4 1 - 4 3 3
7 3 4 3 5 2 3 4 - 3 5
8 4 3 4 2 5 2 3 3 - 4
9 4 3 2 4 3 2 3 5 4 -

≥ 22; SMAPO# 464

0 1 2 3 4 5 6 7 8 9
0 - 2 6 5 5 8 8 8 8 8
1 2 - 6 7 7 10 6 8 6 10
2 6 6 - 11 11 12 8 8 8 4
3 5 7 11 - 6 11 11 9 3 11
4 5 7 11 6 - 7 11 3 9 7
5 8 10 12 11 7 - 4 10 8 8
6 8 6 8 11 11 4 - 10 8 12
7 8 8 8 9 3 10 10 - 6 10
8 8 6 8 3 9 8 8 6 - 10
9 8 10 4 11 7 8 12 10 10 -

≥ 52; SMAPO# 7848

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 8 10 11 11 12 12
1 3 - 8 10 11 13 8 12 9 13
2 7 8 - 14 15 15 10 10 11 5
3 7 10 14 - 9 15 14 14 5 15
4 8 11 15 9 - 10 15 5 14 10
5 10 13 15 15 10 - 5 13 10 10
6 11 8 10 14 15 5 - 14 11 15
7 11 12 10 14 5 13 14 - 9 15
8 12 9 11 5 14 10 11 9 - 14
9 12 13 5 15 10 10 15 15 14 -

≥ 72; ( 43

163
, 120

163
)RHS = 74

1 027

65

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 6 4 4 6 6 6
1 1 - 3 3 5 3 5 5 7 7
2 2 3 - 6 4 6 4 4 6 6
3 4 3 6 - 6 4 6 6 4 4
4 6 5 4 6 - 6 8 4 2 6
5 4 3 6 4 6 - 2 6 8 8
6 4 5 4 6 8 2 - 8 6 6
7 6 5 4 6 4 6 8 - 6 2
8 6 7 6 4 2 8 6 6 - 4
9 6 7 6 4 6 8 6 2 4 -

≥ 32; SMAPO# 1859

0 1 2 3 4 5 6 7 8 9
0 - 2 2 7 5 8 8 7 7 8
1 2 - 4 5 7 6 10 7 9 10
2 2 4 - 9 5 10 6 7 7 6
3 7 5 9 - 6 7 11 8 4 5
4 5 7 5 6 - 9 9 4 2 7
5 8 6 10 7 9 - 4 9 11 12
6 8 10 6 11 9 4 - 11 9 8
7 7 7 7 8 4 9 11 - 6 3
8 7 9 7 4 2 11 9 6 - 5
9 8 10 6 5 7 12 8 3 5 -

≥ 44; SMAPO# 5532

0 1 2 3 4 5 6 7 8 9
0 - 3 3 11 11 12 12 13 13 14
1 3 - 6 8 12 9 15 12 16 17
2 3 6 - 14 8 15 9 10 12 11
3 11 8 14 - 12 11 17 14 8 9
4 11 12 8 12 - 15 17 8 4 13
5 12 9 15 11 15 - 6 15 19 20
6 12 15 9 17 17 6 - 19 15 14
7 13 12 10 14 8 15 19 - 12 5
8 13 16 12 8 4 19 15 12 - 9
9 14 17 11 9 13 20 14 5 9 -

≥ 74; ( 27

65
, 38

65
)



80 Appendix A. Visualization of tilting omplexes for GTSP(10)
1 081

200

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 4 6 4 6 6 6
1 1 - 3 3 3 5 5 5 7 7
2 2 3 - 6 6 4 4 4 6 6
3 4 3 6 - 4 6 6 6 4 4
4 4 3 6 4 - 6 2 6 8 8
5 6 5 4 6 6 - 8 4 6 2
6 4 5 4 6 2 8 - 8 6 6
7 6 5 4 6 6 4 8 - 2 6
8 6 7 6 4 8 6 6 2 - 4
9 6 7 6 4 8 2 6 6 4 -

≥ 32; SMAPO# 1859

0 1 2 3 4 5 6 7 8 9
0 - 2 2 7 8 6 8 7 7 8
1 2 - 4 5 6 8 10 7 9 10
2 2 4 - 9 10 6 6 7 7 6
3 7 5 9 - 7 7 11 6 4 5
4 8 6 10 7 - 10 4 9 11 12
5 6 8 6 7 10 - 10 5 7 2
6 8 10 6 11 4 10 - 11 9 8
7 7 7 7 6 9 5 11 - 2 7
8 7 9 7 4 11 7 9 2 - 5
9 8 10 6 5 12 2 8 7 5 -

≥ 44; SMAPO# 5558

0 1 2 3 4 5 6 7 8 9
0 - 3 3 11 12 12 12 13 13 14
1 3 - 6 8 9 13 15 12 16 17
2 3 6 - 14 15 9 9 10 12 11
3 11 8 14 - 11 13 17 12 8 9
4 12 9 15 11 - 16 6 15 19 20
5 12 13 9 13 16 - 18 9 13 4
6 12 15 9 17 6 18 - 19 15 14
7 13 12 10 12 15 9 19 - 4 13
8 13 16 12 8 19 13 15 4 - 9
9 14 17 11 9 20 4 14 13 9 -

≥ 74; ( 81

200
, 119

200
)

1 043

170

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 3 3 2 4 3 4
1 1 - 3 3 4 4 3 3 2 3
2 2 3 - 4 3 5 4 2 3 4
3 2 3 4 - 5 3 4 4 3 2
4 3 4 3 5 - 2 3 5 4 3
5 3 4 5 3 2 - 3 3 4 5
6 2 3 4 4 3 3 - 2 1 2
7 4 3 2 4 5 3 2 - 3 4
8 3 2 3 3 4 4 1 3 - 3
9 4 3 4 2 3 5 2 4 3 -

≥ 22; SMAPO# 464

0 1 2 3 4 5 6 7 8 9
0 - 2 5 7 5 8 9 8 9 9
1 2 - 7 7 7 10 11 6 7 11
2 5 7 - 12 6 9 10 3 12 10
3 7 7 12 - 12 9 12 9 8 4
4 5 7 6 12 - 3 8 9 12 8
5 8 10 9 9 3 - 9 6 11 11
6 9 11 10 12 8 9 - 7 4 8
7 8 6 3 9 9 6 7 - 9 9
8 9 7 12 8 12 11 4 9 - 12
9 9 11 10 4 8 11 8 9 12 -

≥ 54; SMAPO# 8451

0 1 2 3 4 5 6 7 8 9
0 - 3 7 8 8 11 11 12 12 13
1 3 - 10 9 11 14 14 9 9 14
2 7 10 - 15 9 14 14 5 15 14
3 8 9 15 - 16 11 15 12 10 5
4 8 11 9 16 - 5 11 14 16 11
5 11 14 14 11 5 - 12 9 15 16
6 11 14 14 15 11 12 - 9 5 10
7 12 9 5 12 14 9 9 - 12 13
8 12 9 15 10 16 15 5 12 - 15
9 13 14 14 5 11 16 10 13 15 -

≥ 74; ( 43

170
, 127

170
)

1 024

77

0 12
TT-disjoint at 4

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 3 3 3 3 4 5
1 1 - 3 3 4 2 2 2 3 4
2 2 3 - 4 3 3 1 3 2 5
3 2 3 4 - 5 3 3 1 2 3
4 3 4 3 5 - 4 4 4 5 2
5 3 2 3 3 4 - 2 4 1 4
6 3 2 1 3 4 2 - 4 3 4
7 3 2 3 1 4 4 4 - 3 4
8 4 3 2 2 5 1 3 3 - 3
9 5 4 5 3 2 4 4 4 3 -

≥ 20; SMAPO# 363

0 1 2 3 4 5 6 7 8 9
0 - 4 6 6 7 8 10 10 10 9
1 4 - 10 10 9 8 6 6 8 9
2 6 10 - 10 7 10 4 8 6 9
3 6 10 10 - 11 8 8 4 8 7
4 7 9 7 11 - 7 9 7 11 4
5 8 8 10 8 7 - 6 10 4 11
6 10 6 4 8 9 6 - 8 10 9
7 10 6 8 4 7 10 8 - 8 11
8 10 8 6 8 11 4 10 8 - 7
9 9 9 9 7 4 11 9 11 7 -

≥ 56; SMAPO# 8797

0 1 2 3 4 5 6 7 8 9
0 - 5 8 8 9 11 13 13 14 14
1 5 - 13 13 12 10 8 8 11 13
2 8 13 - 14 9 13 5 11 8 14
3 8 13 14 - 15 11 11 5 10 10
4 9 12 9 15 - 10 12 10 15 5
5 11 10 13 11 10 - 8 14 5 15
6 13 8 5 11 12 8 - 12 13 13
7 13 8 11 5 10 14 12 - 11 15
8 14 11 8 10 15 5 13 11 - 10
9 14 13 14 10 5 15 13 15 10 -

≥ 74; ( 24

77
, 53

77
)RHS = 76

1 066

173

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 5 5 4 4 4 4
1 1 - 4 4 4 4 3 3 5 5
2 3 4 - 4 6 2 7 7 5 5
3 3 4 4 - 2 6 7 7 5 5
4 5 4 6 2 - 4 5 5 5 5
5 5 4 2 6 4 - 5 5 5 5
6 4 3 7 7 5 5 - 4 6 2
7 4 3 7 7 5 5 4 - 2 6
8 4 5 5 5 5 5 6 2 - 4
9 4 5 5 5 5 5 2 6 4 -

≥ 30; SMAPO# 1506

0 1 2 3 4 5 6 7 8 9
0 - 2 5 4 6 6 8 8 8 8
1 2 - 5 6 4 8 6 6 10 10
2 5 5 - 5 7 3 11 11 7 7
3 4 6 5 - 2 6 10 10 8 8
4 6 4 7 2 - 4 8 8 6 8
5 6 8 3 6 4 - 8 10 8 10
6 8 6 11 10 8 8 - 8 12 4
7 8 6 11 10 8 10 8 - 4 12
8 8 10 7 8 6 8 12 4 - 8
9 8 10 7 8 8 10 4 12 8 -

≥ 48; SMAPO# 6698

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 11 11 12 12 12 12
1 3 - 8 10 8 12 9 9 15 15
2 7 8 - 8 12 4 17 17 11 11
3 7 10 8 - 4 12 17 17 13 13
4 11 8 12 4 - 8 13 13 11 13
5 11 12 4 12 8 - 13 15 13 15
6 12 9 17 17 13 13 - 12 18 6
7 12 9 17 17 13 15 12 - 6 18
8 12 15 11 13 11 13 18 6 - 12
9 12 15 11 13 13 15 6 18 12 -

≥ 76; ( 66

173
, 107

173
)

1 050

199

0 12
TT-disjoint at 4

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 3 3 4 5 4 5
1 1 - 3 2 4 4 3 4 3 4
2 2 3 - 1 5 5 4 3 4 3
3 3 2 1 - 4 4 3 4 3 4
4 3 4 5 4 - 4 3 4 5 2
5 3 4 5 4 4 - 5 2 3 4
6 4 3 4 3 3 5 - 3 2 5
7 5 4 3 4 4 2 3 - 5 4
8 4 3 4 3 5 3 2 5 - 3
9 5 4 3 4 2 4 5 4 3 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 2 6 8 9 8 11 11 12 11
1 2 - 8 6 9 10 9 9 10 13
2 6 8 - 2 13 12 11 9 10 9
3 8 6 2 - 11 12 11 11 8 11
4 9 9 13 11 - 7 8 8 11 4
5 8 10 12 12 7 - 9 3 6 11
6 11 9 11 11 8 9 - 6 3 10
7 11 9 9 11 8 3 6 - 9 8
8 12 10 10 8 11 6 3 9 - 7
9 11 13 9 11 4 11 10 8 7 -

≥ 54; SMAPO# 8502

0 1 2 3 4 5 6 7 8 9
0 - 3 8 11 11 11 15 16 16 16
1 3 - 11 8 12 14 12 13 13 17
2 8 11 - 3 17 17 15 12 14 12
3 11 8 3 - 14 16 14 15 11 15
4 11 12 17 14 - 10 10 11 15 5
5 11 14 17 16 10 - 14 5 9 15
6 15 12 15 14 10 14 - 9 5 15
7 16 13 12 15 11 5 9 - 14 12
8 16 13 14 11 15 9 5 14 - 10
9 16 17 12 15 5 15 15 12 10 -

≥ 76; ( 50

199
, 149

199
)

1 059

185

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 2 3 3 5 4 5
1 1 - 4 4 3 2 2 4 3 4
2 3 4 - 4 5 6 6 6 5 2
3 3 4 4 - 5 6 6 2 5 6
4 2 3 5 5 - 1 3 3 2 3
5 3 2 6 6 1 - 2 4 3 4
6 3 2 6 6 3 2 - 4 1 4
7 5 4 6 2 3 4 4 - 5 4
8 4 3 5 5 2 3 1 5 - 5
9 5 4 2 6 3 4 4 4 5 -

≥ 24; SMAPO# 724

0 1 2 3 4 5 6 7 8 9
0 - 2 6 5 8 8 9 8 9 8
1 2 - 6 7 10 6 7 6 9 10
2 6 6 - 7 10 12 13 10 9 4
3 5 7 7 - 9 11 12 3 10 9
4 8 10 10 9 - 4 11 6 7 8
5 8 6 12 11 4 - 7 10 11 10
6 9 7 13 12 11 7 - 9 4 9
7 8 6 10 3 6 10 9 - 11 6
8 9 9 9 10 7 11 4 11 - 13
9 8 10 4 9 8 10 9 6 13 -

≥ 54; SMAPO# 8498

0 1 2 3 4 5 6 7 8 9
0 - 3 8 8 10 11 12 13 13 13
1 3 - 9 11 13 8 9 10 12 14
2 8 9 - 10 14 17 18 15 13 5
3 8 11 10 - 14 17 18 5 15 15
4 10 13 14 14 - 5 14 9 9 11
5 11 8 17 17 5 - 9 14 14 14
6 12 9 18 18 14 9 - 13 5 13
7 13 10 15 5 9 14 13 - 16 10
8 13 12 13 15 9 14 5 16 - 18
9 13 14 5 15 11 14 13 10 18 -

≥ 76; ( 59

185
, 126

185
)



A.1. odim(F ) = 2 81
1 014

43

0 12
TT-disjoint at 1

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 4 4 5 4 5 4
1 2 - 5 5 6 6 3 4 3 4
2 3 5 - 4 5 5 2 3 4 5
3 3 5 4 - 5 5 4 5 2 3
4 4 6 5 5 - 4 3 2 5 6
5 4 6 5 5 4 - 5 6 3 2
6 5 3 2 4 3 5 - 5 4 3
7 4 4 3 5 2 6 5 - 3 4
8 5 3 4 2 5 3 4 3 - 5
9 4 4 5 3 6 2 3 4 5 -

≥ 28; SMAPO# 1227

0 1 2 3 4 5 6 7 8 9
0 - 3 6 6 7 7 9 10 9 10
1 3 - 9 9 10 10 8 7 8 7
2 6 9 - 6 9 9 3 6 9 10
3 6 9 6 - 9 9 9 10 3 6
4 7 10 9 9 - 6 6 3 8 9
5 7 10 9 9 6 - 8 9 6 3
6 9 8 3 9 6 8 - 9 10 7
7 10 7 6 10 3 9 9 - 7 8
8 9 8 9 3 8 6 10 7 - 9
9 10 7 10 6 9 3 7 8 9 -

≥ 50; SMAPO# 7133

0 1 2 3 4 5 6 7 8 9
0 - 4 9 9 11 11 14 14 14 14
1 4 - 13 13 15 15 10 10 10 10
2 9 13 - 10 14 14 5 9 13 15
3 9 13 10 - 14 14 13 15 5 9
4 11 15 14 14 - 10 9 5 13 15
5 11 15 14 14 10 - 13 15 9 5
6 14 10 5 13 9 13 - 14 14 10
7 14 10 9 15 5 15 14 - 10 12
8 14 10 13 5 13 9 14 10 - 14
9 14 10 15 9 15 5 10 12 14 -

≥ 76; ( 14

43
, 29

43
)

1 080

169

0 12
TT-disjoint at 8

0 1 2 3 4 5 6 7 8 9
0 - 3 4 4 7 6 6 6 7 8
1 3 - 7 7 4 7 7 7 6 5
2 4 7 - 6 3 6 6 8 5 6
3 4 7 6 - 5 2 6 4 7 4
4 7 4 3 5 - 5 5 5 8 7
5 6 7 6 2 5 - 4 6 5 6
6 6 7 6 6 5 4 - 6 7 2
7 6 7 8 4 5 6 6 - 3 8
8 7 6 5 7 8 5 7 3 - 5
9 8 5 6 4 7 6 2 8 5 -

≥ 38; SMAPO# 3286

0 1 2 3 4 5 6 7 8 9
0 - 2 3 5 5 6 6 6 7 7
1 2 - 5 7 3 8 8 8 5 5
2 3 5 - 6 2 7 7 7 6 6
3 5 7 6 - 6 3 9 5 8 6
4 5 3 2 6 - 5 5 5 8 8
5 6 8 7 3 5 - 6 8 5 9
6 6 8 7 9 5 6 - 8 9 3
7 6 8 7 5 5 8 8 - 3 7
8 7 5 6 8 8 5 9 3 - 6
9 7 5 6 6 8 9 3 7 6 -

≥ 40; SMAPO# 3946

0 1 2 3 4 5 6 7 8 9
0 - 5 7 9 12 12 12 12 13 15
1 5 - 12 14 7 15 15 15 10 10
2 7 12 - 12 5 13 13 15 10 12
3 9 14 12 - 11 5 15 9 14 10
4 12 7 5 11 - 10 10 10 15 15
5 12 15 13 5 10 - 10 14 9 15
6 12 15 13 15 10 10 - 14 15 5
7 12 15 15 9 10 14 14 - 5 15
8 13 10 10 14 15 9 15 5 - 10
9 15 10 12 10 15 15 5 15 10 -

≥ 76; ( 80

169
, 89

169
)

1 050

167

0 12
TT-disjoint at 8

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 3 3 4 5 5 4
1 2 - 5 3 5 3 4 3 3 4
2 3 5 - 4 4 4 5 2 4 3
3 3 3 4 - 4 2 3 4 4 1
4 3 5 4 4 - 4 3 4 2 5
5 3 3 4 2 4 - 1 4 4 3
6 4 4 5 3 3 1 - 3 5 2
7 5 3 2 4 4 4 3 - 4 5
8 5 3 4 4 2 4 5 4 - 3
9 4 4 3 1 5 3 2 5 3 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 3 5 6 6 8 8 8 10 10
1 3 - 8 9 9 9 9 5 7 9
2 5 8 - 11 11 9 11 3 7 7
3 6 9 11 - 10 6 10 8 10 4
4 6 9 11 10 - 12 8 8 4 10
5 8 9 9 6 12 - 4 8 8 10
6 8 9 11 10 8 4 - 8 12 6
7 8 5 3 8 8 8 8 - 8 10
8 10 7 7 10 4 8 12 8 - 8
9 10 9 7 4 10 10 6 10 8 -

≥ 54; SMAPO# 8330

0 1 2 3 4 5 6 7 8 9
0 - 5 8 9 9 11 12 13 14 14
1 5 - 13 12 14 12 13 8 9 13
2 8 13 - 15 15 13 16 5 10 10
3 9 12 15 - 14 8 13 12 13 5
4 9 14 15 14 - 16 11 12 5 15
5 11 12 13 8 16 - 5 12 11 13
6 12 13 16 13 11 5 - 11 16 8
7 13 8 5 12 12 12 11 - 11 15
8 14 9 10 13 5 11 16 11 - 10
9 14 13 10 5 15 13 8 15 10 -

≥ 76; ( 50

167
, 117

167
)

1 016

55

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 2 3 3 3 5 4
1 1 - 3 4 3 2 2 2 4 3
2 2 3 - 5 4 3 1 3 3 2
3 3 4 5 - 3 4 4 4 2 5
4 2 3 4 3 - 3 3 1 5 2
5 3 2 3 4 3 - 4 2 4 1
6 3 2 1 4 3 4 - 4 4 3
7 3 2 3 4 1 2 4 - 4 3
8 5 4 3 2 5 4 4 4 - 3
9 4 3 2 5 2 1 3 3 3 -

≥ 20; SMAPO# 363

0 1 2 3 4 5 6 7 8 9
0 - 4 6 7 7 8 10 11 9 10
1 4 - 10 11 11 8 6 7 9 10
2 6 10 - 11 11 10 4 9 7 8
3 7 11 11 - 8 7 7 10 4 11
4 7 11 11 8 - 11 7 4 10 7
5 8 8 10 7 11 - 10 7 11 4
6 10 6 4 7 7 10 - 9 11 8
7 11 7 9 10 4 7 9 - 10 11
8 9 9 7 4 10 11 11 10 - 7
9 10 10 8 11 7 4 8 11 7 -

≥ 58; SMAPO# 9365

0 1 2 3 4 5 6 7 8 9
0 - 5 8 9 9 11 13 14 14 14
1 5 - 13 14 14 10 8 9 13 13
2 8 13 - 15 15 13 5 12 10 10
3 9 14 15 - 10 10 10 13 5 15
4 9 14 15 10 - 14 10 5 15 9
5 11 10 13 10 14 - 14 9 15 5
6 13 8 5 10 10 14 - 13 15 11
7 14 9 12 13 5 9 13 - 14 14
8 14 13 10 5 15 15 15 14 - 10
9 14 13 10 15 9 5 11 14 10 -

≥ 76; ( 16

55
, 39

55
)

1 048

163

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 2 3 3 3 4 5
1 1 - 3 4 3 2 2 2 3 4
2 2 3 - 5 4 1 3 3 2 3
3 3 4 5 - 3 4 4 4 5 2
4 2 3 4 3 - 3 3 1 2 5
5 3 2 1 4 3 - 4 4 3 4
6 3 2 3 4 3 4 - 2 1 4
7 3 2 3 4 1 4 2 - 3 4
8 4 3 2 5 2 3 1 3 - 3
9 5 4 3 2 5 4 4 4 3 -

≥ 20; SMAPO# 363

0 1 2 3 4 5 6 7 8 9
0 - 4 6 7 7 10 10 11 10 9
1 4 - 10 9 11 6 8 7 8 9
2 6 10 - 11 11 4 10 9 8 7
3 7 9 11 - 8 7 7 8 11 4
4 7 11 11 8 - 9 11 4 7 10
5 10 6 4 7 9 - 10 9 8 11
6 10 8 10 7 11 10 - 7 4 11
7 11 7 9 8 4 9 7 - 11 10
8 10 8 8 11 7 8 4 11 - 7
9 9 9 7 4 10 11 11 10 7 -

≥ 58; SMAPO# 9366

0 1 2 3 4 5 6 7 8 9
0 - 5 8 9 9 13 13 14 14 14
1 5 - 13 12 14 8 10 9 11 13
2 8 13 - 15 15 5 13 12 10 10
3 9 12 15 - 10 10 10 11 15 5
4 9 14 15 10 - 12 14 5 9 15
5 13 8 5 10 12 - 14 13 11 15
6 13 10 13 10 14 14 - 9 5 15
7 14 9 12 11 5 13 9 - 14 14
8 14 11 10 15 9 11 5 14 - 10
9 14 13 10 5 15 15 15 14 10 -

≥ 76; ( 48

163
, 115

163
)



82 Appendix A. Visualization of tilting omplexes for GTSP(10)RHS = 78
1 077

195

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 0 2 3 4 4 6 6 6 6
1 0 - 2 3 4 4 6 6 6 6
2 2 2 - 3 6 6 4 4 6 6
3 3 3 3 - 5 5 5 5 3 3
4 4 4 6 5 - 4 6 2 4 6
5 4 4 6 5 4 - 6 6 6 2
6 6 6 4 5 6 6 - 4 2 6
7 6 6 4 5 2 6 4 - 6 4
8 6 6 6 3 4 6 2 6 - 4
9 6 6 6 3 6 2 6 4 4 -

≥ 28; SMAPO# 1264

0 1 2 3 4 5 6 7 8 9
0 - 2 3 7 6 9 7 8 9 9
1 2 - 5 5 8 7 9 10 11 11
2 3 5 - 4 9 8 6 7 10 10
3 7 5 4 - 9 10 10 9 6 6
4 6 8 9 9 - 7 11 4 7 11
5 9 7 8 10 7 - 10 11 10 4
6 7 9 6 10 11 10 - 7 4 10
7 8 10 7 9 4 11 7 - 11 7
8 9 11 10 6 7 10 4 11 - 8
9 9 11 10 6 11 4 10 7 8 -

≥ 52; SMAPO# 7787

0 1 2 3 4 5 6 7 8 9
0 - 2 4 10 10 13 13 14 15 15
1 2 - 6 8 12 11 15 16 17 17
2 4 6 - 6 14 13 9 10 15 15
3 10 8 6 - 14 15 15 14 9 9
4 10 12 14 14 - 11 17 6 11 17
5 13 11 13 15 11 - 16 17 16 6
6 13 15 9 15 17 16 - 11 6 16
7 14 16 10 14 6 17 11 - 17 11
8 15 17 15 9 11 16 6 17 - 12
9 15 17 15 9 17 6 16 11 12 -

≥ 78; ( 77

195
, 118

195
)

1 027

67

0 12
TT-disjoint at 1

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 5 5 5 5 5 5
1 1 - 4 4 4 6 4 6 6 6
2 3 4 - 4 6 8 2 6 6 6
3 3 4 4 - 6 8 6 6 2 6
4 5 4 6 6 - 4 6 6 6 2
5 5 6 8 8 4 - 6 2 6 6
6 5 4 2 6 6 6 - 4 4 4
7 5 6 6 6 6 2 4 - 8 4
8 5 6 6 2 6 6 4 8 - 8
9 5 6 6 6 2 6 4 4 8 -

≥ 32; SMAPO# 1863

0 1 2 3 4 5 6 7 8 9
0 - 2 5 5 7 7 8 8 8 8
1 2 - 5 7 7 9 8 6 6 10
2 5 5 - 6 8 10 3 7 9 11
3 5 7 6 - 10 10 9 9 3 11
4 7 7 8 10 - 6 11 9 7 3
5 7 9 10 10 6 - 11 3 7 9
6 8 8 3 9 11 11 - 8 6 8
7 8 6 7 9 9 3 8 - 10 6
8 8 6 9 3 7 7 6 10 - 10
9 8 10 11 11 3 9 8 6 10 -

≥ 48; SMAPO# 6631

0 1 2 3 4 5 6 7 8 9
0 - 2 8 8 12 12 13 13 13 13
1 2 - 8 10 10 14 11 11 11 15
2 8 8 - 10 14 18 5 13 15 17
3 8 10 10 - 16 18 15 15 5 17
4 12 10 14 16 - 10 17 15 13 5
5 12 14 18 18 10 - 17 5 13 15
6 13 11 5 15 17 17 - 12 10 12
7 13 11 13 15 15 5 12 - 18 10
8 13 11 15 5 13 13 10 18 - 18
9 13 15 17 17 5 15 12 10 18 -

≥ 78; ( 27

67
, 40

67
)

1 027

67

0 12
TT-disjoint at 1

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 5 5 5 5 5 5
1 1 - 4 4 4 6 4 6 6 6
2 3 4 - 4 6 8 2 6 6 6
3 3 4 4 - 6 8 6 6 2 6
4 5 4 6 6 - 4 6 2 6 6
5 5 6 8 8 4 - 6 6 6 2
6 5 4 2 6 6 6 - 4 4 4
7 5 6 6 6 2 6 4 - 8 4
8 5 6 6 2 6 6 4 8 - 8
9 5 6 6 6 6 2 4 4 8 -

≥ 32; SMAPO# 1863

0 1 2 3 4 5 6 7 8 9
0 - 2 5 5 7 7 8 8 8 8
1 2 - 5 7 7 9 8 6 6 10
2 5 5 - 6 8 10 3 7 9 11
3 5 7 6 - 10 10 9 9 3 11
4 7 7 8 10 - 6 11 3 7 9
5 7 9 10 10 6 - 11 9 7 3
6 8 8 3 9 11 11 - 8 6 8
7 8 6 7 9 3 9 8 - 10 6
8 8 6 9 3 7 7 6 10 - 10
9 8 10 11 11 9 3 8 6 10 -

≥ 48; SMAPO# 6630

0 1 2 3 4 5 6 7 8 9
0 - 2 8 8 12 12 13 13 13 13
1 2 - 8 10 10 14 11 11 11 15
2 8 8 - 10 14 18 5 13 15 17
3 8 10 10 - 16 18 15 15 5 17
4 12 10 14 16 - 10 17 5 13 15
5 12 14 18 18 10 - 17 15 13 5
6 13 11 5 15 17 17 - 12 10 12
7 13 11 13 15 5 15 12 - 18 10
8 13 11 15 5 13 13 10 18 - 18
9 13 15 17 17 15 5 12 10 18 -

≥ 78; ( 27

67
, 40

67
)

1 019

94

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 0 1 1 2 3 2 3 2 3
1 0 - 1 1 2 3 2 3 2 3
2 1 1 - 2 3 2 3 2 3 4
3 1 1 2 - 3 2 1 2 3 2
4 2 2 3 3 - 3 2 1 2 3
5 3 3 2 2 3 - 1 2 3 4
6 2 2 3 1 2 1 - 3 2 3
7 3 3 2 2 1 2 3 - 3 2
8 2 2 3 3 2 3 2 3 - 1
9 3 3 4 2 3 4 3 2 1 -

≥ 14; SMAPO# 136

0 1 2 3 4 5 6 7 8 9
0 - 3 4 9 9 9 10 10 12 11
1 3 - 7 6 10 12 13 13 9 14
2 4 7 - 5 11 7 12 8 10 13
3 9 6 5 - 12 12 7 11 13 8
4 9 10 11 12 - 14 9 5 9 14
5 9 12 7 12 14 - 5 9 13 14
6 10 13 12 7 9 5 - 14 12 11
7 10 13 8 11 5 9 14 - 14 9
8 12 9 10 13 9 13 12 14 - 5
9 11 14 13 8 14 14 11 9 5 -

≥ 66; SMAPO# 11465

0 1 2 3 4 5 6 7 8 9
0 - 3 4 10 11 12 12 13 14 14
1 3 - 7 7 12 15 15 16 11 17
2 4 7 - 6 13 8 14 9 12 16
3 10 7 6 - 15 14 8 13 16 10
4 11 12 13 15 - 17 11 6 11 17
5 12 15 8 14 17 - 6 11 16 18
6 12 15 14 8 11 6 - 17 14 14
7 13 16 9 13 6 11 17 - 17 11
8 14 11 12 16 11 16 14 17 - 6
9 14 17 16 10 17 18 14 11 6 -

≥ 78; ( 19

94
, 75

94
)

1 059

187

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 2 4 3 3 4 4
1 1 - 3 3 3 5 4 2 3 5
2 2 3 - 6 2 4 3 1 6 4
3 4 3 6 - 6 6 5 5 4 2
4 2 3 2 6 - 4 1 3 6 4
5 4 5 4 6 4 - 5 3 2 4
6 3 4 3 5 1 5 - 2 5 5
7 3 2 1 5 3 3 2 - 5 3
8 4 3 6 4 6 2 5 5 - 6
9 4 5 4 2 4 4 5 3 6 -

≥ 24; SMAPO# 724

0 1 2 3 4 5 6 7 8 9
0 - 3 6 6 7 6 9 10 9 10
1 3 - 9 7 10 9 10 7 6 9
2 6 9 - 12 7 10 11 4 11 10
3 6 7 12 - 13 10 9 10 7 4
4 7 10 7 13 - 9 4 11 12 9
5 6 9 10 10 9 - 11 6 3 6
6 9 10 11 9 4 11 - 7 12 13
7 10 7 4 10 11 6 7 - 9 8
8 9 6 11 7 12 3 12 9 - 9
9 10 9 10 4 9 6 13 8 9 -

≥ 56; SMAPO# 8969

0 1 2 3 4 5 6 7 8 9
0 - 4 8 9 9 10 12 13 13 14
1 4 - 12 9 13 14 14 9 9 14
2 8 12 - 17 9 14 14 5 17 14
3 9 9 17 - 18 15 13 14 10 5
4 9 13 9 18 - 13 5 14 18 13
5 10 14 14 15 13 - 16 9 5 10
6 12 14 14 13 5 16 - 9 17 18
7 13 9 5 14 14 9 9 - 14 11
8 13 9 17 10 18 5 17 14 - 15
9 14 14 14 5 13 10 18 11 15 -

≥ 78; ( 59

187
, 128

187
)

1 025

87

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 3 3 4 4 5 5
1 1 - 3 4 4 2 3 3 4 4
2 2 3 - 5 5 1 4 4 3 3
3 3 4 5 - 4 4 3 5 2 4
4 3 4 5 4 - 4 5 3 4 2
5 3 2 1 4 4 - 3 3 4 4
6 4 3 4 3 5 3 - 2 5 3
7 4 3 4 5 3 3 2 - 3 5
8 5 4 3 2 4 4 5 3 - 4
9 5 4 3 4 2 4 3 5 4 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 4 6 8 7 10 10 11 10 10
1 4 - 10 10 11 6 10 7 10 10
2 6 10 - 12 11 4 10 9 8 8
3 8 10 12 - 7 8 8 11 4 8
4 7 11 11 7 - 9 9 6 11 3
5 10 6 4 8 9 - 8 9 12 8
6 10 10 10 8 9 8 - 3 10 6
7 11 7 9 11 6 9 3 - 7 9
8 10 10 8 4 11 12 10 7 - 8
9 10 10 8 8 3 8 6 9 8 -

≥ 56; SMAPO# 8806

0 1 2 3 4 5 6 7 8 9
0 - 5 8 10 10 13 14 15 15 15
1 5 - 13 13 15 8 13 10 14 14
2 8 13 - 16 16 5 14 13 11 11
3 10 13 16 - 10 11 10 15 5 11
4 10 15 16 10 - 13 14 9 15 5
5 13 8 5 11 13 - 11 12 16 12
6 14 13 14 10 14 11 - 5 15 9
7 15 10 13 15 9 12 5 - 10 14
8 15 14 11 5 15 16 15 10 - 12
9 15 14 11 11 5 12 9 14 12 -

≥ 78; ( 25

87
, 62

87
)



A.1. odim(F ) = 2 83
1 05

11

0 12
TT-disjoint at 7

0 1 2 3 4 5 6 7 8 9
0 - 3 4 4 6 6 7 7 6 8
1 3 - 7 7 7 7 4 6 7 5
2 4 7 - 6 6 8 3 5 6 6
3 4 7 6 - 2 4 5 7 6 4
4 6 7 6 2 - 6 5 5 4 6
5 6 7 8 4 6 - 5 3 6 8
6 7 4 3 5 5 5 - 8 5 7
7 7 6 5 7 5 3 8 - 7 5
8 6 7 6 6 4 6 5 7 - 2
9 8 5 6 4 6 8 7 5 2 -

≥ 38; SMAPO# 3286

0 1 2 3 4 5 6 7 8 9
0 - 2 4 5 6 6 6 7 8 7
1 2 - 6 7 8 8 4 5 8 5
2 4 6 - 7 6 8 2 7 8 7
3 5 7 7 - 3 5 7 8 9 6
4 6 8 6 3 - 8 6 5 6 9
5 6 8 8 5 8 - 6 3 8 7
6 6 4 2 7 6 6 - 9 6 9
7 7 5 7 8 5 3 9 - 9 6
8 8 8 8 9 6 8 6 9 - 3
9 7 5 7 6 9 7 9 6 3 -

≥ 42; SMAPO# 4542

0 1 2 3 4 5 6 7 8 9
0 - 5 8 9 12 12 13 13 14 15
1 5 - 13 14 15 15 8 10 15 10
2 8 13 - 13 12 16 5 11 14 13
3 9 14 13 - 5 9 12 14 15 10
4 12 15 12 5 - 14 11 9 10 15
5 12 15 16 9 14 - 11 5 14 15
6 13 8 5 12 11 11 - 16 11 16
7 13 10 11 14 9 5 16 - 15 10
8 14 15 14 15 10 14 11 15 - 5
9 15 10 13 10 15 15 16 10 5 -

≥ 78; ( 5

11
, 6

11
)

1 05

11

0 12
TT-disjoint at 6

0 1 2 3 4 5 6 7 8 9
0 - 3 4 4 6 7 7 6 6 8
1 3 - 7 7 7 4 6 7 7 5
2 4 7 - 6 6 3 5 6 8 6
3 4 7 6 - 2 5 7 6 4 4
4 6 7 6 2 - 5 5 4 6 6
5 7 4 3 5 5 - 8 5 5 7
6 7 6 5 7 5 8 - 7 3 5
7 6 7 6 6 4 5 7 - 6 2
8 6 7 8 4 6 5 3 6 - 8
9 8 5 6 4 6 7 5 2 8 -

≥ 38; SMAPO# 3286

0 1 2 3 4 5 6 7 8 9
0 - 2 4 5 6 6 7 8 8 7
1 2 - 6 7 8 4 5 8 8 5
2 4 6 - 5 6 2 7 8 8 7
3 5 7 5 - 3 7 8 9 5 6
4 6 8 6 3 - 6 5 6 8 9
5 6 4 2 7 6 - 9 6 6 9
6 7 5 7 8 5 9 - 9 3 6
7 8 8 8 9 6 6 9 - 8 3
8 8 8 8 5 8 6 3 8 - 7
9 7 5 7 6 9 9 6 3 7 -

≥ 42; SMAPO# 4540

0 1 2 3 4 5 6 7 8 9
0 - 5 8 9 12 13 13 14 14 15
1 5 - 13 14 15 8 10 15 15 10
2 8 13 - 11 12 5 11 14 16 13
3 9 14 11 - 5 12 14 15 9 10
4 12 15 12 5 - 11 9 10 14 15
5 13 8 5 12 11 - 16 11 11 16
6 13 10 11 14 9 16 - 15 5 10
7 14 15 14 15 10 11 15 - 14 5
8 14 15 16 9 14 11 5 14 - 15
9 15 10 13 10 15 16 10 5 15 -

≥ 78; ( 5

11
, 6

11
)

1 025

87

0 12
TT-disjoint at 8

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 3 3 5 4 5 4
1 2 - 5 3 5 3 3 4 3 4
2 3 5 - 4 4 4 2 5 4 3
3 3 3 4 - 4 2 4 3 4 1
4 3 5 4 4 - 4 4 3 2 5
5 3 3 4 2 4 - 4 1 4 3
6 5 3 2 4 4 4 - 3 4 5
7 4 4 5 3 3 1 3 - 5 2
8 5 3 4 4 2 4 4 5 - 3
9 4 4 3 1 5 3 5 2 3 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 3 5 6 6 7 8 9 10 10
1 3 - 8 9 9 10 5 10 7 9
2 5 8 - 11 11 10 3 12 7 7
3 6 9 11 - 12 7 8 11 10 4
4 6 9 11 12 - 13 8 9 4 10
5 7 10 10 7 13 - 9 4 9 11
6 8 5 3 8 8 9 - 9 8 10
7 9 10 12 11 9 4 9 - 13 7
8 10 7 7 10 4 9 8 13 - 8
9 10 9 7 4 10 11 10 7 8 -

≥ 56; SMAPO# 8959

0 1 2 3 4 5 6 7 8 9
0 - 5 8 9 9 10 13 13 14 14
1 5 - 13 12 14 13 8 14 9 13
2 8 13 - 15 15 14 5 17 10 10
3 9 12 15 - 16 9 12 14 13 5
4 9 14 15 16 - 17 12 12 5 15
5 10 13 14 9 17 - 13 5 12 14
6 13 8 5 12 12 13 - 12 11 15
7 13 14 17 14 12 5 12 - 17 9
8 14 9 10 13 5 12 11 17 - 10
9 14 13 10 5 15 14 15 9 10 -

≥ 78; ( 25

87
, 62

87
)RHS = 80

1 050

181

0 12
TT-disjoint at 8

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 3 3 5 4 5 4
1 2 - 5 3 5 3 3 4 3 4
2 3 5 - 4 4 4 2 5 4 3
3 3 3 4 - 4 2 4 3 4 1
4 3 5 4 4 - 4 4 3 2 5
5 3 3 4 2 4 - 4 1 4 3
6 5 3 2 4 4 4 - 3 4 5
7 4 4 5 3 3 1 3 - 5 2
8 5 3 4 4 2 4 4 5 - 3
9 4 4 3 1 5 3 5 2 3 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 3 6 7 7 8 9 10 11 11
1 3 - 9 10 10 9 6 11 8 10
2 6 9 - 11 11 10 3 12 7 7
3 7 10 11 - 12 7 10 11 10 4
4 7 10 11 12 - 13 8 9 4 10
5 8 9 10 7 13 - 9 4 9 11
6 9 6 3 10 8 9 - 9 8 10
7 10 11 12 11 9 4 9 - 13 7
8 11 8 7 10 4 9 8 13 - 8
9 11 10 7 4 10 11 10 7 8 -

≥ 58; SMAPO# 9446

0 1 2 3 4 5 6 7 8 9
0 - 5 9 10 10 11 14 14 15 15
1 5 - 14 13 15 12 9 15 10 14
2 9 14 - 15 15 14 5 17 10 10
3 10 13 15 - 16 9 14 14 13 5
4 10 15 15 16 - 17 12 12 5 15
5 11 12 14 9 17 - 13 5 12 14
6 14 9 5 14 12 13 - 12 11 15
7 14 15 17 14 12 5 12 - 17 9
8 15 10 10 13 5 12 11 17 - 10
9 15 14 10 5 15 14 15 9 10 -

≥ 80; ( 50

181
, 131

181
)

1 050

183

0 12
TT-disjoint at 6

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 3 3 5 4 5 4
1 2 - 5 3 5 3 3 4 3 4
2 3 5 - 4 4 4 2 3 4 5
3 3 3 4 - 4 2 4 3 4 1
4 3 5 4 4 - 4 4 5 2 3
5 3 3 4 2 4 - 4 1 4 3
6 5 3 2 4 4 4 - 5 4 3
7 4 4 3 3 5 1 5 - 3 2
8 5 3 4 4 2 4 4 3 - 5
9 4 4 5 1 3 3 3 2 5 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 3 6 7 7 8 10 10 10 11
1 3 - 9 10 10 9 7 11 7 12
2 6 9 - 11 11 12 4 8 8 11
3 7 10 11 - 12 7 9 11 11 4
4 7 10 11 12 - 11 7 11 3 8
5 8 9 12 7 11 - 8 4 10 11
6 10 7 4 9 7 8 - 12 8 9
7 10 11 8 11 11 4 12 - 8 7
8 10 7 8 11 3 10 8 8 - 11
9 11 12 11 4 8 11 9 7 11 -

≥ 58; SMAPO# 9385

0 1 2 3 4 5 6 7 8 9
0 - 5 9 10 10 11 14 14 15 15
1 5 - 14 13 15 12 9 15 10 16
2 9 14 - 15 15 16 5 11 12 16
3 10 13 15 - 16 9 12 14 15 5
4 10 15 15 16 - 15 10 16 5 11
5 11 12 16 9 15 - 11 5 14 14
6 14 9 5 12 10 11 - 16 11 11
7 14 15 11 14 16 5 16 - 11 9
8 15 10 12 15 5 14 11 11 - 16
9 15 16 16 5 11 14 11 9 16 -

≥ 80; ( 50

183
, 133

183
)

1 050

183

0 12
TT-disjoint at 6

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 3 3 5 4 5 4
1 2 - 5 3 5 3 3 4 3 4
2 3 5 - 4 4 4 2 3 4 5
3 3 3 4 - 4 2 4 3 4 1
4 3 5 4 4 - 4 4 5 2 3
5 3 3 4 2 4 - 4 1 4 3
6 5 3 2 4 4 4 - 5 4 3
7 4 4 3 3 5 1 5 - 3 2
8 5 3 4 4 2 4 4 3 - 5
9 4 4 5 1 3 3 3 2 5 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 3 6 7 7 10 10 10 10 11
1 3 - 9 10 10 9 7 11 7 12
2 6 9 - 9 11 12 4 8 8 11
3 7 10 9 - 12 7 9 11 11 4
4 7 10 11 12 - 11 7 11 3 8
5 10 9 12 7 11 - 8 4 10 11
6 10 7 4 9 7 8 - 12 8 9
7 10 11 8 11 11 4 12 - 8 7
8 10 7 8 11 3 10 8 8 - 11
9 11 12 11 4 8 11 9 7 11 -

≥ 58; SMAPO# 9386

0 1 2 3 4 5 6 7 8 9
0 - 5 9 10 10 13 14 14 15 15
1 5 - 14 13 15 12 9 15 10 16
2 9 14 - 13 15 16 5 11 12 16
3 10 13 13 - 16 9 12 14 15 5
4 10 15 15 16 - 15 10 16 5 11
5 13 12 16 9 15 - 11 5 14 14
6 14 9 5 12 10 11 - 16 11 11
7 14 15 11 14 16 5 16 - 11 9
8 15 10 12 15 5 14 11 11 - 16
9 15 16 16 5 11 14 11 9 16 -

≥ 80; ( 50

183
, 133

183
)



84 Appendix A. Visualization of tilting omplexes for GTSP(10)
1 029

61

0 12
TT-disjoint at 0

0 1 2 3 4 5 6 7 8 9
0 - 3 5 5 5 5 6 7 7 8
1 3 - 8 6 6 8 7 8 4 5
2 5 8 - 6 2 8 9 6 4 7
3 5 6 6 - 4 6 7 8 2 7
4 5 6 2 4 - 6 7 8 6 5
5 5 8 8 6 6 - 5 8 6 3
6 6 7 9 7 7 5 - 3 5 8
7 7 8 6 8 8 8 3 - 8 5
8 7 4 4 2 6 6 5 8 - 5
9 8 5 7 7 5 3 8 5 5 -

≥ 40; SMAPO# 3896

0 1 2 3 4 5 6 7 8 9
0 - 3 5 5 6 6 5 7 8 8
1 3 - 6 8 7 7 8 8 5 5
2 5 6 - 8 3 9 8 6 5 7
3 5 8 8 - 5 7 8 8 3 7
4 6 7 3 5 - 6 7 9 8 6
5 6 7 9 7 6 - 5 7 8 2
6 5 8 8 8 7 5 - 2 7 7
7 7 8 6 8 9 7 2 - 9 5
8 8 5 5 3 8 8 7 9 - 6
9 8 5 7 7 6 2 7 5 6 -

≥ 42; SMAPO# 4524

0 1 2 3 4 5 6 7 8 9
0 - 5 9 9 10 10 10 13 14 15
1 5 - 14 14 13 15 15 16 9 10
2 9 14 - 14 5 17 17 12 9 14
3 9 14 14 - 9 13 15 16 5 14
4 10 13 5 9 - 12 14 17 14 11
5 10 15 17 13 12 - 10 15 14 5
6 10 15 17 15 14 10 - 5 12 15
7 13 16 12 16 17 15 5 - 17 10
8 14 9 9 5 14 14 12 17 - 11
9 15 10 14 14 11 5 15 10 11 -

≥ 80; ( 29

61
, 32

61
)

1 029

61

0 12
TT-disjoint at 7

0 1 2 3 4 5 6 7 8 9
0 - 2 4 4 5 4 6 7 7 6
1 2 - 6 6 7 6 6 5 7 4
2 4 6 - 8 5 8 8 7 3 6
3 4 6 8 - 9 8 6 3 7 6
4 5 7 5 9 - 7 3 6 8 7
5 4 6 8 8 7 - 8 5 5 2
6 6 6 8 6 3 8 - 9 5 6
7 7 5 7 3 6 5 9 - 6 7
8 7 7 3 7 8 5 5 6 - 7
9 6 4 6 6 7 2 6 7 7 -

≥ 40; SMAPO# 3899

0 1 2 3 4 5 6 7 8 9
0 - 3 5 5 5 6 7 8 7 9
1 3 - 6 8 6 9 6 5 8 6
2 5 6 - 8 4 7 6 7 2 8
3 5 8 8 - 8 7 6 3 8 8
4 5 6 4 8 - 7 2 7 6 8
5 6 9 7 7 7 - 9 6 5 3
6 7 6 6 6 2 9 - 9 4 6
7 8 5 7 3 7 6 9 - 5 9
8 7 8 2 8 6 5 4 5 - 8
9 9 6 8 8 8 3 6 9 8 -

≥ 42; SMAPO# 4540

0 1 2 3 4 5 6 7 8 9
0 - 5 9 9 10 10 13 14 14 15
1 5 - 12 14 13 15 12 9 15 10
2 9 12 - 16 9 15 14 13 5 14
3 9 14 16 - 17 15 12 5 15 14
4 10 13 9 17 - 14 5 12 14 15
5 10 15 15 15 14 - 17 10 10 5
6 13 12 14 12 5 17 - 17 9 12
7 14 9 13 5 12 10 17 - 10 15
8 14 15 5 15 14 10 9 10 - 15
9 15 10 14 14 15 5 12 15 15 -

≥ 80; ( 29

61
, 32

61
)RHS = 82

1 076

241

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 1 4 4 4 4 5 6 6
1 1 - 2 3 3 5 5 4 7 5
2 1 2 - 5 5 5 3 6 5 7
3 4 3 5 - 4 2 6 3 4 6
4 4 3 5 4 - 6 2 5 8 6
5 4 5 5 2 6 - 4 1 4 4
6 4 5 3 6 2 4 - 3 6 4
7 5 4 6 3 5 1 3 - 5 3
8 6 7 5 4 8 4 6 5 - 2
9 6 5 7 6 6 4 4 3 2 -

≥ 26; SMAPO# 1162

0 1 2 3 4 5 6 7 8 9
0 - 2 2 9 8 8 8 11 12 14
1 2 - 4 7 6 8 10 9 14 12
2 2 4 - 7 10 10 6 13 10 16
3 9 7 7 - 9 3 13 6 9 15
4 8 6 10 9 - 10 4 11 16 14
5 8 8 10 3 10 - 10 3 12 12
6 8 10 6 13 4 10 - 7 16 10
7 11 9 13 6 11 3 7 - 15 9
8 12 14 10 9 16 12 16 15 - 6
9 14 12 16 15 14 12 10 9 6 -

≥ 58; SMAPO# 9854

0 1 2 3 4 5 6 7 8 9
0 - 3 3 12 12 12 12 16 18 20
1 3 - 6 9 9 13 15 13 21 17
2 3 6 - 11 15 15 9 19 15 23
3 12 9 11 - 12 4 18 8 12 20
4 12 9 15 12 - 16 6 16 24 20
5 12 13 15 4 16 - 14 4 16 16
6 12 15 9 18 6 14 - 10 22 14
7 16 13 19 8 16 4 10 - 20 12
8 18 21 15 12 24 16 22 20 - 8
9 20 17 23 20 20 16 14 12 8 -

≥ 82; ( 76

241
, 165

241
)

1 0157

412

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 2 2 5 8 8 9 10 11 13
1 2 - 4 3 10 10 11 12 9 11
2 2 4 - 7 6 6 11 10 11 13
3 5 3 7 - 13 13 8 9 8 10
4 8 10 6 13 - 10 5 14 15 9
5 8 10 6 13 10 - 13 12 5 17
6 9 11 11 8 5 13 - 9 16 14
7 10 12 10 9 14 12 9 - 17 5
8 11 9 11 8 15 5 16 17 - 12
9 13 11 13 10 9 17 14 5 12 -

≥ 62; SMAPO# 10880

0 1 2 3 4 5 6 7 8 9
0 - 4 4 8 14 14 15 18 21 21
1 4 - 8 4 18 18 15 18 17 17
2 4 8 - 12 10 10 19 16 19 19
3 8 4 12 - 22 22 13 16 13 13
4 14 18 10 22 - 18 9 24 27 15
5 14 18 10 22 18 - 21 18 9 27
6 15 15 19 13 9 21 - 15 24 24
7 18 18 16 16 24 18 15 - 27 9
8 21 17 19 13 27 9 24 27 - 18
9 21 17 19 13 15 27 24 9 18 -

≥ 104; SMAPO# 14973

0 1 2 3 4 5 6 7 8 9
0 - 3 3 6 11 11 12 14 16 17
1 3 - 6 3 14 14 13 15 13 14
2 3 6 - 9 8 8 15 13 15 16
3 6 3 9 - 17 17 10 12 10 11
4 11 14 8 17 - 14 7 19 21 12
5 11 14 8 17 14 - 17 15 7 22
6 12 13 15 10 7 17 - 12 20 19
7 14 15 13 12 19 15 12 - 22 7
8 16 13 15 10 21 7 20 22 - 15
9 17 14 16 11 12 22 19 7 15 -

≥ 82; ( 157

412
, 255

412
)

1 05

19

0 12
TT-disjoint at 7

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 3 3 5 5 4 4
1 2 - 5 3 3 5 3 3 4 4
2 3 5 - 4 4 4 2 4 3 5
3 3 3 4 - 2 4 4 4 3 1
4 3 3 4 2 - 4 4 4 1 3
5 3 5 4 4 4 - 4 2 5 3
6 5 3 2 4 4 4 - 4 5 3
7 5 3 4 4 4 2 4 - 3 5
8 4 4 3 3 1 5 5 3 - 2
9 4 4 5 1 3 3 3 5 2 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 3 6 7 7 7 9 11 11 11
1 3 - 9 10 10 10 6 8 10 12
2 6 9 - 11 11 11 3 7 7 13
3 7 10 11 - 8 14 10 10 12 4
4 7 10 11 8 - 14 10 12 4 12
5 7 10 11 14 14 - 8 4 10 10
6 9 6 3 10 10 8 - 8 10 10
7 11 8 7 10 12 4 8 - 8 14
8 11 10 7 12 4 10 10 8 - 8
9 11 12 13 4 12 10 10 14 8 -

≥ 60; SMAPO# 10108

0 1 2 3 4 5 6 7 8 9
0 - 5 9 10 10 10 14 15 15 15
1 5 - 14 13 13 15 9 10 14 16
2 9 14 - 15 15 15 5 10 10 18
3 10 13 15 - 10 18 14 13 15 5
4 10 13 15 10 - 18 14 15 5 15
5 10 15 15 18 18 - 12 5 15 13
6 14 9 5 14 14 12 - 11 15 13
7 15 10 10 13 15 5 11 - 10 18
8 15 14 10 15 5 15 15 10 - 10
9 15 16 18 5 15 13 13 18 10 -

≥ 82; ( 5

19
, 14

19
)

1 025

96

0 12
TT-disjoint at 6

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 3 3 5 5 4 4
1 2 - 5 3 3 5 3 3 4 4
2 3 5 - 4 4 4 2 4 3 5
3 3 3 4 - 2 4 4 4 1 3
4 3 3 4 2 - 4 4 4 3 1
5 3 5 4 4 4 - 4 2 5 3
6 5 3 2 4 4 4 - 4 5 3
7 5 3 4 4 4 2 4 - 3 5
8 4 4 3 1 3 5 5 3 - 2
9 4 4 5 3 1 3 3 5 2 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 3 6 7 7 7 10 10 11 11
1 3 - 9 10 10 10 7 7 12 12
2 6 9 - 13 13 11 4 8 9 11
3 7 10 13 - 8 12 9 11 4 12
4 7 10 13 8 - 12 11 11 12 4
5 7 10 11 12 12 - 7 3 12 8
6 10 7 4 9 11 7 - 8 13 9
7 10 7 8 11 11 3 8 - 9 11
8 11 12 9 4 12 12 13 9 - 8
9 11 12 11 12 4 8 9 11 8 -

≥ 60; SMAPO# 9988

0 1 2 3 4 5 6 7 8 9
0 - 5 9 10 10 10 14 15 15 15
1 5 - 14 13 13 15 9 10 16 16
2 9 14 - 17 17 15 5 12 12 16
3 10 13 17 - 10 16 12 15 5 15
4 10 13 17 10 - 16 14 15 15 5
5 10 15 15 16 16 - 10 5 17 11
6 14 9 5 12 14 10 - 11 17 11
7 15 10 12 15 15 5 11 - 12 16
8 15 16 12 5 15 17 17 12 - 10
9 15 16 16 15 5 11 11 16 10 -

≥ 82; ( 25

96
, 71

96
)



A.1. odim(F ) = 2 85
1 047

95

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 3 5 6 5 8 8 7 7 8
1 3 - 8 7 8 5 5 6 8 7
2 5 8 - 9 8 3 7 6 6 7
3 6 7 9 - 5 6 8 3 7 6
4 5 8 8 5 - 7 5 8 2 7
5 8 5 3 6 7 - 8 9 7 6
6 8 5 7 8 5 8 - 5 7 2
7 7 6 6 3 8 9 5 - 6 7
8 7 8 6 7 2 7 7 6 - 5
9 8 7 7 6 7 6 2 7 5 -

≥ 42; SMAPO# 4504

0 1 2 3 4 5 6 7 8 9
0 - 2 4 5 5 6 7 8 8 8
1 2 - 6 7 7 4 5 6 8 6
2 4 6 - 9 9 2 7 6 6 6
3 5 7 9 - 6 7 8 3 9 5
4 5 7 9 6 - 7 6 7 3 9
5 6 4 2 7 7 - 7 8 8 6
6 7 5 7 8 6 7 - 5 9 3
7 8 6 6 3 7 8 5 - 8 8
8 8 8 6 9 3 8 9 8 - 6
9 8 6 6 5 9 6 3 8 6 -

≥ 42; SMAPO# 4542

0 1 2 3 4 5 6 7 8 9
0 - 5 9 10 10 14 15 15 15 16
1 5 - 14 13 15 9 10 12 16 13
2 9 14 - 17 17 5 14 12 12 13
3 10 13 17 - 10 12 15 5 15 10
4 10 15 17 10 - 14 11 15 5 16
5 14 9 5 12 14 - 15 17 15 12
6 15 10 14 15 11 15 - 10 16 5
7 15 12 12 5 15 17 10 - 14 15
8 15 16 12 15 5 15 16 14 - 11
9 16 13 13 10 16 12 5 15 11 -

≥ 82; ( 47

95
, 48

95
)

1 047

95

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 3 5 6 5 8 8 7 7 8
1 3 - 8 7 8 5 5 8 8 7
2 5 8 - 9 8 3 7 6 6 7
3 6 7 9 - 5 6 8 3 7 6
4 5 8 8 5 - 7 5 8 2 7
5 8 5 3 6 7 - 6 9 7 6
6 8 5 7 8 5 6 - 5 7 2
7 7 8 6 3 8 9 5 - 6 7
8 7 8 6 7 2 7 7 6 - 5
9 8 7 7 6 7 6 2 7 5 -

≥ 42; SMAPO# 4505

0 1 2 3 4 5 6 7 8 9
0 - 2 4 5 5 6 7 8 8 8
1 2 - 6 7 7 4 5 8 8 6
2 4 6 - 9 9 2 7 6 6 6
3 5 7 9 - 6 7 8 3 9 5
4 5 7 9 6 - 7 6 7 3 9
5 6 4 2 7 7 - 5 8 8 6
6 7 5 7 8 6 5 - 5 9 3
7 8 8 6 3 7 8 5 - 8 8
8 8 8 6 9 3 8 9 8 - 6
9 8 6 6 5 9 6 3 8 6 -

≥ 42; SMAPO# 4540

0 1 2 3 4 5 6 7 8 9
0 - 5 9 10 10 14 15 15 15 16
1 5 - 14 13 15 9 10 16 16 13
2 9 14 - 17 17 5 14 12 12 13
3 10 13 17 - 10 12 15 5 15 10
4 10 15 17 10 - 14 11 15 5 16
5 14 9 5 12 14 - 11 17 15 12
6 15 10 14 15 11 11 - 10 16 5
7 15 16 12 5 15 17 10 - 14 15
8 15 16 12 15 5 15 16 14 - 11
9 16 13 13 10 16 12 5 15 11 -

≥ 82; ( 47

95
, 48

95
)RHS = 84

1 043

191

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 3 3 3 2 4 4
1 1 - 3 3 4 2 4 3 3 3
2 2 3 - 4 5 3 3 4 4 2
3 2 3 4 - 3 3 5 4 2 4
4 3 4 5 3 - 4 2 3 5 3
5 3 2 3 3 4 - 4 1 3 3
6 3 4 3 5 2 4 - 3 3 5
7 2 3 4 4 3 1 3 - 2 2
8 4 3 4 2 5 3 3 2 - 4
9 4 3 2 4 3 3 5 2 4 -

≥ 22; SMAPO# 464

0 1 2 3 4 5 6 7 8 9
0 - 2 7 6 7 9 9 10 10 10
1 2 - 7 8 9 7 9 12 8 12
2 7 7 - 13 14 10 10 15 11 5
3 6 8 13 - 7 13 11 14 4 14
4 7 9 14 7 - 14 4 9 11 9
5 9 7 10 13 14 - 12 5 11 15
6 9 9 10 11 4 12 - 11 7 13
7 10 12 15 14 9 5 11 - 10 10
8 10 8 11 4 11 11 7 10 - 12
9 10 12 5 14 9 15 13 10 12 -

≥ 64; SMAPO# 11117

0 1 2 3 4 5 6 7 8 9
0 - 3 8 8 10 12 12 12 14 14
1 3 - 9 11 13 9 13 15 11 15
2 8 9 - 16 18 12 12 18 14 6
3 8 11 16 - 10 16 16 18 6 18
4 10 13 18 10 - 18 6 12 16 12
5 12 9 12 16 18 - 16 6 14 18
6 12 13 12 16 6 16 - 14 10 18
7 12 15 18 18 12 6 14 - 12 12
8 14 11 14 6 16 14 10 12 - 16
9 14 15 6 18 12 18 18 12 16 -

≥ 84; ( 43

191
, 148

191
)

1 066

199

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 5 4 4 5 4 4
1 1 - 4 4 4 3 3 4 5 5
2 3 4 - 4 6 7 7 2 5 5
3 3 4 4 - 2 7 7 6 5 5
4 5 4 6 2 - 5 5 4 5 5
5 4 3 7 7 5 - 4 5 6 2
6 4 3 7 7 5 4 - 5 2 6
7 5 4 2 6 4 5 5 - 5 5
8 4 5 5 5 5 6 2 5 - 4
9 4 5 5 5 5 2 6 5 4 -

≥ 30; SMAPO# 1506

0 1 2 3 4 5 6 7 8 9
0 - 2 6 5 8 9 9 8 9 9
1 2 - 6 7 6 7 7 10 11 11
2 6 6 - 7 10 13 13 4 9 9
3 5 7 7 - 3 12 12 9 10 10
4 8 6 10 3 - 9 11 6 7 11
5 9 7 13 12 9 - 8 9 12 4
6 9 7 13 12 11 8 - 11 4 12
7 8 10 4 9 6 9 11 - 9 13
8 9 11 9 10 7 12 4 9 - 8
9 9 11 9 10 11 4 12 13 8 -

≥ 56; SMAPO# 9011

0 1 2 3 4 5 6 7 8 9
0 - 3 8 8 13 13 13 13 13 13
1 3 - 9 11 10 10 10 14 16 16
2 8 9 - 10 15 19 19 5 13 13
3 8 11 10 - 5 19 19 15 15 15
4 13 10 15 5 - 14 16 10 12 16
5 13 10 19 19 14 - 12 14 18 6
6 13 10 19 19 16 12 - 16 6 18
7 13 14 5 15 10 14 16 - 14 18
8 13 16 13 15 12 18 6 14 - 12
9 13 16 13 15 16 6 18 18 12 -

≥ 84; ( 66

199
, 133

199
)

1 066

199

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 5 4 4 5 4 4
1 1 - 4 4 4 3 3 4 5 5
2 3 4 - 4 6 7 7 2 5 5
3 3 4 4 - 2 7 7 6 5 5
4 5 4 6 2 - 5 5 4 5 5
5 4 3 7 7 5 - 4 5 6 2
6 4 3 7 7 5 4 - 5 2 6
7 5 4 2 6 4 5 5 - 5 5
8 4 5 5 5 5 6 2 5 - 4
9 4 5 5 5 5 2 6 5 4 -

≥ 30; SMAPO# 1506

0 1 2 3 4 5 6 7 8 9
0 - 2 6 5 8 9 9 8 9 11
1 2 - 6 7 6 7 7 10 11 11
2 6 6 - 7 10 13 13 4 9 9
3 5 7 7 - 3 12 12 9 8 10
4 8 6 10 3 - 9 11 6 7 11
5 9 7 13 12 9 - 8 9 12 4
6 9 7 13 12 11 8 - 11 4 12
7 8 10 4 9 6 9 11 - 9 13
8 9 11 9 8 7 12 4 9 - 8
9 11 11 9 10 11 4 12 13 8 -

≥ 56; SMAPO# 9012

0 1 2 3 4 5 6 7 8 9
0 - 3 8 8 13 13 13 13 13 15
1 3 - 9 11 10 10 10 14 16 16
2 8 9 - 10 15 19 19 5 13 13
3 8 11 10 - 5 19 19 15 13 15
4 13 10 15 5 - 14 16 10 12 16
5 13 10 19 19 14 - 12 14 18 6
6 13 10 19 19 16 12 - 16 6 18
7 13 14 5 15 10 14 16 - 14 18
8 13 16 13 13 12 18 6 14 - 12
9 15 16 13 15 16 6 18 18 12 -

≥ 84; ( 66

199
, 133

199
)

1 0173

420

0 12
TT-disjoint at 0

0 1 2 3 4 5 6 7 8 9
0 - 4 8 9 10 12 11 11 12 15
1 4 - 12 11 12 8 9 15 10 11
2 8 12 - 9 14 10 13 13 4 15
3 9 11 9 - 15 13 12 4 11 8
4 10 12 14 15 - 4 11 11 10 15
5 12 8 10 13 4 - 9 15 14 13
6 11 9 13 12 11 9 - 8 15 4
7 11 15 13 4 11 15 8 - 15 12
8 12 10 4 11 10 14 15 15 - 11
9 15 11 15 8 15 13 4 12 11 -

≥ 70; SMAPO# 12116

0 1 2 3 4 5 6 7 8 9
0 - 5 11 12 11 15 16 16 17 22
1 5 - 14 17 16 10 13 19 14 17
2 11 14 - 13 20 14 19 19 6 23
3 12 17 13 - 21 17 18 6 17 12
4 11 16 20 21 - 6 15 15 14 21
5 15 10 14 17 6 - 15 21 20 21
6 16 13 19 18 15 15 - 12 23 6
7 16 19 19 6 15 21 12 - 23 18
8 17 14 6 17 14 20 23 23 - 17
9 22 17 23 12 21 21 6 18 17 -

≥ 100; SMAPO# 14843

0 1 2 3 4 5 6 7 8 9
0 - 4 9 10 10 13 13 13 14 18
1 4 - 13 14 14 9 11 17 12 14
2 9 13 - 11 17 12 16 16 5 19
3 10 14 11 - 18 15 15 5 14 10
4 10 14 17 18 - 5 13 13 12 18
5 13 9 12 15 5 - 12 18 17 17
6 13 11 16 15 13 12 - 10 19 5
7 13 17 16 5 13 18 10 - 19 15
8 14 12 5 14 12 17 19 19 - 14
9 18 14 19 10 18 17 5 15 14 -

≥ 84; ( 173

420
, 247

420
)



86 Appendix A. Visualization of tilting omplexes for GTSP(10)
1 096

199

0 12
TT-disjoint at 6

0 1 2 3 4 5 6 7 8 9
0 - 3 5 5 5 6 8 7 7 9
1 3 - 6 6 8 9 5 6 8 6
2 5 6 - 4 8 7 7 2 6 8
3 5 6 4 - 8 7 7 6 2 8
4 5 8 8 8 - 7 3 6 8 8
5 6 9 7 7 7 - 6 9 5 3
6 8 5 7 7 3 6 - 9 5 9
7 7 6 2 6 6 9 9 - 4 6
8 7 8 6 2 8 5 5 4 - 8
9 9 6 8 8 8 3 9 6 8 -

≥ 42; SMAPO# 4540

0 1 2 3 4 5 6 7 8 9
0 - 2 5 5 5 5 8 8 8 7
1 2 - 7 7 7 7 6 8 8 5
2 5 7 - 6 10 8 7 3 9 8
3 5 7 6 - 10 8 9 9 3 8
4 5 7 10 10 - 8 3 7 7 6
5 5 7 8 8 8 - 5 9 5 2
6 8 6 7 9 3 5 - 10 6 7
7 8 8 3 9 7 9 10 - 6 7
8 8 8 9 3 7 5 6 6 - 7
9 7 5 8 8 6 2 7 7 7 -

≥ 44; SMAPO# 5162

0 1 2 3 4 5 6 7 8 9
0 - 5 10 10 10 11 15 15 15 16
1 5 - 13 13 15 16 10 14 16 11
2 10 13 - 10 18 15 13 5 15 16
3 10 13 10 - 18 15 15 15 5 16
4 10 15 18 18 - 15 5 13 15 14
5 11 16 15 15 15 - 10 18 10 5
6 15 10 13 15 5 10 - 18 10 15
7 15 14 5 15 13 18 18 - 10 13
8 15 16 15 5 15 10 10 10 - 15
9 16 11 16 16 14 5 15 13 15 -

≥ 84; ( 96

199
, 103

199
)

1 050

199

0 12
TT-disjoint at 0

0 1 2 3 4 5 6 7 8 9
0 - 2 4 3 3 4 4 4 5 5
1 2 - 4 5 5 4 4 4 3 3
2 4 4 - 5 3 4 2 4 3 5
3 3 5 5 - 4 3 3 3 2 4
4 3 5 3 4 - 3 5 1 4 2
5 4 4 4 3 3 - 4 2 3 1
6 4 4 2 3 5 4 - 4 5 3
7 4 4 4 3 1 2 4 - 3 3
8 5 3 3 2 4 3 5 3 - 4
9 5 3 5 4 2 1 3 3 4 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 4 7 8 9 9 10 11 11 13
1 4 - 11 10 11 13 8 13 7 9
2 7 11 - 11 8 12 3 12 8 12
3 8 10 11 - 13 9 8 11 3 11
4 9 11 8 13 - 12 11 4 12 8
5 9 13 12 9 12 - 11 8 8 4
6 10 8 3 8 11 11 - 13 11 9
7 11 13 12 11 4 8 13 - 8 12
8 11 7 8 3 12 8 11 8 - 12
9 13 9 12 11 8 4 9 12 12 -

≥ 62; SMAPO# 10466

0 1 2 3 4 5 6 7 8 9
0 - 5 10 10 11 12 13 14 15 17
1 5 - 15 15 16 17 12 17 10 12
2 10 15 - 16 11 16 5 16 11 17
3 10 15 16 - 17 12 11 14 5 15
4 11 16 11 17 - 15 16 5 16 10
5 12 17 16 12 15 - 15 10 11 5
6 13 12 5 11 16 15 - 17 16 12
7 14 17 16 14 5 10 17 - 11 15
8 15 10 11 5 16 11 16 11 - 16
9 17 12 17 15 10 5 12 15 16 -

≥ 84; ( 50

199
, 149

199
)

RHS = 86
1 047

96

0 12
TT-disjoint at 0

0 1 2 3 4 5 6 7 8 9
0 - 3 5 5 5 6 6 7 9 9
1 3 - 8 6 6 9 7 4 6 8
2 5 8 - 6 2 9 9 4 6 6
3 5 6 6 - 4 7 7 2 8 8
4 5 6 2 4 - 7 7 6 6 8
5 6 9 9 7 7 - 6 7 3 9
6 6 7 9 7 7 6 - 5 9 3
7 7 4 4 2 6 7 5 - 6 8
8 9 6 6 8 6 3 9 6 - 6
9 9 8 6 8 8 9 3 8 6 -

≥ 42; SMAPO# 4551

0 1 2 3 4 5 6 7 8 9
0 - 3 5 5 6 6 6 8 9 9
1 3 - 6 8 7 7 9 5 6 8
2 5 6 - 8 3 9 9 5 6 6
3 5 8 8 - 5 7 9 3 8 8
4 6 7 3 5 - 6 8 8 7 9
5 6 7 9 7 6 - 6 8 3 9
6 6 9 9 9 8 6 - 8 9 3
7 8 5 5 3 8 8 8 - 7 9
8 9 6 6 8 7 3 9 7 - 6
9 9 8 6 8 9 9 3 9 6 -

≥ 46; SMAPO# 5703

0 1 2 3 4 5 6 7 8 9
0 - 5 9 9 10 11 11 14 17 17
1 5 - 14 14 13 16 16 9 12 16
2 9 14 - 14 5 18 18 9 12 12
3 9 14 14 - 9 14 16 5 16 16
4 10 13 5 9 - 13 15 14 13 17
5 11 16 18 14 13 - 12 15 6 18
6 11 16 18 16 15 12 - 13 18 6
7 14 9 9 5 14 15 13 - 13 17
8 17 12 12 16 13 6 18 13 - 12
9 17 16 12 16 17 18 6 17 12 -

≥ 86; ( 47

96
, 49

96
)

RHS = 88
1 050

251

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 0 1 2 3 2 3 3 4 5
1 0 - 1 2 3 2 3 3 4 5
2 1 1 - 3 2 3 4 2 3 4
3 2 2 3 - 1 4 3 3 2 5
4 3 3 2 1 - 3 4 2 1 4
5 2 2 3 4 3 - 5 1 2 3
6 3 3 4 3 4 5 - 4 5 2
7 3 3 2 3 2 1 4 - 3 4
8 4 4 3 2 1 2 5 3 - 3
9 5 5 4 5 4 3 2 4 3 -

≥ 18; SMAPO# 292

0 1 2 3 4 5 6 7 8 9
0 - 2 4 8 10 12 14 14 13 16
1 2 - 6 10 12 10 12 16 15 18
2 4 6 - 8 12 16 18 10 13 12
3 8 10 8 - 4 16 10 10 7 16
4 10 12 12 4 - 12 12 14 3 12
5 12 10 16 16 12 - 18 6 9 12
6 14 12 18 10 12 18 - 20 15 6
7 14 16 10 10 14 6 20 - 15 18
8 13 15 13 7 3 9 15 15 - 9
9 16 18 12 16 12 12 6 18 9 -

≥ 72; SMAPO# 12645

0 1 2 3 4 5 6 7 8 9
0 - 2 5 9 13 14 17 17 17 21
1 2 - 7 11 15 12 15 19 19 23
2 5 7 - 10 14 19 22 12 16 16
3 9 11 10 - 4 19 12 12 8 20
4 13 15 14 4 - 15 16 16 4 16
5 14 12 19 19 15 - 23 7 11 15
6 17 15 22 12 16 23 - 24 20 8
7 17 19 12 12 16 7 24 - 18 22
8 17 19 16 8 4 11 20 18 - 12
9 21 23 16 20 16 15 8 22 12 -

≥ 88; ( 50

251
, 201

251
)

1 076

241

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 4 4 4 5 6 6
1 1 - 3 3 3 5 5 4 7 5
2 2 3 - 6 6 4 4 3 6 4
3 4 3 6 - 4 2 6 3 4 6
4 4 3 6 4 - 6 2 5 8 6
5 4 5 4 2 6 - 6 1 4 4
6 4 5 4 6 2 6 - 7 6 8
7 5 4 3 3 5 1 7 - 5 3
8 6 7 6 4 8 4 6 5 - 2
9 6 5 4 6 6 4 8 3 2 -

≥ 28; SMAPO# 1389

0 1 2 3 4 5 6 7 8 9
0 - 2 4 9 8 8 8 11 12 14
1 2 - 6 7 6 8 10 9 14 12
2 4 6 - 13 12 10 8 7 16 10
3 9 7 13 - 9 3 9 6 9 15
4 8 6 12 9 - 10 4 11 16 14
5 8 8 10 3 10 - 12 3 12 12
6 8 10 8 9 4 12 - 15 12 18
7 11 9 7 6 11 3 15 - 15 9
8 12 14 16 9 16 12 12 15 - 6
9 14 12 10 15 14 12 18 9 6 -

≥ 62; SMAPO# 10896

0 1 2 3 4 5 6 7 8 9
0 - 3 6 12 12 12 12 16 18 20
1 3 - 9 9 9 13 15 13 21 17
2 6 9 - 18 18 14 12 10 22 14
3 12 9 18 - 12 4 14 8 12 20
4 12 9 18 12 - 16 6 16 24 20
5 12 13 14 4 16 - 18 4 16 16
6 12 15 12 14 6 18 - 22 18 26
7 16 13 10 8 16 4 22 - 20 12
8 18 21 22 12 24 16 18 20 - 8
9 20 17 14 20 20 16 26 12 8 -

≥ 88; ( 76

241
, 165

241
)



A.1. odim(F ) = 2 87
1 0142

233

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 4 4 6 4 6 4
1 1 - 3 3 3 5 5 3 5 5
2 2 3 - 6 6 4 4 6 4 4
3 4 3 6 - 4 2 2 4 6 6
4 4 3 6 4 - 2 6 4 2 6
5 4 5 4 2 2 - 4 6 4 4
6 6 5 4 2 6 4 - 6 4 8
7 4 3 6 4 4 6 6 - 6 2
8 6 5 4 6 2 4 4 6 - 8
9 4 5 4 6 6 4 8 2 8 -

≥ 28; SMAPO# 1404

0 1 2 3 4 5 6 7 8 9
0 - 2 2 4 6 6 3 8 4 8
1 2 - 4 6 4 8 5 6 6 10
2 2 4 - 6 8 4 5 10 6 6
3 4 6 6 - 4 2 1 8 4 8
4 6 4 8 4 - 4 5 6 2 10
5 6 8 4 2 4 - 3 10 6 6
6 3 5 5 1 5 3 - 7 3 7
7 8 6 10 8 6 10 7 - 8 4
8 4 6 6 4 2 6 3 8 - 8
9 8 10 6 8 10 6 7 4 8 -

≥ 36; SMAPO# 3248

0 1 2 3 4 5 6 7 8 9
0 - 4 4 12 14 14 15 16 16 16
1 4 - 8 12 10 18 15 12 16 20
2 4 8 - 16 18 10 11 20 12 12
3 12 12 16 - 12 6 5 16 16 20
4 14 10 18 12 - 8 17 14 6 22
5 14 18 10 6 8 - 11 22 14 14
6 15 15 11 5 17 11 - 19 11 23
7 16 12 20 16 14 22 19 - 20 8
8 16 16 12 16 6 14 11 20 - 24
9 16 20 12 20 22 14 23 8 24 -

≥ 88; ( 142

233
, 91

233
)

1 071

235

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 4 4 6 4 6 4
1 1 - 3 3 3 5 5 3 5 5
2 2 3 - 6 6 4 4 6 4 4
3 4 3 6 - 4 2 2 4 6 6
4 4 3 6 4 - 2 6 4 2 6
5 4 5 4 2 2 - 4 6 4 4
6 6 5 4 2 6 4 - 6 4 8
7 4 3 6 4 4 6 6 - 6 2
8 6 5 4 6 2 4 4 6 - 8
9 4 5 4 6 6 4 8 2 8 -

≥ 28; SMAPO# 1404

0 1 2 3 4 5 6 7 8 9
0 - 3 3 8 10 10 9 12 10 12
1 3 - 6 9 7 13 12 9 11 15
2 3 6 - 11 13 7 8 15 9 9
3 8 9 11 - 8 4 3 12 10 14
4 10 7 13 8 - 6 11 10 4 16
5 10 13 7 4 6 - 7 16 8 10
6 9 12 8 3 11 7 - 15 7 15
7 12 9 15 12 10 16 15 - 14 6
8 10 11 9 10 4 8 7 14 - 16
9 12 15 9 14 16 10 15 6 16 -

≥ 62; SMAPO# 10855

0 1 2 3 4 5 6 7 8 9
0 - 4 4 12 14 14 15 16 16 16
1 4 - 8 12 10 18 17 12 16 20
2 4 8 - 16 18 10 11 20 12 12
3 12 12 16 - 12 6 5 16 16 20
4 14 10 18 12 - 8 17 14 6 22
5 14 18 10 6 8 - 11 22 12 14
6 15 17 11 5 17 11 - 21 11 23
7 16 12 20 16 14 22 21 - 20 8
8 16 16 12 16 6 12 11 20 - 24
9 16 20 12 20 22 14 23 8 24 -

≥ 88; ( 71

235
, 164

235
)

1 083

199

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 2 3 4 5 5 6 6 6 7
1 2 - 5 6 3 7 4 6 6 7
2 3 5 - 7 2 8 5 5 5 8
3 4 6 7 - 5 7 2 8 6 7
4 5 3 2 5 - 6 5 7 5 6
5 5 7 8 7 6 - 5 3 9 6
6 6 4 5 2 5 5 - 8 8 5
7 6 6 5 8 7 3 8 - 6 9
8 6 6 5 6 5 9 8 6 - 3
9 7 7 8 7 6 6 5 9 3 -

≥ 38; SMAPO# 3320

0 1 2 3 4 5 6 7 8 9
0 - 2 6 5 7 7 8 9 9 9
1 2 - 8 7 5 9 6 7 9 9
2 6 8 - 9 3 11 6 7 7 11
3 5 7 9 - 6 8 3 10 8 10
4 7 5 3 6 - 10 9 8 10 8
5 7 9 11 8 10 - 7 4 12 8
6 8 6 6 3 9 7 - 11 11 7
7 9 7 7 10 8 4 11 - 8 12
8 9 9 7 8 10 12 11 8 - 4
9 9 9 11 10 8 8 7 12 4 -

≥ 52; SMAPO# 7820

0 1 2 3 4 5 6 7 8 9
0 - 4 8 9 12 12 14 15 15 16
1 4 - 12 13 8 16 10 13 15 16
2 8 12 - 15 4 18 10 11 11 18
3 9 13 15 - 11 15 5 18 14 17
4 12 8 4 11 - 16 14 15 15 14
5 12 16 18 15 16 - 12 7 21 14
6 14 10 10 5 14 12 - 19 19 12
7 15 13 11 18 15 7 19 - 14 21
8 15 15 11 14 15 21 19 14 - 7
9 16 16 18 17 14 14 12 21 7 -

≥ 88; ( 83

199
, 116

199
)

1 033

104

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 4 4 5 5 4 4
1 1 - 4 4 3 5 4 4 3 5
2 3 4 - 4 7 5 6 2 7 5
3 3 4 4 - 7 5 2 6 7 5
4 4 3 7 7 - 6 5 5 4 2
5 4 5 5 5 6 - 5 5 2 4
6 5 4 6 2 5 5 - 4 5 5
7 5 4 2 6 5 5 4 - 5 5
8 4 3 7 7 4 2 5 5 - 6
9 4 5 5 5 2 4 5 5 6 -

≥ 30; SMAPO# 1506

0 1 2 3 4 5 6 7 8 9
0 - 3 7 6 9 9 9 9 11 11
1 3 - 8 9 8 12 6 12 8 12
2 7 8 - 7 14 10 10 4 14 10
3 6 9 7 - 13 9 3 9 13 11
4 9 8 14 13 - 12 10 10 8 4
5 9 12 10 9 12 - 6 10 4 8
6 9 6 10 3 10 6 - 6 10 10
7 9 12 4 9 10 10 6 - 12 14
8 11 8 14 13 8 4 10 12 - 12
9 11 12 10 11 4 8 10 14 12 -

≥ 60; SMAPO# 10090

0 1 2 3 4 5 6 7 8 9
0 - 4 9 9 13 13 14 14 15 15
1 4 - 11 13 11 17 10 16 11 17
2 9 11 - 10 20 14 15 5 20 14
3 9 13 10 - 20 14 5 15 20 16
4 13 11 20 20 - 18 15 15 12 6
5 13 17 14 14 18 - 11 15 6 12
6 14 10 15 5 15 11 - 10 15 15
7 14 16 5 15 15 15 10 - 17 19
8 15 11 20 20 12 6 15 17 - 18
9 15 17 14 16 6 12 15 19 18 -

≥ 88; ( 33

104
, 71

104
)

1 033

104

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 4 4 5 5 4 4
1 1 - 4 4 3 5 4 4 3 5
2 3 4 - 4 7 5 6 2 7 5
3 3 4 4 - 7 5 2 6 7 5
4 4 3 7 7 - 6 5 5 4 2
5 4 5 5 5 6 - 5 5 2 4
6 5 4 6 2 5 5 - 4 5 5
7 5 4 2 6 5 5 4 - 5 5
8 4 3 7 7 4 2 5 5 - 6
9 4 5 5 5 2 4 5 5 6 -

≥ 30; SMAPO# 1506

0 1 2 3 4 5 6 7 8 9
0 - 3 7 6 9 9 9 9 11 11
1 3 - 8 9 8 12 6 12 8 12
2 7 8 - 7 14 10 10 4 14 10
3 6 9 7 - 13 9 3 9 13 11
4 9 8 14 13 - 12 10 10 8 4
5 9 12 10 9 12 - 6 12 4 8
6 9 6 10 3 10 6 - 6 10 8
7 9 12 4 9 10 12 6 - 12 14
8 11 8 14 13 8 4 10 12 - 12
9 11 12 10 11 4 8 8 14 12 -

≥ 60; SMAPO# 10089

0 1 2 3 4 5 6 7 8 9
0 - 4 9 9 13 13 14 14 15 15
1 4 - 11 13 11 17 10 16 11 17
2 9 11 - 10 20 14 15 5 20 14
3 9 13 10 - 20 14 5 15 20 16
4 13 11 20 20 - 18 15 15 12 6
5 13 17 14 14 18 - 11 17 6 12
6 14 10 15 5 15 11 - 10 15 13
7 14 16 5 15 15 17 10 - 17 19
8 15 11 20 20 12 6 15 17 - 18
9 15 17 14 16 6 12 13 19 18 -

≥ 88; ( 33

104
, 71

104
)



88 Appendix A. Visualization of tilting omplexes for GTSP(10)RHS = 90
1 033

104

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 5 5 4 4 4 4
1 1 - 4 4 4 4 3 3 5 5
2 3 4 - 4 6 2 7 7 5 5
3 3 4 4 - 2 6 7 7 5 5
4 5 4 6 2 - 4 5 5 5 5
5 5 4 2 6 4 - 5 5 5 5
6 4 3 7 7 5 5 - 4 6 2
7 4 3 7 7 5 5 4 - 2 6
8 4 5 5 5 5 5 6 2 - 4
9 4 5 5 5 5 5 2 6 4 -

≥ 30; SMAPO# 1506

0 1 2 3 4 5 6 7 8 9
0 - 2 6 5 8 8 10 10 11 11
1 2 - 6 7 6 10 8 8 13 13
2 6 6 - 7 10 4 14 14 9 9
3 5 7 7 - 3 9 13 13 10 10
4 8 6 10 3 - 6 10 12 9 11
5 8 10 4 9 6 - 10 12 11 13
6 10 8 14 13 10 10 - 10 15 5
7 10 8 14 13 12 12 10 - 5 15
8 11 13 9 10 9 11 15 5 - 10
9 11 13 9 10 11 13 5 15 10 -

≥ 62; SMAPO# 10666

0 1 2 3 4 5 6 7 8 9
0 - 3 8 8 13 13 14 14 15 15
1 3 - 9 11 10 14 11 11 18 18
2 8 9 - 10 15 5 20 20 13 13
3 8 11 10 - 5 15 20 20 15 15
4 13 10 15 5 - 10 15 17 14 16
5 13 14 5 15 10 - 15 17 16 18
6 14 11 20 20 15 15 - 14 21 7
7 14 11 20 20 17 17 14 - 7 21
8 15 18 13 15 14 16 21 7 - 14
9 15 18 13 15 16 18 7 21 14 -

≥ 90; ( 33

104
, 71

104
)

1 071

235

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 4 4 6 4 6 4
1 1 - 3 3 5 3 5 3 5 5
2 2 3 - 6 4 6 4 6 4 4
3 4 3 6 - 2 4 2 4 6 6
4 4 5 4 2 - 2 4 6 4 4
5 4 3 6 4 2 - 6 4 2 6
6 6 5 4 2 4 6 - 6 4 8
7 4 3 6 4 6 4 6 - 6 2
8 6 5 4 6 4 2 4 6 - 8
9 4 5 4 6 4 6 8 2 8 -

≥ 28; SMAPO# 1404

0 1 2 3 4 5 6 7 8 9
0 - 3 3 8 10 11 9 12 10 12
1 3 - 6 9 13 8 10 9 13 15
2 3 6 - 11 7 14 8 15 9 9
3 8 9 11 - 4 9 3 12 10 14
4 10 13 7 4 - 7 7 16 12 10
5 11 8 14 9 7 - 12 11 5 17
6 9 10 8 3 7 12 - 11 7 15
7 12 9 15 12 16 11 11 - 14 6
8 10 13 9 10 12 5 7 14 - 16
9 12 15 9 14 10 17 15 6 16 -

≥ 64; SMAPO# 11342

0 1 2 3 4 5 6 7 8 9
0 - 4 4 12 14 15 15 16 16 16
1 4 - 8 12 18 11 15 12 18 20
2 4 8 - 16 10 19 11 20 12 12
3 12 12 16 - 6 13 5 16 16 20
4 14 18 10 6 - 9 11 22 16 14
5 15 11 19 13 9 - 18 15 7 23
6 15 15 11 5 11 18 - 17 11 23
7 16 12 20 16 22 15 17 - 20 8
8 16 18 12 16 16 7 11 20 - 24
9 16 20 12 20 14 23 23 8 24 -

≥ 90; ( 71

235
, 164

235
)

1 040

99

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 2 5 4 5 6 6 7 6 6
1 2 - 5 6 7 8 6 5 4 8
2 5 5 - 5 8 7 5 6 7 3
3 4 6 5 - 7 6 6 7 2 6
4 5 7 8 7 - 7 3 4 5 5
5 6 8 7 6 7 - 4 3 4 6
6 6 6 5 6 3 4 - 7 6 8
7 7 5 6 7 4 3 7 - 7 7
8 6 4 7 2 5 4 6 7 - 4
9 6 8 3 6 5 6 8 7 4 -

≥ 38; SMAPO# 3287

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 6 6 9 9 11 11
1 3 - 8 10 9 9 8 6 8 10
2 7 8 - 8 11 9 8 8 12 4
3 7 10 8 - 11 9 10 10 4 12
4 6 9 11 11 - 8 3 5 7 7
5 6 9 9 9 8 - 5 3 7 9
6 9 8 8 10 3 5 - 8 8 10
7 9 6 8 10 5 3 8 - 10 10
8 11 8 12 4 7 7 8 10 - 8
9 11 10 4 12 7 9 10 10 8 -

≥ 54; SMAPO# 8346

0 1 2 3 4 5 6 7 8 9
0 - 5 11 11 11 12 15 16 17 17
1 5 - 12 16 16 17 14 11 12 18
2 11 12 - 12 18 15 12 13 18 6
3 11 16 12 - 18 15 16 17 6 18
4 11 16 18 18 - 15 6 9 12 12
5 12 17 15 15 15 - 9 6 11 15
6 15 14 12 16 6 9 - 15 14 18
7 16 11 13 17 9 6 15 - 17 17
8 17 12 18 6 12 11 14 17 - 12
9 17 18 6 18 12 15 18 17 12 -

≥ 90; ( 40

99
, 59

99
)RHS = 92

1 094

227

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 4 4 5 5 5 5 7 7
1 1 - 5 5 4 4 6 6 6 6
2 4 5 - 6 9 9 7 7 9 3
3 4 5 6 - 9 9 7 7 3 9
4 5 4 9 9 - 4 2 6 6 6
5 5 4 9 9 4 - 6 2 8 8
6 5 6 7 7 2 6 - 4 8 8
7 5 6 7 7 6 2 4 - 6 6
8 7 6 9 3 6 8 8 6 - 6
9 7 6 3 9 6 8 8 6 6 -

≥ 38; SMAPO# 3475

0 1 2 3 4 5 6 7 8 9
0 - 2 6 5 9 9 9 9 8 8
1 2 - 6 7 7 7 11 11 6 10
2 6 6 - 7 13 13 9 9 10 4
3 5 7 7 - 12 12 10 10 3 9
4 9 7 13 12 - 8 4 12 9 9
5 9 7 13 12 8 - 12 4 11 11
6 9 11 9 10 4 12 - 8 11 13
7 9 11 9 10 12 4 8 - 7 9
8 8 6 10 3 9 11 11 7 - 6
9 8 10 4 9 9 11 13 9 6 -

≥ 56; SMAPO# 9011

0 1 2 3 4 5 6 7 8 9
0 - 3 9 9 14 14 14 14 15 15
1 3 - 10 12 11 11 17 17 12 16
2 9 10 - 12 21 21 15 15 18 6
3 9 12 12 - 21 21 17 17 6 18
4 14 11 21 21 - 12 6 18 15 15
5 14 11 21 21 12 - 18 6 19 19
6 14 17 15 17 6 18 - 12 19 21
7 14 17 15 17 18 6 12 - 13 15
8 15 12 18 6 15 19 19 13 - 12
9 15 16 6 18 15 19 21 15 12 -

≥ 92; ( 94

227
, 133

227
)

1 06

25

0 12
TT-disjoint at 7

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 2 3 3 4 4 3
1 1 - 3 3 3 4 2 3 5 2
2 2 3 - 4 4 3 1 4 4 3
3 2 3 4 - 2 3 3 4 4 1
4 2 3 4 2 - 1 3 4 4 3
5 3 4 3 3 1 - 2 5 3 2
6 3 2 1 3 3 2 - 5 3 4
7 4 3 4 4 4 5 5 - 2 3
8 4 5 4 4 4 3 3 2 - 5
9 3 2 3 1 3 2 4 3 5 -

≥ 20; SMAPO# 363

0 1 2 3 4 5 6 7 8 9
0 - 5 8 9 10 11 13 13 12 14
1 5 - 13 14 11 14 8 10 13 9
2 8 13 - 13 14 11 5 9 14 10
3 9 14 13 - 9 14 12 12 13 5
4 10 11 14 9 - 5 11 9 14 14
5 11 14 11 14 5 - 10 14 9 9
6 13 8 5 12 11 10 - 14 9 13
7 13 10 9 12 9 14 14 - 5 9
8 12 13 14 13 14 9 9 5 - 12
9 14 9 10 5 14 9 13 9 12 -

≥ 74; SMAPO# 12666

0 1 2 3 4 5 6 7 8 9
0 - 6 10 11 12 14 16 16 16 17
1 6 - 16 17 14 18 10 12 18 11
2 10 16 - 17 18 14 6 12 18 13
3 11 17 17 - 11 17 15 15 17 6
4 12 14 18 11 - 6 14 12 18 17
5 14 18 14 17 6 - 12 18 12 11
6 16 10 6 15 14 12 - 18 12 17
7 16 12 12 15 12 18 18 - 6 11
8 16 18 18 17 18 12 12 6 - 17
9 17 11 13 6 17 11 17 11 17 -

≥ 92; ( 6

25
, 19

25
)

1 025

119

0 12
TT-disjoint at 5

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 3 4 3 4 4 4
1 1 - 3 4 2 5 4 3 3 5
2 2 3 - 3 1 4 3 4 4 4
3 3 4 3 - 4 5 2 5 3 3
4 3 2 1 4 - 3 4 5 5 3
5 4 5 4 5 3 - 3 4 2 4
6 3 4 3 2 4 3 - 3 5 5
7 4 3 4 5 5 4 3 - 4 2
8 4 3 4 3 5 2 5 4 - 4
9 4 5 4 3 3 4 5 2 4 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 3 8 10 11 13 14 14 14 16
1 3 - 11 13 8 16 15 11 11 15
2 8 11 - 12 3 11 12 12 16 14
3 10 13 12 - 15 13 4 12 8 8
4 11 8 3 15 - 12 15 15 15 11
5 13 16 11 13 12 - 9 9 5 9
6 14 15 12 4 15 9 - 8 12 12
7 14 11 12 12 15 9 8 - 10 4
8 14 11 16 8 15 5 12 10 - 14
9 16 15 14 8 11 9 12 4 14 -

≥ 70; SMAPO# 12163

0 1 2 3 4 5 6 7 8 9
0 - 4 10 13 14 16 17 18 18 20
1 4 - 14 17 10 20 19 14 14 20
2 10 14 - 15 4 14 15 16 20 18
3 13 17 15 - 19 17 6 17 11 11
4 14 10 4 19 - 14 19 20 20 14
5 16 20 14 17 14 - 11 12 6 12
6 17 19 15 6 19 11 - 11 17 17
7 18 14 16 17 20 12 11 - 14 6
8 18 14 20 11 20 6 17 14 - 18
9 20 20 18 11 14 12 17 6 18 -

≥ 92; ( 25

119
, 94

119
)



A.1. odim(F ) = 2 89
1 044

235

0 12
TT-disjoint at 1

0 1 2 3 4 5 6 7 8 9
0 - 1 1 1 2 3 3 2 4 4
1 1 - 2 2 3 2 4 3 3 5
2 1 2 - 2 3 4 2 3 5 3
3 1 2 2 - 1 2 2 1 3 3
4 2 3 3 1 - 1 3 2 4 4
5 3 2 4 2 1 - 2 3 3 5
6 3 4 2 2 3 2 - 1 5 3
7 2 3 3 1 2 3 1 - 4 4
8 4 3 5 3 4 3 5 4 - 2
9 4 5 3 3 4 5 3 4 2 -

≥ 18; SMAPO# 287

0 1 2 3 4 5 6 7 8 9
0 - 4 3 10 12 12 12 14 12 12
1 4 - 7 6 12 10 16 10 10 16
2 3 7 - 11 13 15 9 15 15 9
3 10 6 11 - 6 12 14 8 16 10
4 12 12 13 6 - 6 16 14 18 12
5 12 10 15 12 6 - 10 16 12 18
6 12 16 9 14 16 10 - 6 18 12
7 14 10 15 8 14 16 6 - 20 18
8 12 10 15 16 18 12 18 20 - 6
9 12 16 9 10 12 18 12 18 6 -

≥ 76; SMAPO# 13220

0 1 2 3 4 5 6 7 8 9
0 - 4 4 11 14 15 15 16 16 16
1 4 - 8 7 14 11 19 12 12 20
2 4 8 - 13 16 19 11 18 20 12
3 11 7 13 - 7 14 16 9 19 13
4 14 14 16 7 - 7 19 16 22 16
5 15 11 19 14 7 - 12 19 15 23
6 15 19 11 16 19 12 - 7 23 15
7 16 12 18 9 16 19 7 - 24 22
8 16 12 20 19 22 15 23 24 - 8
9 16 20 12 13 16 23 15 22 8 -

≥ 92; ( 44

235
, 191

235
)

1 071

244

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 2 4 4 4 4 6 6 4
1 1 - 3 3 3 5 3 5 5 5
2 2 3 - 6 6 4 6 4 4 4
3 4 3 6 - 4 2 4 2 6 6
4 4 3 6 4 - 2 4 6 2 6
5 4 5 4 2 2 - 6 4 4 4
6 4 3 6 4 4 6 - 6 6 2
7 6 5 4 2 6 4 6 - 4 8
8 6 5 4 6 2 4 6 4 - 8
9 4 5 4 6 6 4 2 8 8 -

≥ 28; SMAPO# 1404

0 1 2 3 4 5 6 7 8 9
0 - 3 3 10 11 11 12 10 10 12
1 3 - 6 9 8 14 9 11 13 15
2 3 6 - 13 14 8 15 9 9 9
3 10 9 13 - 9 5 12 4 10 16
4 11 8 14 9 - 6 11 11 5 17
5 11 14 8 5 6 - 17 9 9 11
6 12 9 15 12 11 17 - 14 16 6
7 10 11 9 4 11 9 14 - 6 16
8 10 13 9 10 5 9 16 6 - 16
9 12 15 9 16 17 11 6 16 16 -

≥ 66; SMAPO# 11643

0 1 2 3 4 5 6 7 8 9
0 - 4 4 14 15 15 16 16 16 16
1 4 - 8 12 11 19 12 16 18 20
2 4 8 - 18 19 11 20 12 12 12
3 14 12 18 - 13 7 16 6 16 22
4 15 11 19 13 - 8 15 17 7 23
5 15 19 11 7 8 - 23 13 13 15
6 16 12 20 16 15 23 - 20 22 8
7 16 16 12 6 17 13 20 - 10 24
8 16 18 12 16 7 13 22 10 - 24
9 16 20 12 22 23 15 8 24 24 -

≥ 92; ( 71

244
, 173

244
)

1 081

212

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 4 6 5 5 6 7
1 1 - 3 2 5 5 4 6 7 6
2 2 3 - 5 4 4 7 7 6 5
3 3 2 5 - 7 7 4 4 5 6
4 4 5 4 7 - 8 3 7 6 9
5 6 5 4 7 8 - 7 3 8 5
6 5 4 7 4 3 7 - 8 9 6
7 5 6 7 4 7 3 8 - 5 8
8 6 7 6 5 6 8 9 5 - 3
9 7 6 5 6 9 5 6 8 3 -

≥ 36; SMAPO# 2790

0 1 2 3 4 5 6 7 8 9
0 - 3 2 6 6 8 9 9 9 10
1 3 - 5 3 9 9 10 8 10 11
2 2 5 - 8 6 6 11 11 9 8
3 6 3 8 - 12 12 7 7 9 8
4 6 9 6 12 - 12 5 11 9 14
5 8 9 6 12 12 - 13 5 13 8
6 9 10 11 7 5 13 - 12 14 9
7 9 8 11 7 11 5 12 - 8 13
8 9 10 9 9 9 13 14 8 - 5
9 10 11 8 8 14 8 9 13 5 -

≥ 58; SMAPO# 9594

0 1 2 3 4 5 6 7 8 9
0 - 4 4 8 10 14 14 14 15 17
1 4 - 8 4 14 14 14 14 17 17
2 4 8 - 12 10 10 18 18 15 13
3 8 4 12 - 18 18 10 10 13 13
4 10 14 10 18 - 20 8 18 15 23
5 14 14 10 18 20 - 20 8 21 13
6 14 14 18 10 8 20 - 20 23 15
7 14 14 18 10 18 8 20 - 13 21
8 15 17 15 13 15 21 23 13 - 8
9 17 17 13 13 23 13 15 21 8 -

≥ 92; ( 81

212
, 131

212
)

1 011

35

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 5 5 4 4 4 4
1 1 - 4 4 4 4 5 5 3 3
2 3 4 - 4 6 2 5 5 7 7
3 3 4 4 - 2 6 5 5 7 7
4 5 4 6 2 - 4 5 5 5 5
5 5 4 2 6 4 - 5 5 5 5
6 4 5 5 5 5 5 - 4 6 2
7 4 5 5 5 5 5 4 - 2 6
8 4 3 7 7 5 5 6 2 - 4
9 4 3 7 7 5 5 2 6 4 -

≥ 30; SMAPO# 1506

0 1 2 3 4 5 6 7 8 9
0 - 3 7 6 9 9 10 10 11 11
1 3 - 6 9 6 10 13 13 8 8
2 7 6 - 7 10 4 9 9 14 14
3 6 9 7 - 3 9 12 12 13 13
4 9 6 10 3 - 6 9 11 10 12
5 9 10 4 9 6 - 11 13 10 12
6 10 13 9 12 9 11 - 10 15 5
7 10 13 9 12 11 13 10 - 5 15
8 11 8 14 13 10 10 15 5 - 10
9 11 8 14 13 12 12 5 15 10 -

≥ 64; SMAPO# 11120

0 1 2 3 4 5 6 7 8 9
0 - 4 9 9 14 14 14 14 15 15
1 4 - 9 13 10 14 18 18 11 11
2 9 9 - 10 15 5 13 13 20 20
3 9 13 10 - 5 15 17 17 20 20
4 14 10 15 5 - 10 14 16 15 17
5 14 14 5 15 10 - 16 18 15 17
6 14 18 13 17 14 16 - 14 21 7
7 14 18 13 17 16 18 14 - 7 21
8 15 11 20 20 15 15 21 7 - 14
9 15 11 20 20 17 17 7 21 14 -

≥ 92; ( 11

35
, 24

35
)

1 011

35

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 5 5 4 4 4 4
1 1 - 4 4 4 4 5 3 3 5
2 3 4 - 4 6 2 5 7 7 5
3 3 4 4 - 2 6 5 7 7 5
4 5 4 6 2 - 4 5 5 5 5
5 5 4 2 6 4 - 5 5 5 5
6 4 5 5 5 5 5 - 2 6 4
7 4 3 7 7 5 5 2 - 4 6
8 4 3 7 7 5 5 6 4 - 2
9 4 5 5 5 5 5 4 6 2 -

≥ 30; SMAPO# 1506

0 1 2 3 4 5 6 7 8 9
0 - 3 7 6 9 9 10 11 11 12
1 3 - 6 9 6 10 13 8 8 13
2 7 6 - 7 10 4 9 14 14 9
3 6 9 7 - 3 9 10 13 13 12
4 9 6 10 3 - 6 11 10 12 9
5 9 10 4 9 6 - 13 10 12 11
6 10 13 9 10 11 13 - 5 15 10
7 11 8 14 13 10 10 5 - 10 15
8 11 8 14 13 12 12 15 10 - 5
9 12 13 9 12 9 11 10 15 5 -

≥ 64; SMAPO# 11119

0 1 2 3 4 5 6 7 8 9
0 - 4 9 9 14 14 14 15 15 16
1 4 - 9 13 10 14 18 11 11 18
2 9 9 - 10 15 5 13 20 20 13
3 9 13 10 - 5 15 15 20 20 17
4 14 10 15 5 - 10 16 15 17 14
5 14 14 5 15 10 - 18 15 17 16
6 14 18 13 15 16 18 - 7 21 14
7 15 11 20 20 15 15 7 - 14 21
8 15 11 20 20 17 17 21 14 - 7
9 16 18 13 17 14 16 14 21 7 -

≥ 92; ( 11

35
, 24

35
)

1 087

205

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 2 5 4 6 6 7 7 6 6
1 2 - 5 6 8 8 5 7 4 8
2 5 5 - 5 7 9 6 6 7 3
3 4 6 5 - 6 8 7 7 2 6
4 6 8 7 6 - 8 3 5 4 8
5 6 8 9 8 8 - 5 3 6 6
6 7 5 6 7 3 5 - 8 7 7
7 7 7 6 7 5 3 8 - 5 9
8 6 4 7 2 4 6 7 5 - 4
9 6 8 3 6 8 6 7 9 4 -

≥ 40; SMAPO# 3906

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 6 6 9 9 11 11
1 3 - 8 10 9 9 6 8 8 10
2 7 8 - 8 9 11 8 8 12 4
3 7 10 8 - 9 11 10 10 4 12
4 6 9 9 9 - 8 3 5 7 9
5 6 9 11 11 8 - 5 3 7 7
6 9 6 8 10 3 5 - 8 10 10
7 9 8 8 10 5 3 8 - 8 10
8 11 8 12 4 7 7 10 8 - 8
9 11 10 4 12 9 7 10 10 8 -

≥ 54; SMAPO# 8346

0 1 2 3 4 5 6 7 8 9
0 - 5 11 11 12 12 16 16 17 17
1 5 - 12 16 17 17 11 15 12 18
2 11 12 - 12 15 19 13 13 18 6
3 11 16 12 - 15 19 17 17 6 18
4 12 17 15 15 - 16 6 10 11 17
5 12 17 19 19 16 - 10 6 13 13
6 16 11 13 17 6 10 - 16 17 17
7 16 15 13 17 10 6 16 - 13 19
8 17 12 18 6 11 13 17 13 - 12
9 17 18 6 18 17 13 17 19 12 -

≥ 92; ( 87

205
, 118

205
)



90 Appendix A. Visualization of tilting omplexes for GTSP(10)
1 024

101

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 2 2 3 3 5 4 3
1 1 - 4 3 3 2 2 4 3 2
2 3 4 - 5 3 4 4 2 5 4
3 2 3 5 - 4 3 1 3 2 3
4 2 3 3 4 - 3 3 5 2 1
5 3 2 4 3 3 - 4 4 1 2
6 3 2 4 1 3 4 - 4 3 4
7 5 4 2 3 5 4 4 - 3 4
8 4 3 5 2 2 1 3 3 - 3
9 3 2 4 3 1 2 4 4 3 -

≥ 20; SMAPO# 363

0 1 2 3 4 5 6 7 8 9
0 - 5 8 8 9 11 13 11 12 14
1 5 - 13 13 14 10 8 12 13 9
2 8 13 - 14 11 9 9 5 14 12
3 8 13 14 - 15 13 5 9 10 12
4 9 14 11 15 - 14 10 14 9 5
5 11 10 9 13 14 - 14 14 5 9
6 13 8 9 5 10 14 - 14 9 13
7 11 12 5 9 14 14 14 - 9 13
8 12 13 14 10 9 5 9 9 - 14
9 14 9 12 12 5 9 13 13 14 -

≥ 74; SMAPO# 12683

0 1 2 3 4 5 6 7 8 9
0 - 6 10 10 11 14 16 16 16 17
1 6 - 16 16 17 12 10 16 16 11
2 10 16 - 18 13 12 12 6 18 15
3 10 16 18 - 19 16 6 12 12 15
4 11 17 13 19 - 17 13 19 11 6
5 14 12 12 16 17 - 18 18 6 11
6 16 10 12 6 13 18 - 18 12 17
7 16 16 6 12 19 18 18 - 12 17
8 16 16 18 12 11 6 12 12 - 17
9 17 11 15 15 6 11 17 17 17 -

≥ 92; ( 24

101
, 77

101
)RHS = 94

1 077

243

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 0 2 3 4 4 6 6 6 6
1 0 - 2 3 4 4 6 6 6 6
2 2 2 - 3 6 6 4 4 6 6
3 3 3 3 - 5 5 5 5 3 3
4 4 4 6 5 - 4 6 2 4 6
5 4 4 6 5 4 - 6 6 6 2
6 6 6 4 5 6 6 - 4 2 6
7 6 6 4 5 2 6 4 - 6 4
8 6 6 6 3 4 6 2 6 - 4
9 6 6 6 3 6 2 6 4 4 -

≥ 28; SMAPO# 1264

0 1 2 3 4 5 6 7 8 9
0 - 2 4 9 8 12 10 11 13 13
1 2 - 6 7 10 10 12 13 15 15
2 4 6 - 5 12 12 8 9 13 13
3 9 7 5 - 13 13 13 12 8 8
4 8 10 12 13 - 10 14 5 9 15
5 12 10 12 13 10 - 14 15 15 5
6 10 12 8 13 14 14 - 9 5 13
7 11 13 9 12 5 15 9 - 14 10
8 13 15 13 8 9 15 5 14 - 10
9 13 15 13 8 15 5 13 10 10 -

≥ 68; SMAPO# 11792

0 1 2 3 4 5 6 7 8 9
0 - 2 5 12 12 16 16 17 19 19
1 2 - 7 10 14 14 18 19 21 21
2 5 7 - 7 17 17 11 12 18 18
3 12 10 7 - 18 18 18 17 11 11
4 12 14 17 18 - 14 20 7 13 21
5 16 14 17 18 14 - 20 21 21 7
6 16 18 11 18 20 20 - 13 7 19
7 17 19 12 17 7 21 13 - 20 14
8 19 21 18 11 13 21 7 20 - 14
9 19 21 18 11 21 7 19 14 14 -

≥ 94; ( 77

243
, 166

243
)

1 055

223

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 2 3 3 5 5 4
1 1 - 4 4 3 4 4 4 4 3
2 3 4 - 4 5 4 4 6 2 5
3 3 4 4 - 5 4 4 2 6 5
4 2 3 5 5 - 1 3 3 3 2
5 3 4 4 4 1 - 2 4 4 3
6 3 4 4 4 3 2 - 4 4 1
7 5 4 6 2 3 4 4 - 4 5
8 5 4 2 6 3 4 4 4 - 5
9 4 3 5 5 2 3 1 5 5 -

≥ 24; SMAPO# 665

0 1 2 3 4 5 6 7 8 9
0 - 3 8 7 10 11 12 11 11 13
1 3 - 9 10 11 14 15 8 14 10
2 8 9 - 9 16 11 12 13 5 15
3 7 10 9 - 15 12 13 4 12 14
4 10 11 16 15 - 5 14 11 11 9
5 11 14 11 12 5 - 9 10 16 14
6 12 15 12 13 14 9 - 9 15 5
7 11 8 13 4 11 10 9 - 8 14
8 11 14 5 12 11 16 15 8 - 14
9 13 10 15 14 9 14 5 14 14 -

≥ 72; SMAPO# 12446

0 1 2 3 4 5 6 7 8 9
0 - 4 10 10 12 14 15 16 16 17
1 4 - 12 14 14 18 19 12 18 13
2 10 12 - 12 20 14 15 18 6 19
3 10 14 12 - 20 16 17 6 18 19
4 12 14 20 20 - 6 17 14 14 11
5 14 18 14 16 6 - 11 14 20 17
6 15 19 15 17 17 11 - 13 19 6
7 16 12 18 6 14 14 13 - 12 19
8 16 18 6 18 14 20 19 12 - 19
9 17 13 19 19 11 17 6 19 19 -

≥ 94; ( 55

223
, 168

223
)

1 066

217

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 5 4 5 4 4 4
1 1 - 4 4 4 3 4 5 5 3
2 3 4 - 4 6 7 2 5 5 7
3 3 4 4 - 2 7 6 5 5 7
4 5 4 6 2 - 5 4 5 5 5
5 4 3 7 7 5 - 5 6 2 4
6 5 4 2 6 4 5 - 5 5 5
7 4 5 5 5 5 6 5 - 4 2
8 4 5 5 5 5 2 5 4 - 6
9 4 3 7 7 5 4 5 2 6 -

≥ 30; SMAPO# 1506

0 1 2 3 4 5 6 7 8 9
0 - 3 7 6 9 10 9 11 11 12
1 3 - 8 9 6 9 12 14 14 9
2 7 8 - 7 10 15 4 10 10 15
3 6 9 7 - 3 14 9 11 11 14
4 9 6 10 3 - 11 6 8 10 11
5 10 9 15 14 11 - 11 15 5 10
6 9 12 4 9 6 11 - 12 14 13
7 11 14 10 11 8 15 12 - 10 5
8 11 14 10 11 10 5 14 10 - 15
9 12 9 15 14 11 10 13 5 15 -

≥ 66; SMAPO# 11529

0 1 2 3 4 5 6 7 8 9
0 - 4 9 9 14 14 14 15 15 16
1 4 - 11 13 10 12 16 19 19 12
2 9 11 - 10 15 21 5 14 14 21
3 9 13 10 - 5 21 15 16 16 21
4 14 10 15 5 - 16 10 13 15 16
5 14 12 21 21 16 - 16 21 7 14
6 14 16 5 15 10 16 - 17 19 18
7 15 19 14 16 13 21 17 - 14 7
8 15 19 14 16 15 7 19 14 - 21
9 16 12 21 21 16 14 18 7 21 -

≥ 94; ( 66

217
, 151

217
)

1 03

7

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 2 5 4 4 6 6 7 6 6
1 2 - 5 6 6 8 6 5 4 8
2 5 5 - 9 9 9 7 6 7 3
3 4 6 9 - 4 8 6 9 2 8
4 4 6 9 4 - 6 2 9 6 6
5 6 8 9 8 6 - 8 3 6 6
6 6 6 7 6 2 8 - 9 4 8
7 7 5 6 9 9 3 9 - 7 9
8 6 4 7 2 6 6 4 7 - 6
9 6 8 3 8 6 6 8 9 6 -

≥ 40; SMAPO# 4059

0 1 2 3 4 5 6 7 8 9
0 - 3 6 6 7 6 9 9 10 10
1 3 - 7 9 10 9 10 6 7 9
2 6 7 - 12 13 10 9 7 10 4
3 6 9 12 - 7 10 11 11 4 10
4 7 10 13 7 - 9 4 12 11 9
5 6 9 10 10 9 - 11 3 6 6
6 9 10 9 11 4 11 - 12 7 13
7 9 6 7 11 12 3 12 - 9 9
8 10 7 10 4 11 6 7 9 - 8
9 10 9 4 10 9 6 13 9 8 -

≥ 56; SMAPO# 8969

0 1 2 3 4 5 6 7 8 9
0 - 5 10 10 11 12 15 16 16 16
1 5 - 11 15 16 17 16 11 11 17
2 10 11 - 20 21 18 15 12 16 6
3 10 15 20 - 11 18 17 20 6 18
4 11 16 21 11 - 15 6 21 17 15
5 12 17 18 18 15 - 19 6 12 12
6 15 16 15 17 6 19 - 21 11 21
7 16 11 12 20 21 6 21 - 16 18
8 16 11 16 6 17 12 11 16 - 14
9 16 17 6 18 15 12 21 18 14 -

≥ 94; ( 3

7
, 4

7
)

1 050

213

0 12
TT-disjoint at 4

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 4 3 3 4 4 4
1 1 - 3 4 3 2 4 5 5 3
2 2 3 - 3 4 1 3 4 4 4
3 3 4 3 - 5 4 2 5 3 3
4 4 3 4 5 - 5 3 4 2 4
5 3 2 1 4 5 - 4 3 3 5
6 3 4 3 2 3 4 - 3 5 5
7 4 5 4 5 4 3 3 - 4 2
8 4 5 4 3 2 3 5 4 - 4
9 4 3 4 3 4 5 5 2 4 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 5 8 9 12 13 13 13 13 15
1 5 - 13 14 11 8 14 14 14 10
2 8 13 - 11 10 5 11 11 15 13
3 9 14 11 - 13 12 4 12 8 8
4 12 11 10 13 - 15 9 9 5 9
5 13 8 5 12 15 - 14 10 10 14
6 13 14 11 4 9 14 - 8 12 12
7 13 14 11 12 9 10 8 - 10 4
8 13 14 15 8 5 10 12 10 - 14
9 15 10 13 8 9 14 12 4 14 -

≥ 72; SMAPO# 12383

0 1 2 3 4 5 6 7 8 9
0 - 6 10 12 15 16 16 17 17 19
1 6 - 16 18 13 10 18 19 19 13
2 10 16 - 14 13 6 14 15 19 17
3 12 18 14 - 17 16 6 17 11 11
4 15 13 13 17 - 19 11 12 6 12
5 16 10 6 16 19 - 18 13 13 19
6 16 18 14 6 11 18 - 11 17 17
7 17 19 15 17 12 13 11 - 14 6
8 17 19 19 11 6 13 17 14 - 18
9 19 13 17 11 12 19 17 6 18 -

≥ 94; ( 50

213
, 163

213
)



A.1. odim(F ) = 2 91RHS = 96
1 094

221

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 2 5 4 6 7 6 8 6 7
1 2 - 5 6 6 9 4 6 8 9
2 5 5 - 5 9 6 7 9 3 6
3 4 6 5 - 8 7 2 8 6 7
4 6 6 9 8 - 9 6 6 6 3
5 7 9 6 7 9 - 5 3 7 6
6 6 4 7 2 6 5 - 8 4 7
7 8 6 9 8 6 3 8 - 8 9
8 6 8 3 6 6 7 4 8 - 9
9 7 9 6 7 3 6 7 9 9 -

≥ 42; SMAPO# 4551

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 7 6 11 9 11 10
1 3 - 8 10 6 9 8 6 10 9
2 7 8 - 8 12 9 12 12 4 9
3 7 10 8 - 12 9 4 12 12 11
4 7 6 12 12 - 9 8 6 8 3
5 6 9 9 9 9 - 7 3 9 6
6 11 8 12 4 8 7 - 10 8 9
7 9 6 12 12 6 3 10 - 10 9
8 11 10 4 12 8 9 8 10 - 11
9 10 9 9 11 3 6 9 9 11 -

≥ 56; SMAPO# 8911

0 1 2 3 4 5 6 7 8 9
0 - 5 11 11 13 13 17 17 17 17
1 5 - 12 16 12 18 12 12 18 18
2 11 12 - 12 20 14 18 20 6 14
3 11 16 12 - 20 16 6 20 18 18
4 13 12 20 20 - 18 14 12 14 6
5 13 18 14 16 18 - 12 6 16 12
6 17 12 18 6 14 12 - 18 12 16
7 17 12 20 20 12 6 18 - 18 18
8 17 18 6 18 14 16 12 18 - 20
9 17 18 14 18 6 12 16 18 20 -

≥ 96; ( 94

221
, 127

221
)

1 025

111

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 3 3 4 5 5 4
1 1 - 3 4 4 2 3 4 4 3
2 2 3 - 5 5 1 4 3 3 4
3 3 4 5 - 4 4 3 2 4 5
4 3 4 5 4 - 4 5 4 2 3
5 3 2 1 4 4 - 3 4 4 3
6 4 3 4 3 5 3 - 5 3 2
7 5 4 3 2 4 4 5 - 4 3
8 5 4 3 4 2 4 3 4 - 5
9 4 3 4 5 3 3 2 3 5 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 5 8 10 9 13 13 13 13 15
1 5 - 13 15 14 8 14 14 14 10
2 8 13 - 16 15 5 15 11 11 13
3 10 15 16 - 9 11 11 5 11 15
4 9 14 15 9 - 12 12 14 4 8
5 13 8 5 11 12 - 10 16 10 12
6 13 14 15 11 12 10 - 14 8 4
7 13 14 11 5 14 16 14 - 10 10
8 13 14 11 11 4 10 8 10 - 12
9 15 10 13 15 8 12 4 10 12 -

≥ 74; SMAPO# 12727

0 1 2 3 4 5 6 7 8 9
0 - 6 10 12 12 16 17 18 18 19
1 6 - 16 18 18 10 17 18 18 13
2 10 16 - 20 20 6 19 14 14 17
3 12 18 20 - 12 14 13 6 14 19
4 12 18 20 12 - 16 17 18 6 11
5 16 10 6 14 16 - 13 20 14 15
6 17 17 19 13 17 13 - 19 11 6
7 18 18 14 6 18 20 19 - 14 13
8 18 18 14 14 6 14 11 14 - 17
9 19 13 17 19 11 15 6 13 17 -

≥ 96; ( 25

111
, 86

111
)

1 05

22

0 12
TT-disjoint at 7

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 3 3 5 5 4 4
1 2 - 5 5 3 3 3 3 4 4
2 3 5 - 4 4 4 2 4 5 3
3 3 5 4 - 4 4 4 2 3 5
4 3 3 4 4 - 2 4 4 3 1
5 3 3 4 4 2 - 4 4 1 3
6 5 3 2 4 4 4 - 4 3 5
7 5 3 4 2 4 4 4 - 5 3
8 4 4 5 3 3 1 3 5 - 2
9 4 4 3 5 1 3 5 3 2 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 4 8 8 9 10 12 13 13 14
1 4 - 12 12 13 12 8 9 15 14
2 8 12 - 14 15 14 4 9 15 10
3 8 12 14 - 15 16 10 5 11 14
4 9 13 15 15 - 9 13 12 14 5
5 10 12 14 16 9 - 12 11 5 14
6 12 8 4 10 13 12 - 9 11 14
7 13 9 9 5 12 11 9 - 16 11
8 13 15 15 11 14 5 11 16 - 9
9 14 14 10 14 5 14 14 11 9 -

≥ 74; SMAPO# 12730

0 1 2 3 4 5 6 7 8 9
0 - 6 11 11 12 13 17 17 17 18
1 6 - 17 17 16 15 11 11 19 18
2 11 17 - 18 19 18 6 12 20 13
3 11 17 18 - 19 20 14 6 14 19
4 12 16 19 19 - 11 17 15 17 6
5 13 15 18 20 11 - 16 14 6 17
6 17 11 6 14 17 16 - 12 14 19
7 17 11 12 6 15 14 12 - 20 13
8 17 19 20 14 17 6 14 20 - 11
9 18 18 13 19 6 17 19 13 11 -

≥ 96; ( 5

22
, 17

22
)RHS = 98

1 050

229

0 12
TT-disjoint at 7

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 3 3 5 5 4 4
1 2 - 5 5 3 3 3 3 4 4
2 3 5 - 4 4 4 2 4 3 5
3 3 5 4 - 4 4 4 2 5 3
4 3 3 4 4 - 2 4 4 3 1
5 3 3 4 4 2 - 4 4 1 3
6 5 3 2 4 4 4 - 4 5 3
7 5 3 4 2 4 4 4 - 3 5
8 4 4 3 5 3 1 5 3 - 2
9 4 4 5 3 1 3 3 5 2 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 4 8 8 9 9 12 13 14 14
1 4 - 12 12 13 13 8 9 14 16
2 8 12 - 14 15 15 4 9 10 16
3 8 12 14 - 17 17 10 5 14 12
4 9 13 15 17 - 10 13 12 15 5
5 9 13 15 17 10 - 13 14 5 15
6 12 8 4 10 13 13 - 9 14 12
7 13 9 9 5 12 14 9 - 11 17
8 14 14 10 14 15 5 14 11 - 10
9 14 16 16 12 5 15 12 17 10 -

≥ 76; SMAPO# 13090

0 1 2 3 4 5 6 7 8 9
0 - 6 11 11 12 12 17 17 18 18
1 6 - 17 17 16 16 11 11 18 20
2 11 17 - 18 19 19 6 12 13 21
3 11 17 18 - 21 21 14 6 19 15
4 12 16 19 21 - 12 17 15 18 6
5 12 16 19 21 12 - 17 17 6 18
6 17 11 6 14 17 17 - 12 19 15
7 17 11 12 6 15 17 12 - 13 21
8 18 18 13 19 18 6 19 13 - 12
9 18 20 21 15 6 18 15 21 12 -

≥ 98; ( 50

229
, 179

229
)RHS = 100

1 043

226

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 3 3 2 4 3 4
1 1 - 3 3 4 4 3 3 2 3
2 2 3 - 4 3 5 4 2 3 4
3 2 3 4 - 5 3 4 4 3 2
4 3 4 3 5 - 2 3 5 4 3
5 3 4 5 3 2 - 3 3 4 5
6 2 3 4 4 3 3 - 2 1 2
7 4 3 2 4 5 3 2 - 3 4
8 3 2 3 3 4 4 1 3 - 3
9 4 3 4 2 3 5 2 4 3 -

≥ 22; SMAPO# 464

0 1 2 3 4 5 6 7 8 9
0 - 3 7 9 8 11 13 12 13 13
1 3 - 10 10 11 14 16 9 10 16
2 7 10 - 16 9 14 16 5 16 16
3 9 10 16 - 17 12 18 13 12 6
4 8 11 9 17 - 5 11 14 17 11
5 11 14 14 12 5 - 14 9 16 16
6 13 16 16 18 11 14 - 11 6 12
7 12 9 5 13 14 9 11 - 13 15
8 13 10 16 12 17 16 6 13 - 18
9 13 16 16 6 11 16 12 15 18 -

≥ 80; SMAPO# 13606

0 1 2 3 4 5 6 7 8 9
0 - 4 9 10 11 14 15 16 16 17
1 4 - 13 12 15 18 19 12 12 19
2 9 13 - 19 12 19 20 7 19 20
3 10 12 19 - 21 14 21 16 14 7
4 11 15 12 21 - 7 14 19 21 14
5 14 18 19 14 7 - 17 12 20 21
6 15 19 20 21 14 17 - 13 7 14
7 16 12 7 16 19 12 13 - 16 19
8 16 12 19 14 21 20 7 16 - 21
9 17 19 20 7 14 21 14 19 21 -

≥ 100; ( 43

226
, 183

226
)



92 Appendix A. Visualization of tilting omplexes for GTSP(10)
1 043

114

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 3 3 2 3 4 4
1 1 - 3 3 4 4 3 2 3 3
2 2 3 - 4 3 5 4 3 2 4
3 2 3 4 - 5 3 4 3 4 2
4 3 4 3 5 - 2 3 4 5 3
5 3 4 5 3 2 - 3 4 3 5
6 2 3 4 4 3 3 - 1 2 2
7 3 2 3 3 4 4 1 - 3 3
8 4 3 2 4 5 3 2 3 - 4
9 4 3 4 2 3 5 2 3 4 -

≥ 22; SMAPO# 464

0 1 2 3 4 5 6 7 8 9
0 - 2 5 9 5 8 10 9 8 10
1 2 - 7 7 7 10 12 7 6 12
2 5 7 - 14 6 9 11 14 3 11
3 9 7 14 - 14 11 15 10 11 5
4 5 7 6 14 - 3 9 14 9 9
5 8 10 9 11 3 - 10 13 6 12
6 10 12 11 15 9 10 - 5 8 10
7 9 7 14 10 14 13 5 - 11 15
8 8 6 3 11 9 6 8 11 - 10
9 10 12 11 5 9 12 10 15 10 -

≥ 60; SMAPO# 10227

0 1 2 3 4 5 6 7 8 9
0 - 4 9 11 11 14 14 15 16 18
1 4 - 13 11 15 18 18 11 12 18
2 9 13 - 20 12 19 19 20 7 19
3 11 11 20 - 22 15 21 14 17 7
4 11 15 12 22 - 7 15 22 19 15
5 14 18 19 15 7 - 16 21 12 22
6 14 18 19 21 15 16 - 7 12 14
7 15 11 20 14 22 21 7 - 17 21
8 16 12 7 17 19 12 12 17 - 18
9 18 18 19 7 15 22 14 21 18 -

≥ 100; ( 43

114
, 71

114
)

1 0105

221

0 12
TT-disjoint at 0

0 1 2 3 4 5 6 7 8 9
0 - 3 5 5 7 7 7 7 11 11
1 3 - 6 8 10 8 4 6 8 10
2 5 6 - 6 8 8 2 4 8 8
3 5 8 6 - 10 10 4 2 6 6
4 7 10 8 10 - 8 8 8 4 12
5 7 8 8 10 8 - 6 8 12 4
6 7 4 2 4 8 6 - 6 8 8
7 7 6 4 2 8 8 6 - 8 8
8 11 8 8 6 4 12 8 8 - 8
9 11 10 8 6 12 4 8 8 8 -

≥ 48; SMAPO# 6681

0 1 2 3 4 5 6 7 8 9
0 - 3 5 6 7 7 8 9 11 11
1 3 - 8 7 8 10 5 8 8 8
2 5 8 - 9 8 10 3 6 10 8
3 6 7 9 - 11 11 6 3 7 7
4 7 8 8 11 - 8 9 8 4 12
5 7 10 10 11 8 - 9 10 12 4
6 8 5 3 6 9 9 - 9 9 9
7 9 8 6 3 8 10 9 - 10 10
8 11 8 10 7 4 12 9 10 - 8
9 11 8 8 7 12 4 9 10 8 -

≥ 54; SMAPO# 8342

0 1 2 3 4 5 6 7 8 9
0 - 5 9 10 13 13 14 15 21 21
1 5 - 14 15 18 18 9 14 16 18
2 9 14 - 15 16 18 5 10 18 16
3 10 15 15 - 21 21 10 5 13 13
4 13 18 16 21 - 16 17 16 8 24
5 13 18 18 21 16 - 15 18 24 8
6 14 9 5 10 17 15 - 15 17 17
7 15 14 10 5 16 18 15 - 18 18
8 21 16 18 13 8 24 17 18 - 16
9 21 18 16 13 24 8 17 18 16 -

≥ 100; ( 105

221
, 116

221
)

1 025

118

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 2 3 4 3 5 4 4 4 5
1 2 - 5 4 5 3 4 4 4 3
2 3 5 - 5 4 2 3 3 3 4
3 4 4 5 - 3 3 2 4 4 5
4 3 5 4 3 - 4 5 3 1 2
5 5 3 2 3 4 - 5 3 3 4
6 4 4 3 2 5 5 - 4 4 3
7 4 4 3 4 3 3 4 - 2 1
8 4 4 3 4 1 3 4 2 - 3
9 5 3 4 5 2 4 3 1 3 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 4 8 9 9 12 14 14 14 17
1 4 - 12 11 13 8 10 12 14 13
2 8 12 - 15 15 4 10 10 10 15
3 9 11 15 - 10 11 5 13 15 18
4 9 13 15 10 - 13 13 15 5 10
5 12 8 4 11 13 - 14 12 14 17
6 14 10 10 5 13 14 - 18 18 13
7 14 12 10 13 15 12 18 - 10 5
8 14 14 10 15 5 14 18 10 - 15
9 17 13 15 18 10 17 13 5 15 -

≥ 78; SMAPO# 13417

0 1 2 3 4 5 6 7 8 9
0 - 6 11 12 12 17 18 18 18 22
1 6 - 17 14 18 11 14 16 18 16
2 11 17 - 19 19 6 13 13 13 19
3 12 14 19 - 12 13 6 16 18 22
4 12 18 19 12 - 17 18 18 6 12
5 17 11 6 13 17 - 19 15 17 21
6 18 14 13 6 18 19 - 22 22 16
7 18 16 13 16 18 15 22 - 12 6
8 18 18 13 18 6 17 22 12 - 18
9 22 16 19 22 12 21 16 6 18 -

≥ 100; ( 25

118
, 93

118
)

1 047

118

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 3 5 6 5 8 7 7 8 8
1 3 - 8 7 8 5 6 8 5 7
2 5 8 - 9 8 3 6 6 7 7
3 6 7 9 - 5 6 3 7 8 6
4 5 8 8 5 - 7 8 2 5 7
5 8 5 3 6 7 - 9 7 8 6
6 7 6 6 3 8 9 - 6 5 7
7 7 8 6 7 2 7 6 - 7 5
8 8 5 7 8 5 8 5 7 - 2
9 8 7 7 6 7 6 7 5 2 -

≥ 42; SMAPO# 4504

0 1 2 3 4 5 6 7 8 9
0 - 3 6 7 7 9 11 11 11 11
1 3 - 9 10 10 6 8 12 8 8
2 6 9 - 13 13 3 9 9 11 11
3 7 10 13 - 8 10 4 12 12 8
4 7 10 13 8 - 10 10 4 8 12
5 9 6 3 10 10 - 12 12 12 8
6 11 8 9 4 10 12 - 10 8 12
7 11 12 9 12 4 12 10 - 12 8
8 11 8 11 12 8 12 8 12 - 4
9 11 8 11 8 12 8 12 8 4 -

≥ 60; SMAPO# 9993

0 1 2 3 4 5 6 7 8 9
0 - 6 11 12 12 17 18 18 19 19
1 6 - 17 16 18 11 14 20 13 15
2 11 17 - 21 21 6 15 15 18 18
3 12 16 21 - 12 15 6 18 19 13
4 12 18 21 12 - 17 18 6 13 19
5 17 11 6 15 17 - 21 19 20 14
6 18 14 15 6 18 21 - 16 13 19
7 18 20 15 18 6 19 16 - 19 13
8 19 13 18 19 13 20 13 19 - 6
9 19 15 18 13 19 14 19 13 6 -

≥ 100; ( 47

118
, 71

118
)

1 028

113

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 3 5 5 4 5 4
1 2 - 5 5 5 5 3 4 3 4
2 3 5 - 6 6 4 2 5 4 5
3 3 5 6 - 4 6 4 5 2 3
4 3 5 6 4 - 2 4 3 4 5
5 5 5 4 6 2 - 6 5 4 3
6 5 3 2 4 4 6 - 5 4 3
7 4 4 5 5 3 5 5 - 3 2
8 5 3 4 2 4 4 4 3 - 5
9 4 4 5 3 5 3 3 2 5 -

≥ 28; SMAPO# 1227

0 1 2 3 4 5 6 7 8 9
0 - 4 8 10 10 11 12 13 13 14
1 4 - 12 14 14 13 8 9 9 14
2 8 12 - 14 14 9 4 13 11 14
3 10 14 14 - 10 15 10 13 5 12
4 10 14 14 10 - 5 12 9 15 14
5 11 13 9 15 5 - 13 14 10 9
6 12 8 4 10 12 13 - 15 15 10
7 13 9 13 13 9 14 15 - 10 5
8 13 9 11 5 15 10 15 10 - 15
9 14 14 14 12 14 9 10 5 15 -

≥ 74; SMAPO# 12704

0 1 2 3 4 5 6 7 8 9
0 - 6 11 12 13 16 17 17 18 18
1 6 - 17 18 19 18 11 13 12 18
2 11 17 - 19 20 13 6 18 15 19
3 12 18 19 - 13 20 13 17 6 14
4 13 19 20 13 - 7 16 12 19 19
5 16 18 13 20 7 - 19 19 14 12
6 17 11 6 13 16 19 - 20 19 13
7 17 13 18 17 12 19 20 - 13 7
8 18 12 15 6 19 14 19 13 - 20
9 18 18 19 14 19 12 13 7 20 -

≥ 100; ( 28

113
, 85

113
)

1 025

119

0 12
TT-disjoint at 0

0 1 2 3 4 5 6 7 8 9
0 - 2 3 4 4 4 3 4 5 5
1 2 - 5 4 4 4 5 4 3 3
2 3 5 - 5 3 3 4 3 2 4
3 4 4 5 - 2 4 3 4 3 5
4 4 4 3 2 - 4 5 4 5 3
5 4 4 3 4 4 - 3 2 3 1
6 3 5 4 3 5 3 - 1 4 2
7 4 4 3 4 4 2 1 - 3 3
8 5 3 2 3 5 3 4 3 - 4
9 5 3 4 5 3 1 2 3 4 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 5 9 9 11 11 12 13 13 16
1 5 - 12 14 10 16 15 16 8 11
2 9 12 - 14 10 12 17 14 4 15
3 9 14 14 - 4 16 11 16 10 15
4 11 10 10 4 - 14 15 16 14 11
5 11 16 12 16 14 - 15 10 10 5
6 12 15 17 11 15 15 - 5 15 10
7 13 16 14 16 16 10 5 - 10 15
8 13 8 4 10 14 10 15 10 - 15
9 16 11 15 15 11 5 10 15 15 -

≥ 78; SMAPO# 13320

0 1 2 3 4 5 6 7 8 9
0 - 6 11 12 14 14 14 16 17 20
1 6 - 17 18 14 20 20 20 11 14
2 11 17 - 19 13 15 21 17 6 19
3 12 18 19 - 6 20 14 20 13 20
4 14 14 13 6 - 18 20 20 19 14
5 14 20 15 20 18 - 18 12 13 6
6 14 20 21 14 20 18 - 6 19 12
7 16 20 17 20 20 12 6 - 13 18
8 17 11 6 13 19 13 19 13 - 19
9 20 14 19 20 14 6 12 18 19 -

≥ 100; ( 25

119
, 94

119
)



A.1. odim(F ) = 2 93RHS = 106
1 024

113

0 12
TT-disjoint at 4

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 3 3 3 3 4 5
1 1 - 3 3 4 4 2 2 3 4
2 2 3 - 4 3 3 1 3 2 5
3 2 3 4 - 5 3 3 1 2 3
4 3 4 3 5 - 4 4 4 5 2
5 3 4 3 3 4 - 2 4 1 4
6 3 2 1 3 4 2 - 2 3 4
7 3 2 3 1 4 4 2 - 3 4
8 4 3 2 2 5 1 3 3 - 3
9 5 4 5 3 2 4 4 4 3 -

≥ 20; SMAPO# 363

0 1 2 3 4 5 6 7 8 9
0 - 6 10 10 11 12 16 16 16 15
1 6 - 16 16 13 14 10 10 14 15
2 10 16 - 16 11 16 6 14 10 15
3 10 16 16 - 17 12 14 6 12 11
4 11 13 11 17 - 11 15 11 17 6
5 12 14 16 12 11 - 10 16 6 17
6 16 10 6 14 15 10 - 12 16 15
7 16 10 14 6 11 16 12 - 14 17
8 16 14 10 12 17 6 16 14 - 11
9 15 15 15 11 6 17 15 17 11 -

≥ 88; SMAPO# 14125

0 1 2 3 4 5 6 7 8 9
0 - 7 12 12 13 15 19 19 20 20
1 7 - 19 19 16 18 12 12 17 19
2 12 19 - 20 13 19 7 17 12 20
3 12 19 20 - 21 15 17 7 14 14
4 13 16 13 21 - 14 18 14 21 7
5 15 18 19 15 14 - 12 20 7 21
6 19 12 7 17 18 12 - 14 19 19
7 19 12 17 7 14 20 14 - 17 21
8 20 17 12 14 21 7 19 17 - 14
9 20 19 20 14 7 21 19 21 14 -

≥ 106; ( 24

113
, 89

113
)

1 024

113

0 12
TT-disjoint at 4

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 3 3 3 3 4 5
1 1 - 3 3 4 4 2 2 3 4
2 2 3 - 4 3 3 1 3 2 5
3 2 3 4 - 5 3 3 1 2 3
4 3 4 3 5 - 4 4 4 5 2
5 3 4 3 3 4 - 2 4 1 4
6 3 2 1 3 4 2 - 2 3 4
7 3 2 3 1 4 4 2 - 3 4
8 4 3 2 2 5 1 3 3 - 3
9 5 4 5 3 2 4 4 4 3 -

≥ 20; SMAPO# 363

0 1 2 3 4 5 6 7 8 9
0 - 6 10 10 11 14 16 16 16 15
1 6 - 16 16 13 14 10 10 14 15
2 10 16 - 16 11 16 6 14 10 15
3 10 16 16 - 17 12 12 6 12 11
4 11 13 11 17 - 11 15 11 17 6
5 14 14 16 12 11 - 10 16 6 17
6 16 10 6 12 15 10 - 12 16 15
7 16 10 14 6 11 16 12 - 14 17
8 16 14 10 12 17 6 16 14 - 11
9 15 15 15 11 6 17 15 17 11 -

≥ 88; SMAPO# 14126

0 1 2 3 4 5 6 7 8 9
0 - 7 12 12 13 17 19 19 20 20
1 7 - 19 19 16 18 12 12 17 19
2 12 19 - 20 13 19 7 17 12 20
3 12 19 20 - 21 15 15 7 14 14
4 13 16 13 21 - 14 18 14 21 7
5 17 18 19 15 14 - 12 20 7 21
6 19 12 7 15 18 12 - 14 19 19
7 19 12 17 7 14 20 14 - 17 21
8 20 17 12 14 21 7 19 17 - 14
9 20 19 20 14 7 21 19 21 14 -

≥ 106; ( 24

113
, 89

113
)

1 059

112

0 12
TT-disjoint at 4

0 1 2 3 4 5 6 7 8 9
0 - 3 6 6 7 9 9 9 10 11
1 3 - 9 9 10 8 6 6 7 10
2 6 9 - 10 7 9 3 9 6 11
3 6 9 10 - 11 7 7 3 6 7
4 7 10 7 11 - 8 10 8 11 4
5 9 8 9 7 8 - 6 10 3 10
6 9 6 3 7 10 6 - 8 9 10
7 9 6 9 3 8 10 8 - 7 10
8 10 7 6 6 11 3 9 7 - 7
9 11 10 11 7 4 10 10 10 7 -

≥ 52; SMAPO# 7796

0 1 2 3 4 5 6 7 8 9
0 - 4 6 6 7 8 10 10 10 9
1 4 - 10 10 9 8 6 6 8 9
2 6 10 - 10 7 10 4 8 6 9
3 6 10 10 - 11 8 8 4 8 7
4 7 9 7 11 - 7 9 7 11 4
5 8 8 10 8 7 - 6 10 4 11
6 10 6 4 8 9 6 - 8 10 9
7 10 6 8 4 7 10 8 - 8 11
8 10 8 6 8 11 4 10 8 - 7
9 9 9 9 7 4 11 9 11 7 -

≥ 56; SMAPO# 8797

0 1 2 3 4 5 6 7 8 9
0 - 7 12 12 13 17 19 19 20 20
1 7 - 19 19 18 16 12 12 15 19
2 12 19 - 20 13 19 7 17 12 20
3 12 19 20 - 21 15 15 7 14 14
4 13 18 13 21 - 14 18 14 21 7
5 17 16 19 15 14 - 12 20 7 21
6 19 12 7 15 18 12 - 16 19 19
7 19 12 17 7 14 20 16 - 15 21
8 20 15 12 14 21 7 19 15 - 14
9 20 19 20 14 7 21 19 21 14 -

≥ 106; ( 59

112
, 53

112
)

RHS = 110
1 09

26

0 12
TT-disjoint at 1

0 1 2 3 4 5 6 7 8 9
0 - 2 2 4 4 6 6 8 8 7
1 2 - 4 4 6 8 6 6 10 5
2 2 4 - 6 6 4 8 10 6 9
3 4 4 6 - 2 4 4 8 8 7
4 4 6 6 2 - 2 6 8 8 5
5 6 8 4 4 2 - 8 10 6 5
6 6 6 8 4 6 8 - 10 8 3
7 8 6 10 8 8 10 10 - 4 7
8 8 10 6 8 8 6 8 4 - 11
9 7 5 9 7 5 5 3 7 11 -

≥ 40; SMAPO# 4336

0 1 2 3 4 5 6 7 8 9
0 - 4 3 10 10 10 14 12 12 14
1 4 - 7 6 10 14 10 10 16 12
2 3 7 - 11 11 7 15 15 9 17
3 10 6 11 - 4 8 8 16 14 14
4 10 10 11 4 - 4 12 16 14 10
5 10 14 7 8 4 - 16 16 10 10
6 14 10 15 8 12 16 - 20 14 6
7 12 10 15 16 16 16 20 - 6 14
8 12 16 9 14 14 10 14 6 - 20
9 14 12 17 14 10 10 6 14 20 -

≥ 72; SMAPO# 12640

0 1 2 3 4 5 6 7 8 9
0 - 5 5 14 14 16 20 20 20 21
1 5 - 10 9 15 21 15 15 25 16
2 5 10 - 17 17 11 23 25 15 26
3 14 9 17 - 6 12 12 24 22 21
4 14 15 17 6 - 6 18 24 22 15
5 16 21 11 12 6 - 24 26 16 15
6 20 15 23 12 18 24 - 30 22 9
7 20 15 25 24 24 26 30 - 10 21
8 20 25 15 22 22 16 22 10 - 31
9 21 16 26 21 15 15 9 21 31 -

≥ 110; ( 9

26
, 17

26
)

RHS = 112
1 016

53

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 4 4 5 4 6 6 7
1 1 - 4 5 3 6 5 5 5 6
2 3 4 - 7 5 8 7 5 3 6
3 4 5 7 - 6 5 8 8 8 3
4 4 3 5 6 - 7 2 6 6 7
5 5 6 8 5 7 - 5 3 5 8
6 4 5 7 8 2 5 - 6 4 5
7 6 5 5 8 6 3 6 - 8 5
8 6 5 3 8 6 5 4 8 - 7
9 7 6 6 3 7 8 5 5 7 -

≥ 36; SMAPO# 2766

0 1 2 3 4 5 6 7 8 9
0 - 2 8 8 10 9 12 12 12 13
1 2 - 8 10 8 11 14 10 14 11
2 8 8 - 16 12 17 18 12 6 13
3 8 10 16 - 16 9 18 14 18 5
4 10 8 12 16 - 17 6 14 18 15
5 9 11 17 9 17 - 11 5 11 14
6 12 14 18 18 6 11 - 14 12 13
7 12 10 12 14 14 5 14 - 16 9
8 12 14 6 18 18 11 12 16 - 15
9 13 11 13 5 15 14 13 9 15 -

≥ 78; SMAPO# 13443

0 1 2 3 4 5 6 7 8 9
0 - 3 10 12 14 14 16 18 18 20
1 3 - 11 15 11 17 19 15 19 17
2 10 11 - 22 16 24 24 16 8 18
3 12 15 22 - 22 14 26 22 26 8
4 14 11 16 22 - 24 8 20 24 22
5 14 17 24 14 24 - 16 8 16 22
6 16 19 24 26 8 16 - 20 16 18
7 18 15 16 22 20 8 20 - 24 14
8 18 19 8 26 24 16 16 24 - 22
9 20 17 18 8 22 22 18 14 22 -

≥ 112; ( 16

53
, 37

53
)



94 Appendix A. Visualization of tilting omplexes for GTSP(10)RHS = 116
1 050

273

0 12
TT-disjoint at 7

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 3 3 5 5 4 4
1 2 - 5 5 3 3 3 3 4 4
2 3 5 - 4 4 4 2 4 3 5
3 3 5 4 - 4 4 4 2 5 3
4 3 3 4 4 - 2 4 4 3 1
5 3 3 4 4 2 - 4 4 1 3
6 5 3 2 4 4 4 - 4 5 3
7 5 3 4 2 4 4 4 - 3 5
8 4 4 3 5 3 1 5 3 - 2
9 4 4 5 3 1 3 3 5 2 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 5 10 11 12 12 15 17 18 18
1 5 - 15 16 15 17 10 12 17 19
2 10 15 - 17 18 18 5 11 12 20
3 11 16 17 - 21 21 12 6 17 15
4 12 15 18 21 - 12 15 15 18 6
5 12 17 18 21 12 - 17 17 6 18
6 15 10 5 12 15 17 - 12 17 15
7 17 12 11 6 15 17 12 - 13 21
8 18 17 12 17 18 6 17 13 - 12
9 18 19 20 15 6 18 15 21 12 -

≥ 94; SMAPO# 14584

0 1 2 3 4 5 6 7 8 9
0 - 7 13 14 15 15 20 21 22 22
1 7 - 20 21 18 20 13 14 21 23
2 13 20 - 21 22 22 7 14 15 25
3 14 21 21 - 25 25 16 7 22 18
4 15 18 22 25 - 14 19 18 21 7
5 15 20 22 25 14 - 21 20 7 21
6 20 13 7 16 19 21 - 15 22 18
7 21 14 14 7 18 20 15 - 15 25
8 22 21 15 22 21 7 22 15 - 14
9 22 23 25 18 7 21 18 25 14 -

≥ 116; ( 50

273
, 223

273
)

RHS = 118
1 047

140

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 3 5 6 5 8 7 7 8 8
1 3 - 8 7 8 5 6 8 5 7
2 5 8 - 9 8 3 6 6 7 7
3 6 7 9 - 5 6 3 7 8 6
4 5 8 8 5 - 7 8 2 5 7
5 8 5 3 6 7 - 9 7 8 6
6 7 6 6 3 8 9 - 6 5 7
7 7 8 6 7 2 7 6 - 7 5
8 8 5 7 8 5 8 5 7 - 2
9 8 7 7 6 7 6 7 5 2 -

≥ 42; SMAPO# 4504

0 1 2 3 4 5 6 7 8 9
0 - 4 8 9 9 12 14 14 14 15
1 4 - 12 13 13 8 10 16 10 11
2 8 12 - 17 17 4 12 12 14 13
3 9 13 17 - 10 13 5 15 15 10
4 9 13 17 10 - 13 13 5 11 16
5 12 8 4 13 13 - 16 16 16 11
6 14 10 12 5 13 16 - 14 10 15
7 14 16 12 15 5 16 14 - 16 11
8 14 10 14 15 11 16 10 16 - 5
9 15 11 13 10 16 11 15 11 5 -

≥ 78; SMAPO# 13346

0 1 2 3 4 5 6 7 8 9
0 - 7 13 14 14 20 21 21 22 23
1 7 - 20 19 21 13 16 24 15 18
2 13 20 - 25 25 7 18 18 21 20
3 14 19 25 - 14 18 7 21 22 15
4 14 21 25 14 - 20 21 7 16 23
5 20 13 7 18 20 - 25 23 24 17
6 21 16 18 7 21 25 - 20 15 22
7 21 24 18 21 7 23 20 - 23 16
8 22 15 21 22 16 24 15 23 - 7
9 23 18 20 15 23 17 22 16 7 -

≥ 118; ( 47

140
, 93

140
)

RHS = 122
1 059

134

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 3 7 7 6 6 9 9 11 11
1 3 - 8 10 9 9 8 6 8 10
2 7 8 - 8 11 9 8 8 12 4
3 7 10 8 - 11 9 10 10 4 12
4 6 9 11 11 - 8 3 5 7 7
5 6 9 9 9 8 - 5 3 7 9
6 9 8 8 10 3 5 - 8 8 10
7 9 6 8 10 5 3 8 - 10 10
8 11 8 12 4 7 7 8 10 - 8
9 11 10 4 12 7 9 10 10 8 -

≥ 54; SMAPO# 8346

0 1 2 3 4 5 6 7 8 9
0 - 4 9 8 9 10 12 13 12 12
1 4 - 9 12 13 14 12 9 8 14
2 9 9 - 9 14 11 9 10 13 5
3 8 12 9 - 13 12 12 13 4 12
4 9 13 14 13 - 13 5 8 9 9
5 10 14 11 12 13 - 8 5 8 12
6 12 12 9 12 5 8 - 13 10 14
7 13 9 10 13 8 5 13 - 13 13
8 12 8 13 4 9 8 10 13 - 8
9 12 14 5 12 9 12 14 13 8 -

≥ 70; SMAPO# 12051

0 1 2 3 4 5 6 7 8 9
0 - 7 15 15 15 16 21 22 23 23
1 7 - 16 22 22 23 20 15 16 24
2 15 16 - 16 24 19 16 17 24 8
3 15 22 16 - 24 21 22 23 8 24
4 15 22 24 24 - 21 8 13 16 16
5 16 23 19 21 21 - 13 8 15 21
6 21 20 16 22 8 13 - 21 18 24
7 22 15 17 23 13 8 21 - 23 23
8 23 16 24 8 16 15 18 23 - 16
9 23 24 8 24 16 21 24 23 16 -

≥ 122; ( 59

134
, 75

134
)

RHS = 132
1 025

156

0 12
TT-disjoint at 7

0 1 2 3 4 5 6 7 8 9
0 - 2 3 3 3 3 5 5 4 4
1 2 - 5 5 3 3 3 3 4 4
2 3 5 - 4 4 4 2 4 3 5
3 3 5 4 - 4 4 4 2 5 3
4 3 3 4 4 - 2 4 4 3 1
5 3 3 4 4 2 - 4 4 1 3
6 5 3 2 4 4 4 - 4 5 3
7 5 3 4 2 4 4 4 - 3 5
8 4 4 3 5 3 1 5 3 - 2
9 4 4 5 3 1 3 3 5 2 -

≥ 24; SMAPO# 662

0 1 2 3 4 5 6 7 8 9
0 - 6 12 12 14 14 18 19 21 21
1 6 - 18 18 18 20 12 13 21 23
2 12 18 - 20 22 22 6 13 15 23
3 12 18 20 - 24 24 14 7 21 17
4 14 18 22 24 - 14 18 17 21 7
5 14 20 22 24 14 - 20 19 7 21
6 18 12 6 14 18 20 - 13 21 17
7 19 13 13 7 17 19 13 - 16 24
8 21 21 15 21 21 7 21 16 - 14
9 21 23 23 17 7 21 17 24 14 -

≥ 110; SMAPO# 15089

0 1 2 3 4 5 6 7 8 9
0 - 8 15 15 17 17 23 23 25 25
1 8 - 23 23 21 23 15 15 25 27
2 15 23 - 24 26 26 8 16 18 28
3 15 23 24 - 28 28 18 8 26 20
4 17 21 26 28 - 16 22 20 24 8
5 17 23 26 28 16 - 24 22 8 24
6 23 15 8 18 22 24 - 16 26 20
7 23 15 16 8 20 22 16 - 18 28
8 25 25 18 26 24 8 26 18 - 16
9 25 27 28 20 8 24 20 28 16 -

≥ 132; ( 25

156
, 131

156
)



A.2. odim(F ) = 3 95RHS = 136
1 044

105

0 12
TT-disjoint at 2

0 1 2 3 4 5 6 7 8 9
0 - 1 3 3 5 4 4 5 4 4
1 1 - 4 4 4 3 3 4 5 5
2 3 4 - 4 6 7 7 2 5 5
3 3 4 4 - 2 7 7 6 5 5
4 5 4 6 2 - 5 5 4 5 5
5 4 3 7 7 5 - 4 5 6 2
6 4 3 7 7 5 4 - 5 2 6
7 5 4 2 6 4 5 5 - 5 5
8 4 5 5 5 5 6 2 5 - 4
9 4 5 5 5 5 2 6 5 4 -

≥ 30; SMAPO# 1506

0 1 2 3 4 5 6 7 8 9
0 - 3 9 7 11 13 13 11 13 13
1 3 - 8 10 8 10 10 14 16 16
2 9 8 - 10 14 18 18 6 12 12
3 7 10 10 - 4 16 16 12 14 14
4 11 8 14 4 - 12 16 8 10 14
5 13 10 18 16 12 - 12 12 18 6
6 13 10 18 16 16 12 - 16 6 18
7 11 14 6 12 8 12 16 - 14 18
8 13 16 12 14 10 18 6 14 - 12
9 13 16 12 14 14 6 18 18 12 -

≥ 80; SMAPO# 13644

0 1 2 3 4 5 6 7 8 9
0 - 5 13 13 21 21 21 21 21 21
1 5 - 14 18 16 16 16 22 26 26
2 13 14 - 16 24 30 30 8 20 20
3 13 18 16 - 8 30 30 24 24 24
4 21 16 24 8 - 22 26 16 20 24
5 21 16 30 30 22 - 20 22 30 10
6 21 16 30 30 26 20 - 26 10 30
7 21 22 8 24 16 22 26 - 24 28
8 21 26 20 24 20 30 10 24 - 20
9 21 26 20 24 24 10 30 28 20 -

≥ 136; ( 44

105
, 61

105
)A.2 odim(F ) = 3Similar to the previous setion, the results are sorted by right hand sides. For eahnon-NR faet we give a �gure of the orresponding tilting omplex T followed by severaltables representing the TT-type faets. The tables are listed in the order of the vertexnumbering in the �gure.For non-NR faets the tuple to the right of the right hand side spei�es how theinequality de�ning the non-NR faet an be represented as onvex ombination of theinequalities in standard saling de�ning the NR-faets. The order of the oe�ientsonforms with the order of the verties of F3 in the orresponding �gure.The tilting omplex for right hand side 47 is espeially interesting and therefore pro-vides an extended desription.RHS = 29

0 1

23

0 1

23

4

TT-disjoint at 8, 9

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 2 2 3 4 4 3
1 1 - 3 2 3 3 2 3 5 4
2 2 3 - 1 4 4 3 4 4 3
3 3 2 1 - 3 3 4 5 3 2
4 2 3 4 3 - 2 1 4 4 3
5 2 3 4 3 2 - 3 4 4 1
6 3 2 3 4 1 3 - 3 5 2
7 4 3 4 5 4 4 3 - 2 5
8 4 5 4 3 4 4 5 2 - 3
9 3 4 3 2 3 1 2 5 3 -

≥ 20; SMAPO# 363

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 2 3 3 3 4 5
1 1 - 3 2 3 4 2 2 3 4
2 2 3 - 1 4 5 3 3 2 3
3 3 2 1 - 3 4 4 4 3 4
4 2 3 4 3 - 3 1 3 2 5
5 3 4 5 4 3 - 4 4 5 2
6 3 2 3 4 1 4 - 2 3 4
7 3 2 3 4 3 4 2 - 1 4
8 4 3 2 3 2 5 3 1 - 3
9 5 4 3 4 5 2 4 4 3 -

≥ 20; SMAPO# 363

0 1 2 3 4 5 6 7 8 9
0 - 1 4 5 6 6 7 6 9 9
1 1 - 5 4 7 7 6 5 8 8
2 4 5 - 1 8 8 7 8 5 5
3 5 4 1 - 7 9 8 7 6 6
4 6 7 8 7 - 6 3 8 5 9
5 6 7 8 9 6 - 9 8 9 3
6 7 6 7 8 3 9 - 5 8 6
7 6 5 8 7 8 8 5 - 3 7
8 9 8 5 6 5 9 8 3 - 6
9 9 8 5 6 9 3 6 7 6 -

≥ 40; SMAPO# 4035

0 1 2 3 4 5 6 7 8 9
0 - 1 4 5 6 5 7 7 8 8
1 1 - 5 4 7 6 6 6 9 9
2 4 5 - 1 8 7 7 9 6 6
3 5 4 1 - 7 8 8 8 5 5
4 6 7 8 7 - 5 3 9 6 8
5 5 6 7 8 5 - 8 8 7 3
6 7 6 7 8 3 8 - 6 9 5
7 7 6 9 8 9 8 6 - 3 9
8 8 9 6 5 6 7 9 3 - 6
9 8 9 6 5 8 3 5 9 6 -

≥ 40; SMAPO# 4035

0 1 2 3 4 5 6 7 8 9
0 - 1 3 4 4 4 5 5 6 6
1 1 - 4 3 5 5 4 4 6 6
2 3 4 - 1 6 6 5 6 4 4
3 4 3 1 - 5 6 6 6 4 4
4 4 5 6 5 - 4 2 6 4 6
5 4 5 6 6 4 - 6 6 6 2
6 5 4 5 6 2 6 - 4 6 4
7 5 4 6 6 6 6 4 - 2 6
8 6 6 4 4 4 6 6 2 - 4
9 6 6 4 4 6 2 4 6 4 -

≥ 29; ( 48

151
, 0, 103

151
, 0)



96 Appendix A. Visualization of tilting omplexes for GTSP(10)RHS = 38
0 1

2 3

0 1

2 3

4

TT-disjoint at 1, 4

0 1 2 3 4 5 6 7 8 9
0 - 1 1 2 2 1 1 3 2 2
1 1 - 2 1 3 2 2 4 3 3
2 1 2 - 3 1 2 2 4 3 3
3 2 1 3 - 2 1 3 3 2 2
4 2 3 1 2 - 1 3 3 2 2
5 1 2 2 1 1 - 2 2 3 3
6 1 2 2 3 3 2 - 2 1 3
7 3 4 4 3 3 2 2 - 3 1
8 2 3 3 2 2 3 1 3 - 2
9 2 3 3 2 2 3 3 1 2 -

≥ 14; SMAPO# 134

0 1 2 3 4 5 6 7 8 9
0 - 1 1 2 2 2 2 2 3 3
1 1 - 2 1 3 3 3 3 2 2
2 1 2 - 3 1 3 3 3 2 2
3 2 1 3 - 2 2 4 4 3 3
4 2 3 1 2 - 2 4 4 3 3
5 2 3 3 2 2 - 2 2 3 3
6 2 3 3 4 4 2 - 2 1 3
7 2 3 3 4 4 2 2 - 3 1
8 3 2 2 3 3 3 1 3 - 2
9 3 2 2 3 3 3 3 1 2 -

≥ 16; SMAPO# 200

0 1 2 3 4 5 6 7 8 9
0 - 1 1 2 3 3 3 5 5 5
1 1 - 2 1 4 2 4 6 4 4
2 1 2 - 3 2 2 4 6 6 6
3 2 1 3 - 3 1 5 5 5 5
4 3 4 2 3 - 2 6 6 4 4
5 3 2 2 1 2 - 4 4 6 6
6 3 4 4 5 6 4 - 4 2 6
7 5 6 6 5 6 4 4 - 6 2
8 5 4 6 5 4 6 2 6 - 4
9 5 4 6 5 4 6 6 2 4 -

≥ 24; SMAPO# 771

0 1 2 3 4 5 6 7 8 9
0 - 2 1 2 2 4 4 4 6 6
1 2 - 3 2 4 4 6 6 4 4
2 1 3 - 3 1 3 5 5 5 5
3 2 2 3 - 2 2 6 6 6 6
4 2 4 1 2 - 2 6 6 4 4
5 4 4 3 2 2 - 4 4 6 6
6 4 6 5 6 6 4 - 4 2 6
7 4 6 5 6 6 4 4 - 6 2
8 6 4 5 6 4 6 2 6 - 4
9 6 4 5 6 4 6 6 2 4 -

≥ 26; SMAPO# 949

0 1 2 3 4 5 6 7 8 9
0 - 2 2 4 4 5 5 7 8 8
1 2 - 4 2 6 5 7 9 6 6
2 2 4 - 6 2 5 7 9 8 8
3 4 2 6 - 4 3 9 9 8 8
4 4 6 2 4 - 3 9 9 6 6
5 5 5 5 3 3 - 6 6 9 9
6 5 7 7 9 9 6 - 6 3 9
7 7 9 9 9 9 6 6 - 9 3
8 8 6 8 8 6 9 3 9 - 6
9 8 6 8 8 6 9 9 3 6 -

≥ 38; (0, 19

52
, 33

52
, 0)

RHS = 40
0 1

2 3

0 1

2 3

4

TT-disjoint at 0, 1

0 1 2 3 4 5 6 7 8 9
0 - 1 1 2 2 3 2 2 3 3
1 1 - 2 1 3 2 3 3 4 2
2 1 2 - 1 3 2 3 3 4 2
3 2 1 1 - 2 3 2 2 3 3
4 2 3 3 2 - 1 4 4 3 3
5 3 2 2 3 1 - 3 3 4 2
6 2 3 3 2 4 3 - 2 1 3
7 2 3 3 2 4 3 2 - 3 1
8 3 4 4 3 3 4 1 3 - 2
9 3 2 2 3 3 2 3 1 2 -

≥ 16; SMAPO# 214

0 1 2 3 4 5 6 7 8 9
0 - 1 1 2 2 3 3 3 2 4
1 1 - 2 1 3 2 2 2 3 3
2 1 2 - 1 3 2 2 2 3 3
3 2 1 1 - 2 3 3 3 2 4
4 2 3 3 2 - 1 3 3 2 4
5 3 2 2 3 1 - 4 4 3 3
6 3 2 2 3 3 4 - 2 1 3
7 3 2 2 3 3 4 2 - 3 1
8 2 3 3 2 2 3 1 3 - 2
9 4 3 3 4 4 3 3 1 2 -

≥ 16; SMAPO# 214

0 1 2 3 4 5 6 7 8 9
0 - 2 2 3 3 4 4 4 6 6
1 2 - 2 1 3 2 4 4 6 4
2 2 2 - 1 3 4 6 6 6 4
3 3 1 1 - 4 3 5 5 5 5
4 3 3 3 4 - 1 7 7 5 5
5 4 2 4 3 1 - 6 6 6 4
6 4 4 6 5 7 6 - 4 2 6
7 4 4 6 5 7 6 4 - 6 2
8 6 6 6 5 5 6 2 6 - 4
9 6 4 4 5 5 4 6 2 4 -

≥ 26; SMAPO# 1036



A.2. odim(F ) = 3 97
0 1 2 3 4 5 6 7 8 9

0 - 2 1 2 2 3 4 4 4 6
1 2 - 3 2 4 3 4 4 6 6
2 1 3 - 1 3 4 5 5 5 5
3 2 2 1 - 4 3 6 6 4 6
4 2 4 3 4 - 1 6 6 4 6
5 3 3 4 3 1 - 7 7 5 5
6 4 4 5 6 6 7 - 4 2 6
7 4 4 5 6 6 7 4 - 6 2
8 4 6 5 4 4 5 2 6 - 4
9 6 6 5 6 6 5 6 2 4 -

≥ 26; SMAPO# 1036

0 1 2 3 4 5 6 7 8 9
0 - 2 2 4 4 6 6 6 7 9
1 2 - 4 2 6 4 6 6 9 7
2 2 4 - 2 6 6 8 8 9 7
3 4 2 2 - 6 6 8 8 7 9
4 4 6 6 6 - 2 10 10 7 9
5 6 4 6 6 2 - 10 10 9 7
6 6 6 8 8 10 10 - 6 3 9
7 6 6 8 8 10 10 6 - 9 3
8 7 9 9 7 7 9 3 9 - 6
9 9 7 7 9 9 7 9 3 6 -

≥ 40; (0, 39

110
, 71

110
, 0)

0 1

23

0 1

23

4

TT-disjoint at 0, 5

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 2 3 3 3 4 4
1 1 - 3 3 1 2 2 2 3 3
2 2 3 - 2 2 3 3 3 2 2
3 2 3 2 - 2 1 3 3 4 4
4 2 1 2 2 - 1 3 3 2 2
5 3 2 3 1 1 - 2 2 3 3
6 3 2 3 3 3 2 - 2 1 3
7 3 2 3 3 3 2 2 - 3 1
8 4 3 2 4 2 3 1 3 - 2
9 4 3 2 4 2 3 3 1 2 -

≥ 16; SMAPO# 200

0 1 2 3 4 5 6 7 8 9
0 - 1 1 2 3 3 2 2 3 3
1 1 - 2 3 2 2 3 3 4 4
2 1 2 - 1 2 2 3 3 2 2
3 2 3 1 - 3 1 2 2 3 3
4 3 2 2 3 - 2 3 3 2 2
5 3 2 2 1 2 - 3 3 4 4
6 2 3 3 2 3 3 - 2 1 3
7 2 3 3 2 3 3 2 - 3 1
8 3 4 2 3 2 4 1 3 - 2
9 3 4 2 3 2 4 3 1 2 -

≥ 16; SMAPO# 200

0 1 2 3 4 5 6 7 8 9
0 - 2 2 3 4 4 4 4 6 6
1 2 - 2 3 2 2 6 6 6 6
2 2 2 - 1 4 2 6 6 4 4
3 3 3 1 - 3 1 5 5 5 5
4 4 2 4 3 - 2 6 6 4 4
5 4 2 2 1 2 - 4 4 6 6
6 4 6 6 5 6 4 - 4 2 6
7 4 6 6 5 6 4 4 - 6 2
8 6 6 4 5 4 6 2 6 - 4
9 6 6 4 5 4 6 6 2 4 -

≥ 26; SMAPO# 949

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 2 4 4 4 6 6
1 1 - 3 3 1 3 5 5 5 5
2 2 3 - 2 4 4 6 6 4 4
3 2 3 2 - 2 2 6 6 6 6
4 2 1 4 2 - 2 6 6 4 4
5 4 3 4 2 2 - 4 4 6 6
6 4 5 6 6 6 4 - 4 2 6
7 4 5 6 6 6 4 4 - 6 2
8 6 5 4 6 4 6 2 6 - 4
9 6 5 4 6 4 6 6 2 4 -

≥ 26; SMAPO# 949

0 1 2 3 4 5 6 7 8 9
0 - 2 3 4 5 6 6 6 9 9
1 2 - 5 6 3 4 8 8 9 9
2 3 5 - 3 6 5 9 9 6 6
3 4 6 3 - 5 2 8 8 9 9
4 5 3 6 5 - 3 9 9 6 6
5 6 4 5 2 3 - 6 6 9 9
6 6 8 9 8 9 6 - 6 3 9
7 6 8 9 8 9 6 6 - 9 3
8 9 9 6 9 6 9 3 9 - 6
9 9 9 6 9 6 9 9 3 6 -

≥ 40; ( 19

53
, 0, 34

53
, 0)RHS = 47

0 1

2

0 1

2

5

34

TT-disjoint at 3, 4

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 4 3 3 4 4 4
1 1 - 3 4 5 2 2 3 3 3
2 2 3 - 3 4 3 1 4 2 2
3 3 4 3 - 3 2 2 5 1 3
4 4 5 4 3 - 5 3 2 4 4
5 3 2 3 2 5 - 4 3 3 1
6 3 2 1 2 3 4 - 5 3 3
7 4 3 4 5 2 3 5 - 4 4
8 4 3 2 1 4 3 3 4 - 2
9 4 3 2 3 4 1 3 4 2 -

≥ 20; SMAPO# 363

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 2 3 3 3 5 4
1 1 - 3 4 3 2 2 2 4 3
2 2 3 - 5 4 3 1 3 3 2
3 3 4 5 - 3 4 4 4 2 5
4 2 3 4 3 - 3 3 1 5 2
5 3 2 3 4 3 - 4 2 4 1
6 3 2 1 4 3 4 - 4 4 3
7 3 2 3 4 1 2 4 - 4 3
8 5 4 3 2 5 4 4 4 - 3
9 4 3 2 5 2 1 3 3 3 -

≥ 20; SMAPO# 363

0 1 2 3 4 5 6 7 8 9
0 - 4 6 7 7 8 10 11 9 10
1 4 - 10 11 11 8 6 7 9 10
2 6 10 - 11 11 10 4 9 7 8
3 7 11 11 - 8 7 7 10 4 11
4 7 11 11 8 - 11 7 4 10 7
5 8 8 10 7 11 - 10 7 11 4
6 10 6 4 7 7 10 - 9 11 8
7 11 7 9 10 4 7 9 - 10 11
8 9 9 7 4 10 11 11 10 - 7
9 10 10 8 11 7 4 8 11 7 -

≥ 58; SMAPO# 9365



98 Appendix A. Visualization of tilting omplexes for GTSP(10)
0 1 2 3 4 5 6 7 8 9

0 - 5 8 9 9 11 13 14 14 14
1 5 - 13 14 14 10 8 9 13 13
2 8 13 - 15 15 13 5 12 10 10
3 9 14 15 - 10 10 10 13 5 15
4 9 14 15 10 - 14 10 5 15 9
5 11 10 13 10 14 - 14 9 15 5
6 13 8 5 10 10 14 - 13 15 11
7 14 9 12 13 5 9 13 - 14 14
8 14 13 10 5 15 15 15 14 - 10
9 14 13 10 15 9 5 11 14 10 -

≥ 76; (0, 16

55
, 39

55
)

0 1 2 3 4 5 6 7 8 9
0 - 5 8 10 10 11 13 15 13 14
1 5 - 13 15 15 10 8 10 12 13
2 8 13 - 14 14 13 5 13 9 10
3 10 15 14 - 10 9 9 15 5 14
4 10 15 14 10 - 15 9 5 13 10
5 11 10 13 9 15 - 14 10 14 5
6 13 8 5 9 9 14 - 14 14 11
7 15 10 13 15 5 10 14 - 14 15
8 13 12 9 5 13 14 14 14 - 9
9 14 13 10 14 10 5 11 15 9 -

≥ 76; ( 16

55
, 0, 39

55
)

0 1 2 3 4 5 6 7 8 9
0 - 3 5 6 6 7 8 9 9 9
1 3 - 8 9 9 6 5 6 8 8
2 5 8 - 9 9 8 3 8 6 6
3 6 9 9 - 6 6 6 9 3 9
4 6 9 9 6 - 9 6 3 9 6
5 7 6 8 6 9 - 9 6 9 3
6 8 5 3 6 6 9 - 9 9 7
7 9 6 8 9 3 6 9 - 9 9
8 9 8 6 3 9 9 9 9 - 6
9 9 8 6 9 6 3 7 9 6 -

≥ 47; ( 16

71
, 16

71
, 39

71
)The sides (0, 2) and (1, 2) of F3 orrespond to one-dimensional tilting omplexes. Thelower two verties v0,v1 of F3 represent NR-faets H0,H1 with SMAPO number 363,while the upper vertex v2 represents an NR-faet H2 with SMAPO number 9365. In Se-tion A.1 we have exatly one tilting omplex with those two SMAPO numbers involved,namely

1 016

55

0 12
TT-disjoint at 3

0 1 2 3 4 5 6 7 8 9
0 - 1 2 3 2 3 3 3 5 4
1 1 - 3 4 3 2 2 2 4 3
2 2 3 - 5 4 3 1 3 3 2
3 3 4 5 - 3 4 4 4 2 5
4 2 3 4 3 - 3 3 1 5 2
5 3 2 3 4 3 - 4 2 4 1
6 3 2 1 4 3 4 - 4 4 3
7 3 2 3 4 1 2 4 - 4 3
8 5 4 3 2 5 4 4 4 - 3
9 4 3 2 5 2 1 3 3 3 -

≥ 20; SMAPO# 363

0 1 2 3 4 5 6 7 8 9
0 - 4 6 7 7 8 10 11 9 10
1 4 - 10 11 11 8 6 7 9 10
2 6 10 - 11 11 10 4 9 7 8
3 7 11 11 - 8 7 7 10 4 11
4 7 11 11 8 - 11 7 4 10 7
5 8 8 10 7 11 - 10 7 11 4
6 10 6 4 7 7 10 - 9 11 8
7 11 7 9 10 4 7 9 - 10 11
8 9 9 7 4 10 11 11 10 - 7
9 10 10 8 11 7 4 8 11 7 -

≥ 58; SMAPO# 9365

0 1 2 3 4 5 6 7 8 9
0 - 5 8 9 9 11 13 14 14 14
1 5 - 13 14 14 10 8 9 13 13
2 8 13 - 15 15 13 5 12 10 10
3 9 14 15 - 10 10 10 13 5 15
4 9 14 15 10 - 14 10 5 15 9
5 11 10 13 10 14 - 14 9 15 5
6 13 8 5 10 10 14 - 13 15 11
7 14 9 12 13 5 9 13 - 14 14
8 14 13 10 5 15 15 15 14 - 10
9 14 13 10 15 9 5 11 14 10 -

≥ 76; ( 16

55
, 39

55
)This one-dimensional tilting omplex is equal to the side (1, 2). Atually, it is alsoequal to (0, 2), but only modulo permutation of nodes, sine the oe�ients of H0 donot �t. In order to see this, we have to remember that the SMAPO numbers representwhole lasses of faets, whose members are equal modulo permutation of nodes. So, wehave to �nd a node permutation that maps H1 to H0 and leaves H2 unhanged. This isaomplished by

π :=

(
0 1 2 3 4 5 6 7 8 9

6 2 1 4 3 9 0 8 7 5

)
.Note that this permutation swaps the nodes 3 and 4. Together with the fat that H1 and

H2 are TT-disjoint at node 3, this explains why H0,H1 and H2 are TT-disjoint at nodes3 and 4.
RHS = 68

0 1

23

0 1

23

4

TT-disjoint at 2, 3



A.2. odim(F ) = 3 99
0 1 2 3 4 5 6 7 8 9

0 - 1 1 2 5 4 6 4 4 6
1 1 - 2 1 6 5 5 5 5 5
2 1 2 - 3 4 3 7 5 5 7
3 2 1 3 - 7 6 4 4 4 4
4 5 6 4 7 - 5 3 7 7 9
5 4 5 3 6 5 - 8 2 6 4
6 6 5 7 4 3 8 - 8 8 6
7 4 5 5 4 7 2 8 - 4 6
8 4 5 5 4 7 6 8 4 - 2
9 6 5 7 4 9 4 6 6 2 -

≥ 30; SMAPO# 1661

0 1 2 3 4 5 6 7 8 9
0 - 1 1 2 5 5 6 5 5 5
1 1 - 2 1 6 6 5 4 4 4
2 1 2 - 3 4 4 7 4 4 6
3 2 1 3 - 7 7 4 5 5 3
4 5 6 4 7 - 6 3 8 8 8
5 5 6 4 7 6 - 9 2 6 4
6 6 5 7 4 3 9 - 7 7 5
7 5 4 4 5 8 2 7 - 4 6
8 5 4 4 5 8 6 7 4 - 2
9 5 4 6 3 8 4 5 6 2 -

≥ 30; SMAPO# 1661

0 1 2 3 4 5 6 7 8 9
0 - 1 2 2 5 7 6 8 8 7
1 1 - 3 1 6 8 5 7 7 6
2 2 3 - 4 5 7 8 6 6 9
3 2 1 4 - 7 9 4 6 6 5
4 5 6 5 7 - 8 3 11 11 10
5 7 8 7 9 8 - 11 3 9 6
6 6 5 8 4 3 11 - 10 10 7
7 8 7 6 6 11 3 10 - 6 9
8 8 7 6 6 11 9 10 6 - 3
9 7 6 9 5 10 6 7 9 3 -

≥ 40; SMAPO# 4376

0 1 2 3 4 5 6 7 8 9
0 - 1 1 3 5 6 6 7 7 8
1 1 - 2 2 6 7 5 8 8 7
2 1 2 - 4 4 5 7 6 6 9
3 3 2 4 - 8 9 5 6 6 7
4 5 6 4 8 - 7 3 10 10 11
5 6 7 5 9 7 - 10 3 9 6
6 6 5 7 5 3 10 - 11 11 8
7 7 8 6 6 10 3 11 - 6 9
8 7 8 6 6 10 9 11 6 - 3
9 8 7 9 7 11 6 8 9 3 -

≥ 40; SMAPO# 4376

0 1 2 3 4 5 6 7 8 9
0 - 2 2 4 10 11 12 12 12 13
1 2 - 4 2 12 13 10 12 12 11
2 2 4 - 6 8 9 14 10 10 15
3 4 2 6 - 14 15 8 10 10 9
4 10 12 8 14 - 13 6 18 18 19
5 11 13 9 15 13 - 19 5 15 10
6 12 10 14 8 6 19 - 18 18 13
7 12 12 10 10 18 5 18 - 10 15
8 12 12 10 10 18 15 18 10 - 5
9 13 11 15 9 19 10 13 15 5 -

≥ 68; ( 20

47
, 0, 27

47
, 0)





Appendix BVisualization of tilting omplexes forGTSP(12)
B.1 odim(F ) = 2The struture of the data onforms with the onventions desribed in Setion A.1. Weonly listed those one-dimensional tilting omplexes, for whih the involved NR-faets areTT-disjoint at more than one node. The omplete results are loated in the diretoryData/gtsp12/odim2 on the attahed CD.RHS = 62

1 029

77

0 12
TT-disjoint at 4, 5

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 1 3 3 4 4 4 3 3 3 4
1 1 - 2 4 4 3 5 3 4 4 4 5
2 1 2 - 4 4 5 3 5 4 4 4 3
3 3 4 4 - 4 1 1 3 4 2 2 3
4 3 4 4 4 - 5 3 3 2 4 4 5
5 4 3 5 1 5 - 2 4 3 3 3 4
6 4 5 3 1 3 2 - 4 5 3 3 4
7 4 3 5 3 3 4 4 - 5 3 1 2
8 3 4 4 4 2 3 5 5 - 4 4 3
9 3 4 4 2 4 3 3 3 4 - 2 1

10 3 4 4 2 4 3 3 1 4 2 - 3
11 4 5 3 3 5 4 4 2 3 1 3 -

≥ 24

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 1 3 5 5 4 5 6 6 6 7
1 1 - 2 4 4 4 5 4 7 7 7 8
2 1 2 - 4 6 6 3 6 5 7 7 6
3 3 4 4 - 6 2 1 6 5 7 7 6
4 5 4 6 6 - 8 5 6 3 7 9 10
5 5 4 6 2 8 - 3 8 5 5 5 8
6 4 5 3 1 5 3 - 7 6 6 6 7
7 5 4 6 6 6 8 7 - 7 9 3 6
8 6 7 5 5 3 5 6 7 - 10 10 7
9 6 7 7 7 7 5 6 9 10 - 6 3
10 6 7 7 7 9 5 6 3 10 6 - 9
11 7 8 6 6 10 8 7 6 7 3 9 -

≥ 42

0 1 2 3 4 5 6 7 8 9 10 11
0 - 2 2 6 7 8 8 9 9 9 9 11
1 2 - 4 8 7 6 10 7 11 11 11 13
2 2 4 - 8 9 10 6 11 9 11 11 9
3 6 8 8 - 9 2 2 9 9 9 9 9
4 7 7 9 9 - 11 7 8 4 10 12 14
5 8 6 10 2 11 - 4 11 7 7 7 11
6 8 10 6 2 7 4 - 11 11 9 9 11
7 9 7 11 9 8 11 11 - 12 12 4 8
8 9 11 9 9 4 7 11 12 - 14 14 10
9 9 11 11 9 10 7 9 12 14 - 8 4

10 9 11 11 9 12 7 9 4 14 8 - 12
11 11 13 9 9 14 11 11 8 10 4 12 -

≥ 62; ( 29

77
, 48

77
)

1 023

59

0 12
TT-disjoint at 2, 5

0 1 2 3 4 5 6 7 8 9 10 11
0 - 0 2 3 4 3 5 3 3 5 4 4
1 0 - 2 3 4 3 5 3 3 5 4 4
2 2 2 - 5 4 5 3 3 3 3 4 4
3 3 3 5 - 1 4 2 4 4 4 3 5
4 4 4 4 1 - 3 1 3 3 3 4 4
5 3 3 5 4 3 - 4 4 4 2 5 3
6 5 5 3 2 1 4 - 4 4 4 5 3
7 3 3 3 4 3 4 4 - 2 4 1 3
8 3 3 3 4 3 4 4 2 - 4 3 1
9 5 5 3 4 3 2 4 4 4 - 3 5

10 4 4 4 3 4 5 5 1 3 3 - 2
11 4 4 4 5 4 3 3 3 1 5 2 -

≥ 24

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 2 4 3 6 4 7 7 5 6 6
1 1 - 3 3 4 5 5 6 6 6 7 7
2 2 3 - 6 5 8 4 5 5 5 8 8
3 4 3 6 - 1 6 2 7 7 5 6 6
4 3 4 5 1 - 5 1 6 6 6 7 5
5 6 5 8 6 5 - 4 7 9 3 10 6
6 4 5 4 2 1 4 - 7 7 7 8 4
7 7 6 5 7 6 7 7 - 6 10 3 9
8 7 6 5 7 6 9 7 6 - 10 9 3
9 5 6 5 5 6 3 7 10 10 - 7 7
10 6 7 8 6 7 10 8 3 9 7 - 6
11 6 7 8 6 5 6 4 9 3 7 6 -

≥ 42

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 3 7 7 8 9 10 10 10 10 10
1 1 - 4 6 8 7 10 9 9 11 11 11
2 3 4 - 10 8 11 6 7 7 7 11 11
3 7 6 10 - 2 9 4 11 11 9 9 11
4 7 8 8 2 - 7 2 9 9 9 11 9
5 8 7 11 9 7 - 7 10 12 4 14 8
6 9 10 6 4 2 7 - 11 11 11 13 7
7 10 9 7 11 9 10 11 - 8 14 4 12
8 10 9 7 11 9 12 11 8 - 14 12 4
9 10 11 7 9 9 4 11 14 14 - 10 12

10 10 11 11 9 11 14 13 4 12 10 - 8
11 10 11 11 11 9 8 7 12 4 12 8 -

≥ 62; ( 23

59
, 36

59
)101



102 Appendix B. Visualization of tilting omplexes for GTSP(12)RHS = 64
1 0163

255

0 12
TT-disjoint at 3, 4

0 1 2 3 4 5 6 7 8 9 10 11
0 - 0 2 5 5 5 5 6 8 8 8 9
1 0 - 2 5 5 5 5 6 8 8 8 9
2 2 2 - 7 7 7 5 4 6 8 8 7
3 5 5 7 - 8 6 6 5 3 7 9 10
4 5 5 7 8 - 8 2 3 5 5 5 8
5 5 5 7 6 8 - 6 7 7 9 3 6
6 5 5 5 6 2 6 - 1 5 7 7 6
7 6 6 4 5 3 7 1 - 6 6 6 7
8 8 8 6 3 5 7 5 6 - 10 10 7
9 8 8 8 7 5 9 7 6 10 - 6 3

10 8 8 8 9 5 3 7 6 10 6 - 9
11 9 9 7 10 8 6 6 7 7 3 9 -

≥ 44

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 1 3 4 4 4 4 3 3 3 4
1 1 - 2 4 3 3 5 5 4 4 4 5
2 1 2 - 4 5 5 3 3 4 4 4 3
3 3 4 4 - 5 3 3 3 2 4 4 5
4 4 3 5 5 - 4 2 2 3 3 3 4
5 4 3 5 3 4 - 4 4 5 3 1 2
6 4 5 3 3 2 4 - 0 5 3 3 4
7 4 5 3 3 2 4 0 - 5 3 3 4
8 3 4 4 2 3 5 5 5 - 4 4 3
9 3 4 4 4 3 3 3 3 4 - 2 1
10 3 4 4 4 3 1 3 3 4 2 - 3
11 4 5 3 5 4 2 4 4 3 1 3 -

≥ 24

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 3 7 8 9 9 10 11 11 11 13
1 1 - 4 8 7 8 10 11 12 12 12 14
2 3 4 - 10 11 12 8 7 10 12 12 10
3 7 8 10 - 11 8 8 7 4 10 12 14
4 8 7 11 11 - 11 3 4 7 7 7 11
5 9 8 12 8 11 - 10 11 12 12 4 8
6 9 10 8 8 3 10 - 1 10 10 10 10
7 10 11 7 7 4 11 1 - 11 9 9 11
8 11 12 10 4 7 12 10 11 - 14 14 10
9 11 12 12 10 7 12 10 9 14 - 8 4

10 11 12 12 12 7 4 10 9 14 8 - 12
11 13 14 10 14 11 8 10 11 10 4 12 -

≥ 64; ( 163

255
, 92

255
)

1 0163

250

0 12
TT-disjoint at 3, 4

0 1 2 3 4 5 6 7 8 9 10 11
0 - 0 2 5 5 5 5 6 8 8 8 9
1 0 - 2 5 5 5 5 6 8 8 8 9
2 2 2 - 7 7 5 7 4 6 8 8 7
3 5 5 7 - 8 6 6 5 3 7 9 10
4 5 5 7 8 - 2 8 3 5 5 5 8
5 5 5 5 6 2 - 6 1 5 7 7 6
6 5 5 7 6 8 6 - 7 7 9 3 6
7 6 6 4 5 3 1 7 - 6 6 6 7
8 8 8 6 3 5 5 7 6 - 10 10 7
9 8 8 8 7 5 7 9 6 10 - 6 3

10 8 8 8 9 5 7 3 6 10 6 - 9
11 9 9 7 10 8 6 6 7 7 3 9 -

≥ 44

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 1 3 4 3 4 4 3 3 3 4
1 1 - 2 4 3 4 3 5 4 4 4 5
2 1 2 - 4 5 4 5 3 4 4 4 3
3 3 4 4 - 5 4 3 3 2 4 4 5
4 4 3 5 5 - 1 4 2 3 3 3 4
5 3 4 4 4 1 - 3 1 4 2 2 3
6 4 3 5 3 4 3 - 4 5 3 1 2
7 4 5 3 3 2 1 4 - 5 3 3 4
8 3 4 4 2 3 4 5 5 - 4 4 3
9 3 4 4 4 3 2 3 3 4 - 2 1
10 3 4 4 4 3 2 1 3 4 2 - 3
11 4 5 3 5 4 3 2 4 3 1 3 -

≥ 24

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 3 7 8 8 9 10 11 11 11 13
1 1 - 4 8 7 9 8 11 12 12 12 14
2 3 4 - 10 11 9 12 7 10 12 12 10
3 7 8 10 - 11 9 8 7 4 10 12 14
4 8 7 11 11 - 2 11 4 7 7 7 11
5 8 9 9 9 2 - 9 2 9 9 9 9
6 9 8 12 8 11 9 - 11 12 12 4 8
7 10 11 7 7 4 2 11 - 11 9 9 11
8 11 12 10 4 7 9 12 11 - 14 14 10
9 11 12 12 10 7 9 12 9 14 - 8 4

10 11 12 12 12 7 9 4 9 14 8 - 12
11 13 14 10 14 11 9 8 11 10 4 12 -

≥ 64; ( 163

250
, 87

250
)RHS = 80

1 0223

315

0 12
TT-disjoint at 2, 4

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 3 6 8 6 7 8 10 10 8 10
1 1 - 4 5 7 7 8 9 9 9 9 11
2 3 4 - 9 11 7 6 11 7 7 7 11
3 6 5 9 - 8 2 3 10 10 10 8 10
4 8 7 11 8 - 6 7 8 10 12 4 14
5 6 7 7 2 6 - 1 8 10 10 10 12
6 7 8 6 3 7 1 - 7 11 11 11 13
7 8 9 11 10 8 8 7 - 12 4 10 8
8 10 9 7 10 10 10 11 12 - 8 14 4
9 10 9 7 10 12 10 11 4 8 - 14 12

10 8 9 7 8 4 10 11 10 14 14 - 10
11 10 11 11 10 14 12 13 8 4 12 10 -

≥ 60

0 1 2 3 4 5 6 7 8 9 10 11
0 - 0 2 3 3 4 5 4 3 3 5 4
1 0 - 2 3 3 4 5 4 3 3 5 4
2 2 2 - 5 5 4 3 4 3 3 3 4
3 3 3 5 - 4 1 2 5 4 4 4 3
4 3 3 5 4 - 3 4 3 4 4 2 5
5 4 4 4 1 3 - 1 4 3 3 3 4
6 5 5 3 2 4 1 - 3 4 4 4 5
7 4 4 4 5 3 4 3 - 3 1 5 2
8 3 3 3 4 4 3 4 3 - 2 4 1
9 3 3 3 4 4 3 4 1 2 - 4 3
10 5 5 3 4 2 3 4 5 4 4 - 3
11 4 4 4 3 5 4 5 2 1 3 3 -

≥ 24

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 4 9 10 10 12 12 13 13 13 14
1 1 - 5 8 9 11 13 13 12 12 14 15
2 4 5 - 13 14 10 8 14 9 9 9 14
3 9 8 13 - 11 3 5 15 14 14 12 13
4 10 9 14 11 - 8 10 10 13 15 5 18
5 10 11 10 3 8 - 2 12 13 13 13 16
6 12 13 8 5 10 2 - 10 15 15 15 18
7 12 13 14 15 10 12 10 - 15 5 15 10
8 13 12 9 14 13 13 15 15 - 10 18 5
9 13 12 9 14 15 13 15 5 10 - 18 15

10 13 14 9 12 5 13 15 15 18 18 - 13
11 14 15 14 13 18 16 18 10 5 15 13 -

≥ 80; ( 223

315
, 92

315
)



B.1. odim(F ) = 2 103
1 055

78

0 12
TT-disjoint at 2, 5

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 3 6 5 8 7 8 10 10 8 10
1 1 - 4 5 6 7 8 9 9 9 9 11
2 3 4 - 9 8 11 6 11 7 7 7 11
3 6 5 9 - 1 8 3 10 10 10 8 10
4 5 6 8 1 - 7 2 9 9 9 9 11
5 8 7 11 8 7 - 7 8 10 12 4 14
6 7 8 6 3 2 7 - 7 11 11 11 13
7 8 9 11 10 9 8 7 - 12 4 10 8
8 10 9 7 10 9 10 11 12 - 8 14 4
9 10 9 7 10 9 12 11 4 8 - 14 12

10 8 9 7 8 9 4 11 10 14 14 - 10
11 10 11 11 10 11 14 13 8 4 12 10 -

≥ 60

0 1 2 3 4 5 6 7 8 9 10 11
0 - 0 2 3 4 3 5 4 3 3 5 4
1 0 - 2 3 4 3 5 4 3 3 5 4
2 2 2 - 5 4 5 3 4 3 3 3 4
3 3 3 5 - 1 4 2 5 4 4 4 3
4 4 4 4 1 - 3 1 4 3 3 3 4
5 3 3 5 4 3 - 4 3 4 4 2 5
6 5 5 3 2 1 4 - 3 4 4 4 5
7 4 4 4 5 4 3 3 - 3 1 5 2
8 3 3 3 4 3 4 4 3 - 2 4 1
9 3 3 3 4 3 4 4 1 2 - 4 3
10 5 5 3 4 3 2 4 5 4 4 - 3
11 4 4 4 3 4 5 5 2 1 3 3 -

≥ 24

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 4 9 9 10 12 12 13 13 13 14
1 1 - 5 8 10 9 13 13 12 12 14 15
2 4 5 - 13 11 14 8 14 9 9 9 14
3 9 8 13 - 2 11 5 15 14 14 12 13
4 9 10 11 2 - 9 3 13 12 12 12 15
5 10 9 14 11 9 - 10 10 13 15 5 18
6 12 13 8 5 3 10 - 10 15 15 15 18
7 12 13 14 15 13 10 10 - 15 5 15 10
8 13 12 9 14 12 13 15 15 - 10 18 5
9 13 12 9 14 12 15 15 5 10 - 18 15

10 13 14 9 12 12 5 15 15 18 18 - 13
11 14 15 14 13 15 18 18 10 5 15 13 -

≥ 80; ( 55

78
, 23

78
)

1 0223

310

0 12
TT-disjoint at 3, 5

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 2 6 6 7 7 8 10 10 10 12
1 1 - 3 7 7 6 8 7 11 11 11 13
2 2 3 - 8 6 9 5 10 8 10 10 10
3 6 7 8 - 8 11 7 8 4 10 12 14
4 6 7 6 8 - 3 1 8 8 10 10 10
5 7 6 9 11 3 - 4 11 7 7 7 11
6 7 8 5 7 1 4 - 9 9 9 9 11
7 8 7 10 8 8 11 9 - 10 12 4 8
8 10 11 8 4 8 7 9 10 - 14 14 10
9 10 11 10 10 10 7 9 12 14 - 8 4

10 10 11 10 12 10 7 9 4 14 8 - 12
11 12 13 10 14 10 11 11 8 10 4 12 -

≥ 60

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 1 3 3 4 4 4 3 3 3 4
1 1 - 2 4 4 3 5 3 4 4 4 5
2 1 2 - 4 4 5 3 5 4 4 4 3
3 3 4 4 - 4 5 3 3 2 4 4 5
4 3 4 4 4 - 1 1 3 4 2 2 3
5 4 3 5 5 1 - 2 4 3 3 3 4
6 4 5 3 3 1 2 - 4 5 3 3 4
7 4 3 5 3 3 4 4 - 5 3 1 2
8 3 4 4 2 4 3 5 5 - 4 4 3
9 3 4 4 4 2 3 3 3 4 - 2 1
10 3 4 4 4 2 3 3 1 4 2 - 3
11 4 5 3 5 3 4 4 2 3 1 3 -

≥ 24

0 1 2 3 4 5 6 7 8 9 10 11
0 - 2 3 8 9 10 11 12 13 13 13 16
1 2 - 5 10 11 8 13 10 15 15 15 18
2 3 5 - 11 10 13 8 15 12 14 14 13
3 8 10 11 - 11 14 9 10 5 13 15 18
4 9 11 10 11 - 3 2 11 12 12 12 13
5 10 8 13 14 3 - 5 14 9 9 9 14
6 11 13 8 9 2 5 - 13 14 12 12 15
7 12 10 15 10 11 14 13 - 15 15 5 10
8 13 15 12 5 12 9 14 15 - 18 18 13
9 13 15 14 13 12 9 12 15 18 - 10 5

10 13 15 14 15 12 9 12 5 18 10 - 15
11 16 18 13 18 13 14 15 10 13 5 15 -

≥ 80; ( 223

310
, 87

310
)

1 0220

307

0 12
TT-disjoint at 4, 6

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 2 5 7 6 8 9 9 9 9 11
1 1 - 3 6 8 5 9 8 10 10 10 10
2 2 3 - 7 7 8 6 11 11 11 7 13
3 5 6 7 - 8 1 3 8 10 10 8 10
4 7 8 7 8 - 7 11 4 10 12 8 14
5 6 5 8 1 7 - 4 9 9 9 9 11
6 8 9 6 3 11 4 - 7 7 7 11 11
7 9 8 11 8 4 9 7 - 14 14 10 10
8 9 10 11 10 10 9 7 14 - 8 12 4
9 9 10 11 10 12 9 7 14 8 - 4 12

10 9 10 7 8 8 9 11 10 12 4 - 8
11 11 10 13 10 14 11 11 10 4 12 8 -

≥ 60

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 1 3 3 4 4 3 3 3 4 4
1 1 - 2 4 4 3 5 4 4 4 5 3
2 1 2 - 4 4 5 3 4 4 4 3 5
3 3 4 4 - 4 1 1 4 2 2 3 3
4 3 4 4 4 - 3 5 2 4 4 3 5
5 4 3 5 1 3 - 2 5 3 3 4 4
6 4 5 3 1 5 2 - 3 3 3 4 4
7 3 4 4 4 2 5 3 - 4 4 5 3
8 3 4 4 2 4 3 3 4 - 2 3 1
9 3 4 4 2 4 3 3 4 2 - 1 3
10 4 5 3 3 3 4 4 5 3 1 - 2
11 4 3 5 3 5 4 4 3 1 3 2 -

≥ 24

0 1 2 3 4 5 6 7 8 9 10 11
0 - 2 3 8 9 10 11 12 12 12 13 15
1 2 - 5 10 11 8 13 12 14 14 15 13
2 3 5 - 11 10 13 8 15 15 15 10 18
3 8 10 11 - 11 2 3 12 12 12 11 13
4 9 11 10 11 - 9 14 5 13 15 10 18
5 10 8 13 2 9 - 5 14 12 12 13 15
6 11 13 8 3 14 5 - 9 9 9 14 14
7 12 12 15 12 5 14 9 - 18 18 15 13
8 12 14 15 12 13 12 9 18 - 10 15 5
9 12 14 15 12 15 12 9 18 10 - 5 15

10 13 15 10 11 10 13 14 15 15 5 - 10
11 15 13 18 13 18 15 14 13 5 15 10 -

≥ 80; ( 220

307
, 87

307
)



104 Appendix B. Visualization of tilting omplexes for GTSP(12)RHS = 92
1 067

115

0 12
TT-disjoint at 5, 7

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 3 6 7 7 7 9 7 8 10 9
1 1 - 4 7 6 8 8 10 8 7 11 10
2 3 4 - 9 10 8 10 6 10 11 7 10
3 6 7 9 - 1 7 9 3 7 8 8 7
4 7 6 10 1 - 6 10 4 8 9 9 8
5 7 8 8 7 6 - 4 10 10 11 7 8
6 7 8 10 9 10 4 - 6 10 7 11 10
7 9 10 6 3 4 10 6 - 6 9 9 6
8 7 8 10 7 8 10 10 6 - 9 3 6
9 8 7 11 8 9 11 7 9 9 - 6 3

10 10 11 7 8 9 7 11 9 3 6 - 9
11 9 10 10 7 8 8 10 6 6 3 9 -

≥ 54

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 1 3 4 5 6 5 6 7 5 6
1 1 - 2 4 3 6 5 6 7 6 6 7
2 1 2 - 4 5 4 7 4 7 8 4 7
3 3 4 4 - 1 6 5 2 7 6 6 7
4 4 3 5 1 - 5 6 3 6 7 7 6
5 5 6 4 6 5 - 3 8 9 10 6 7
6 6 5 7 5 6 3 - 5 10 7 7 10
7 5 6 4 2 3 8 5 - 5 8 8 5
8 6 7 7 7 6 9 10 5 - 9 3 6
9 7 6 8 6 7 10 7 8 9 - 6 3
10 5 6 4 6 7 6 7 8 3 6 - 9
11 6 7 7 7 6 7 10 5 6 3 9 -

≥ 42

0 1 2 3 4 5 6 7 8 9 10 11
0 - 2 4 9 11 11 13 13 13 15 15 15
1 2 - 6 11 9 13 13 15 15 13 17 17
2 4 6 - 13 15 11 17 9 17 19 11 17
3 9 11 13 - 2 12 14 4 14 14 14 14
4 11 9 15 2 - 10 16 6 14 16 16 14
5 11 13 11 12 10 - 6 16 18 20 12 14
6 13 13 17 14 16 6 - 10 20 14 18 20
7 13 15 9 4 6 16 10 - 10 16 16 10
8 13 15 17 14 14 18 20 10 - 18 6 12
9 15 13 19 14 16 20 14 16 18 - 12 6

10 15 17 11 14 16 12 18 16 6 12 - 18
11 15 17 17 14 14 14 20 10 12 6 18 -

≥ 92; ( 67

115
, 48

115
)RHS = 94

1 0143

367

0 12
TT-disjoint at 3, 5

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 4 8 8 9 10 12 12 12 14 16
1 1 - 5 7 9 10 11 11 13 13 15 17
2 4 5 - 12 8 11 6 16 8 10 12 14
3 8 7 12 - 4 15 6 16 10 10 8 10
4 8 9 8 4 - 11 2 12 10 12 12 14
5 9 10 11 15 11 - 9 11 13 5 9 17
6 10 11 6 6 2 9 - 14 12 14 10 12
7 12 11 16 16 12 11 14 - 12 16 16 6
8 12 13 8 10 10 13 12 12 - 8 4 14
9 12 13 10 10 12 5 14 16 8 - 12 14

10 14 15 12 8 12 9 10 16 4 12 - 10
11 16 17 14 10 14 17 12 6 14 14 10 -

≥ 76

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 6 11 14 14 16 16 20 22 22 22
1 1 - 7 10 15 15 17 15 21 23 23 23
2 6 7 - 17 12 18 10 22 14 18 18 22
3 11 10 17 - 5 23 7 23 17 15 15 15
4 14 15 12 5 - 18 2 18 16 20 18 18
5 14 15 18 23 18 - 16 16 22 8 14 24
6 16 17 10 7 2 16 - 20 18 22 16 20
7 16 15 22 23 18 16 20 - 16 22 24 8
8 20 21 14 17 16 22 18 16 - 14 8 24
9 22 23 18 15 20 8 22 22 14 - 22 22
10 22 23 18 15 18 14 16 24 8 22 - 16
11 22 23 22 15 18 24 20 8 24 22 16 -

≥ 116

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 5 9 11 11 13 14 16 17 18 19
1 1 - 6 8 12 12 14 13 17 18 19 20
2 5 6 - 14 10 14 8 19 11 14 15 18
3 9 8 14 - 4 18 6 19 13 12 11 12
4 11 12 10 4 - 14 2 15 13 16 15 16
5 11 12 14 18 14 - 12 13 17 6 11 20
6 13 14 8 6 2 12 - 17 15 18 13 16
7 14 13 19 19 15 13 17 - 14 19 20 7
8 16 17 11 13 13 17 15 14 - 11 6 19
9 17 18 14 12 16 6 18 19 11 - 17 18

10 18 19 15 11 15 11 13 20 6 17 - 13
11 19 20 18 12 16 20 16 7 19 18 13 -

≥ 94; ( 143

367
, 224

367
)RHS = 110

1 0220

421

0 12
TT-disjoint at 5, 7

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 2 5 6 7 9 8 9 9 11 9
1 1 - 3 6 5 8 8 9 10 10 10 10
2 2 3 - 7 8 7 11 6 11 11 13 7
3 5 6 7 - 1 8 8 3 10 10 10 8
4 6 5 8 1 - 7 9 4 9 9 11 9
5 7 8 7 8 7 - 4 11 12 10 14 8
6 9 8 11 8 9 4 - 7 14 14 10 10
7 8 9 6 3 4 11 7 - 7 7 11 11
8 9 10 11 10 9 12 14 7 - 8 12 4
9 9 10 11 10 9 10 14 7 8 - 4 12

10 11 10 13 10 11 14 10 11 12 4 - 8
11 9 10 7 8 9 8 10 11 4 12 8 -

≥ 60

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 3 6 7 7 7 9 7 9 8 10
1 1 - 4 7 6 8 8 10 8 10 7 11
2 3 4 - 9 10 8 10 6 10 10 11 7
3 6 7 9 - 1 7 9 3 7 7 8 8
4 7 6 10 1 - 6 10 4 8 8 9 9
5 7 8 8 7 6 - 4 10 10 8 11 7
6 7 8 10 9 10 4 - 6 10 10 7 11
7 9 10 6 3 4 10 6 - 6 6 9 9
8 7 8 10 7 8 10 10 6 - 6 9 3
9 9 10 10 7 8 8 10 6 6 - 3 9
10 8 7 11 8 9 11 7 9 9 3 - 6
11 10 11 7 8 9 7 11 9 3 9 6 -

≥ 54

0 1 2 3 4 5 6 7 8 9 10 11
0 - 2 5 11 13 13 16 16 16 18 19 19
1 2 - 7 13 11 15 16 18 18 20 17 21
2 5 7 - 16 18 14 21 11 21 21 24 14
3 11 13 16 - 2 14 17 5 17 17 18 16
4 13 11 18 2 - 12 19 7 17 17 20 18
5 13 15 14 14 12 - 7 19 21 17 24 14
6 16 16 21 17 19 7 - 12 24 24 17 21
7 16 18 11 5 7 19 12 - 12 12 19 19
8 16 18 21 17 17 21 24 12 - 14 21 7
9 18 20 21 17 17 17 24 12 14 - 7 21

10 19 17 24 18 20 24 17 19 21 7 - 14
11 19 21 14 16 18 14 21 19 7 21 14 -

≥ 110; ( 220

421
, 201

421
)



B.2. odim(F ) = 3 105B.2 odim(F ) = 3The struture of the data stiks to the onventions desribed in Setion A.2. Sine thepolytopes Pu allowed a visualization, we inluded illustrations of them.RHS = 96
0 1

2

0 1

2

6

3

4

5

TT-disjoint at 3, 4

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 4 8 9 8 12 10 12 12 14 16
1 1 - 5 7 10 9 11 11 13 13 15 17
2 4 5 - 12 11 8 16 6 8 10 12 14
3 8 7 12 - 15 4 16 6 10 10 8 10
4 9 10 11 15 - 11 11 9 13 5 9 17
5 8 9 8 4 11 - 12 2 10 12 12 14
6 12 11 16 16 11 12 - 14 12 16 16 6
7 10 11 6 6 9 2 14 - 12 14 10 12
8 12 13 8 10 13 10 12 12 - 8 4 14
9 12 13 10 10 5 12 16 14 8 - 12 14

10 14 15 12 8 9 12 16 10 4 12 - 10
11 16 17 14 10 17 14 6 12 14 14 10 -

≥ 76

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 2 5 5 6 6 6 6 6 6 6
1 1 - 3 4 6 7 5 7 7 7 7 7
2 2 3 - 7 5 4 8 4 4 6 6 6
3 5 4 7 - 8 3 7 3 5 5 5 5
4 5 6 5 8 - 5 5 5 7 3 5 7
5 6 7 4 3 5 - 8 0 6 8 6 6
6 6 5 8 7 5 8 - 8 4 8 6 2
7 6 7 4 3 5 0 8 - 6 8 6 6
8 6 7 4 5 7 6 4 6 - 4 2 6
9 6 7 6 5 3 8 8 8 4 - 6 6
10 6 7 6 5 5 6 6 6 2 6 - 4
11 6 7 6 5 7 6 2 6 6 6 4 -

≥ 38

0 1 2 3 4 5 6 7 8 9 10 11
0 - 0 2 3 5 5 5 6 7 8 8 8
1 0 - 2 3 5 5 5 6 7 8 8 8
2 2 2 - 5 7 5 7 4 5 6 6 8
3 3 3 5 - 8 2 8 3 6 5 5 5
4 5 5 7 8 - 6 6 7 8 3 5 9
5 5 5 5 2 6 - 6 1 6 7 7 7
6 5 5 7 8 6 6 - 7 6 7 9 3
7 6 6 4 3 7 1 7 - 7 8 6 8
8 7 7 5 6 8 6 6 7 - 5 3 9
9 8 8 6 5 3 7 7 8 5 - 8 8

10 8 8 6 5 5 7 9 6 3 8 - 6
11 8 8 8 5 9 7 3 8 9 8 6 -

≥ 42

0 1 2 3 4 5 6 7 8 9 10 11
0 - 1 3 6 7 7 9 8 9 9 10 11
1 1 - 4 5 8 8 8 9 10 10 11 12
2 3 4 - 9 8 6 12 5 6 8 9 10
3 6 5 9 - 11 3 11 4 7 7 6 7
4 7 8 8 11 - 8 8 7 10 4 7 12
5 7 8 6 3 8 - 10 1 8 10 9 10
6 9 8 12 11 8 10 - 11 8 12 11 4
7 8 9 5 4 7 1 11 - 9 11 8 9
8 9 10 6 7 10 8 8 9 - 6 3 10
9 9 10 8 7 4 10 12 11 6 - 9 10

10 10 11 9 6 7 9 11 8 3 9 - 7
11 11 12 10 7 12 10 4 9 10 10 7 -

≥ 56; ( 143

218
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(a) P3 (b) P4Figure B.2.1: The two polytopes P3 and P4 de�ning regular subdivisions of the standardsimplex for RHS = 96RHS = 108
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(a) P3 (b) P4Figure B.2.2: The two polytopes P3 and P4 de�ning regular subdivisions of the standardsimplex for RHS = 108





Appendix CHow the data was generatedSeveral sripts were implemented in order to obtain the data in Appendies A and B.They an be found on the attahed CD in the diretory Utils/sripts. When planningto ompute tilting omplexes for GTSP(n) with n > 12, these sripts may prove to beuseful. Hene we give a short step-by-step desription of their usage within the proessof data generation.Step 1) Extrat the non-NR faets G, whose intersetion with STSP(n) has o-dimension
c > 1, from the database for GTSP(n):./extratFaets <n> <>This retrieves the information on the faets from the database and opies theorresponding .poi �les to the following folder struture reated by the sriptRHS�le#*.poiStep 2) Compute the NR-faets ontaining G ∩ STSP(n) for all .poi �les:./findFaets4RHS <n> <min> <max>This applies the program findFaets to all non-NR faets G with a orrespond-ing right hand side within the losed interval [ min , max ] and in eah ase reatesa .ieq �le that stores the NR-faets ontaining G ∩ STSP(n). This way it is pos-sible to run several instanes simultaneously for pairwise disjoint right hand sideranges, thus allowing to distribute the omputation to di�erent servers.Step 3) Compute the tilting omplexes for all G ∩ STSP(n):./tiltingComplex4RHS <n> <min> <max>109



110 Appendix C. How the data was generatedAside from the fat that this sript applies the program tiltingComplex to the.ieq �les from the previous step, the usage is idential to findFaets4RHS. Theadditional LATEX output generated by tiltingComplex is appended to a spei�ed.tex �le, in whih the data for di�erent right hand sides is gathered in separatesubsetions.
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