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Preface

In 1993 Denis Naddef and Giovanni Rinaldi released their paper “The graphical relaz-
ation: A new framework for the Symmetric Traveling Salesman Polytope” (see [NR93|)
emphasizing the close connection between the Graphical Traveling Salesman Polyhedron
GTSP(n) and the Symmetric Traveling Salesman Polytope STSP(n), which is a face of
GTSP(n). Furthermore, they proved that each non-trivial facet of STSP(n) induces a
facet of GTSP(n), but left the question of the converse direction unanswered. The as-
sumption that the converse direction was also true, which will be referred to as Graphical-
Relazation-conjecture or GR-conjecture, could neither be proven nor disproven for more
than ten years.

Until 2005, when Marcus Oswald, Gerhard Reinelt and Dirk Oliver Theis released
their paper “Not Every GTSP Facet Induces an STSP Facet” (see [ORT05]). As the title
indicates, the GR-conjecture turned out to be false. The authors proved that for n > 9 the
TT-type facets of GTSP(n) decompose into two non-empty classes: the Naddef-Rinaldi-
or NR-facets that fulfill the GR-conjecture and the non-NR facets that do not. As usual,
this paper mainly featured the basic ideas and core statements.

Shortly after, Dirk Oliver Theis released his PhD thesis “Polyhedra and algorithms for
the General Routing Problem” (see [The05]) containing a detailed description of the whole
construction and covering the underlying theory. It was in this thesis that the concept of
the tilting complex was introduced. The only necessary input for the construction of the
tilting complex T(F') for a given good face F' of STSP(n) are all the facets of STSP(n)
containing F'. The resulting tilting complex provides information about the TT-type faces
of GTSP(n) containing this good face. In other words, by providing local data of STSP(n)
we get information about parts of the facial structure of GTSP(n), which explains the
relevance of tilting complexes.

The aim of this diploma thesis is the implementation of an algorithm for the computa-
tion and visualization of tilting complexes. Furthermore, we will provide an algorithm for
the computation of the STSP(n) facets containing a face F' that will work for arbitrary
n. Currently, there is only an implementation that browses a complete description of
STSP(n) in search of the facets in question. The major drawbacks of this method are
the running time and the fact that up to now there are only proven complete descriptions
for n < 9. The one for n = 10 is only conjectured to be complete, hence the algorithm
may miss certain facets, and in the case of n > 10 there are no descriptions at all. The
new algorithm also improves the running time. To give some numbers: for n = 10 the
computation now takes approximately half a minute instead of more than sixteen hours
on an Intel® Xeon™ 2.80 GHz processor with 2 GB of RAM.
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Chapter 1

Preliminaries

Unless otherwise noted, the following general notation is valid throughout the whole
diploma thesis:

e lowercase characters for scalars
x? y7 Z

e bold lowercase characters for vectors (which also represent (affine) points)

m7y7z

e bold uppercase characters for matrices

A,B.C

1.1 Polyhedra, polarity and blocking polyhedra

The definitions and results in this section are based on [Brg83, Sch99, Zie98|.

1.1.1 Polyhedra and polytopes

The concept of the tilting complex belongs to both the field of polyhedral combinatorics,
which deals with facets of polyhedra occurring in combinatorial optimization, and to
polyhedral theory. Therefore we start with the definition of a polyhedron.

Definition 1.1.1. A polyhedron Q is the intersection of a finite number of closed half
spaces H(a;, ;) defined by linear inequalities aiT:c > wj,a; £ 0, or (a;, ;) for short:

n

Q = ﬂ H(G,i,()éi).

i=1

Every polyhedron is closed and convez, i.e. with any two points «,y it also contains
the straight line segment { A& + (1 — A)y | A € [0,1] } between them.

1

polyhedron
H(a,a)

(a,q)

convex
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Another basic module in polyhedral theory is the polytope. But prior to its definition
we have to introduce some variants of vector combinations besides the well-known linear
combination that will be encountered repeatedly in the course of this diploma thesis.

Definition 1.1.2. Let xg,...,z, € RY, X := (o, ..., Tn) and X € R"L. A vector

n n

XA = Aai, with 1TA=) "\ =1

i=0 i=0

15 called an affine combination of xq,...,x,. Similarly, we define the conical combination
XA, with A >0
and the convex combination
XX, with A>0 A 1TA=1.

The affine hull of xq,...,x, is the set of all affine combinations of xq,...,x, and will
be denoted by
aff(zo, ..., zp).

Analogously, we define the conical hull (also referred to as cone)
cone(xg, ..., xy)

and the convex hull
conv(xg, ..., Ty).

Definition 1.1.3. A polytope P is defined as the convez hull of a finite number of vectors

P = conv(xg,...,x,).

Obviously, the concepts of polyhedron and polytope are closely related. This is made
more precise in the following Decomposition theorem for polyhedra and the subsequent
corollary.

Theorem 1.1.4 (Decomposition theorem). A set of vectors Q C R? is a polyhedron, if
and only if Q = P+ C for some polytope P and some cone C, i.e.

Q = conv(xg, ..., x,) + cone(yg, ..., Ym).
In this case we say that Q is generated by the points xq,...,x, and the directions
y07 A 7ym'

Corollary 1.1.5. A non-empty subset P of R% is a polytope, if and only if it is a bounded
polyhedron.

As a consequence, there are two ways of describing a polytope: as convex hull of a
finite number of vectors (inner description) or as intersection of a finite number of closed
half spaces (outer description).

We continue with the definition of the face of a polyhedron.
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Definition 1.1.6. Let P C R? be a polyhedron. A linear inequality (a, «) is called valid
for P, if it is satisfied for all points x € P. A face of P is any set of the form

F=Pn{zecR|a'z=a}l,

where (a,«) is a valid inequality for P. The dimension of a face is the dimension of
its affine hull: dim(F) := dim(aff(F)). Since every affine space is a translation of a
linear subspace uniquely defined by the affine space, its dimension is equal to that of the
corresponding subspace.

The valid inequalities (0,0) and (0, 1) evince that P and ) are faces of P. All faces
F C P are called proper faces. Those with dimension 0,1,dim(P) — 2 and dim(P) — 1
are referred to as vertices, edges, ridges and facets respectively.

Sometimes it is more convenient to give the dimension of a face F' of a polyhedron P
in relation to the dimension of P itself. In those cases we will use the co-dimension of F
in P, which is defined as

codim(F') := dim(P) — dim(F),

i.e. 1 for facets, 2 for ridges and so on.

At a later point it will also be necessary to refer to those points lying in the interior
of a polyhedron, i.e. the points of the polyhedron that are not contained in its facets.
Unfortunately, we cannot directly apply the concept of the interior known from the field
of topology, since it fails in some cases as will be shown subsequent to the next definition.
Instead we will use the relative interior, which is based on the topological interior.

Definition 1.1.7. The relative interior relint(P) of a polyhedron P is defined as the
interior of P within the affine hull of P.

For example, let
P = conv {(9). ()} € R

The topological interior of P in R? is empty whereas the relative interior is

{(©) [z e(0,1)} =(0,1) x {0},
since aff{(g), ((1])} is the straight line through the two points.

Next we consider the set of all faces of a given polyhedron. It is easy to see that the
inclusion relation induces a partial order on this set. A structure taking advantage of this
fact is the so-called face lattice. It contains information about the faces of a polyhedron
and their interrelation. But before we can formally define this structure, we have to cover
some poset definitions.

Definition 1.1.8. A poset (S,<) is a finite partially ordered set, i.e. a finite set S
equipped with a relation “X 7, which is reflexive (x < x, Vo € S), transitive (x < y and
y < z implies © < z) and antisymmetric (x Xy and y < x implies © = y). We say that z

covers x, if © < z and there exists no third element y in the poset, for which x <y < z.

A poset is bounded, if it has a unique minimal element, denoted by 0, and a unique
mazximal element, denoted by 1. A poset is a lattice, if it is bounded and every two

valid

face

dimension
of a face

proper face
vertex, edge,
ridge, facet

co-dimension

relint(P)

poset

Z covers x

bounded poset

lattice
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elements x,y € S have a unique minimal upper bound, called the join x Vy, and a unique
maximal lower bound, called the meet x Ay, in S.

A mapping ¢ from one lattice (S1,=<) onto another lattice (Sa, <) is called an iso-
morphism, if it is bijective and we have x < y < o(x) < 6(y), for all x,y € Sy.
Accordingly, a bijective mapping ¥ with x <y < (x) = ¥(y), for all z,y € S, is called
an anti-isomorphism.

We say that (S1,<) and (S2,<) are (anti-)isomorphic, if there exists an (anti-) iso-
morphism from (S1,<) onto (S2, X).

Definition 1.1.9. The face lattice .Z(P) of a polyhedron P C R? is the poset of all faces
of P partially ordered by inclusion, where 0 = () and 1 = P.

In order to facilitate the work with face lattices, we introduce the following graphical
representation called Hasse diagram.

Definition 1.1.10. The Hasse diagram of a poset is a directed graph, whose vertices are
the elements of the set and whose directed edges y — x are precisely those ordered pairs
such that y covers .

In all Hasse diagrams throughout this diploma thesis we will always assume a down-
ward direction of the edges and therefore use undirected edges for reasons of lucidity.
Figure 1.1.1 shows an example of such a diagram for the face lattice of a square in R

P
3 2
03 edges
P
3 vertices
0 1
0
(a) A polytope P C R? (b) Hasse diagram of the face lattice £ (P)

Figure 1.1.1: Hasse diagram of the face lattice of a square in R?

Apart from providing information about the set of faces of a polyhedron, the face
lattice is also of importance when dealing with structural similarities of polytopes.

Definition 1.1.11. Two polytopes are said to be combinatorially equivalent, if their face
lattices are isomorphic, i.e. there exists an isomorphism that maps one face lattice onto
the other.

We conclude this subsection with the introduction of a second kind of similarity be-
tween polytopes that is relevant for tilting complexes.
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Definition 1.1.12. Two polytopes P C R and Q C R¢ are affinely isomorphic, if there
exists an affine mapping

f:[Rd—>[Re
x — Mz + x, with M € M(e x d), ¢y € R®,

that is a bijection between the points of the two polytopes.

1.1.2 Polarity

Polarity plays an important role in both polyhedral theory and the concept of the tilting
complex.

Definition 1.1.13. For any subset P C R? the polar set, or polar for short, is defined

by
PAr:={acR!|a'z<1,VxecP}.

The polar is sometimes also referred to as dual set. Its construction can be iterated
to get the polar of the polar (or bipolar) P22, For the purpose of clarification and in
order to derive some basic properties of the polar, we give a brief example.

Example 1.1.14. Figure 1.1.2" (a) shows a polytope P C R? determined by its five ver-
tices, that is P = conv{wvy,...,v4}. All a € P2 must satisfy a'x < 1 for all points in
P, thus in particular for the vertices of P. Hence each vertex defines a valid inequality
for P2, namely

v;a<1l,VaeP? Vi=0,... 4

Figure 1.1.2 (b) shows the polar polytope P2 determined by the above inequalities.

U1 V9

\__ V3
V2

v, N

UO\ / v pPA

vy V4

(a) A polytope P C R? (b) The polar polytope of P

Figure 1.1.2: Example of mutually polar sets in R?

The most important characteristics of the polar are combined in the following

"hased on a figure on page 61 of [Zie98|

affinely
isomorphic

polar
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Theorem 1.1.15. Let P,Q C R?. Then we have
(i) P C Q implies P® D Q® and P~ C QA2
(ii) P C PAA,
(i) P® and P22 are convex.
(iv) 0 € P> and 0 € PAA,
(v) if P is closed and convex and O € P, then P = PA2,

(vi) if a polytope P with O € relint(P) is given by P = conv(V'), where
V ={wg,...,v;}, then

PA={a|la'v;<1,Vu;eV}
(vii) if a polytope P with O € relint(P) is given by P = {x € RY | ATx < 1}, where
A =(ag,...,am—1) € M(d x m), then
P2 = conv(A).
An obvious question is the following one: what structure of the polar P? corresponds

to a face F' of P? Before answering this question we present a mathematical description
of this structure.

Definition 1.1.16. Let P C R? be a d-dimensional polytope (henceforth referred to as
d-polytope) with O € relint(P). For all faces F of P we define the conjugate face F© as
F°:={acR'|a"z<1,VxeP and

a'x=1,VeecF}
The name “conjugate face” already indicates the answer to our question. And in fact
each face F of a polytope P with 0 as a relative interior point corresponds to a face F©

of P2, In order to confirm this assertion, we revisit Example 1.1.14 and take a look at
the conjugate face F© for some faces F of P.

Example 1.1.17. As faces we choose the vertices vy, ...,v4 and the facets
Fi == {0i,(41) mod 5 }

of P respectively. Figure 1.1.3 shows that the v{ define the facets of P2 whereas the FP
define the vertices.

The main results concerning conjugate faces are summed up in the following theo-
rem and the subsequent corollary. The theorem provides an interesting variant of the
description of the conjugate face that will be used in Chapter 3.

Theorem 1.1.18. Assume that P =conv(V) ={xz €¢ R | AT <1} C R? with V, A as
in Theorem 1.1.15 (vi) and (vii) respectively. Let

F=conv(Vp)={z eR|Ajcx <1 A Aj-x=1}
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& 4
v <& &
Lo Fy I
U3
: : : : : Fy—
v vy
<& <&
vy Fy Iy
(a) vy for the vertices v; of P (b) FY for the facets F; of P

Figure 1.1.3: Examples of F'® for some faces F' of P

be a face of P. (V = VpWVE, where Vi is the set of vertices of P contained in F' and Vg
is the complement of Vi within V. Similarly, A = Ap<WAp=, where Ap= represents the
set of normalized inequalities, whose corresponding faces contain F'. For the inequalities
in Ap< the face F is only part of the valid half space.) Then
F® = conv (Ap=)
={a|a'v <1, YveVs and
a'v=1VYveVr}
Corollary 1.1.19. Let P be a polytope with 0 € relint(P) and let F,G be faces of P.
(i) F® is a face of P™.
(ii) F°° =F.
(iii) F C G if and only if F© D G°.
Statement (iii) directly implies the next result regarding the face lattices of a polytope
and its corresponding polar.

Corollary 1.1.20. The face lattices of P and P® are anti-isomorphic, i.e. the face lattice
of P2 is the opposite of the face lattice of P.

O — P
vertices «—— facets
edges «— ridges

Figure 1.1.4 shows a schematic diagram that visualizes the essence of the previous
results.

In order to derive further properties of F©, we first need to define the face figures
of a d-polytope P. To simplify matters, we start with a special case of face figures: the



vert(P)

vertex figure
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Z(P?)

Figure 1.1.4: Schematic diagram of the face lattices of a polytope and its corresponding
polar

so-called vertex figures. These are certain (d — 1)-polytopes, each containing information
about the “local” facial structure of P “near” one of its vertices. A vertex figure is obtained
by cutting a polytope by a hyperplane that cuts off one single vertex.

Example 1.1.21. Consider a d-polytope P. Let V := vert(P) be the set of its vertices
and v € V. Furthermore, let (¢,cy) be a valid inequality with

(v}=Pn{z|c'z=c}.

Now we choose some ¢; > co with ¢'v' > ¢, Vo' € vert(P)\{v}. Then the corresponding
vertex figure of P at v is the polytope

(P/v)(ce) =P N{z| c'x=c}

In the geometrical sense the vertex figure depends on the choice of (c,c1). Figure 1.1.5
displays two different vertex figures in dark-gray, each being a one-dimensional polytope
with two vertices.

It is quite evident that these vertex figures only differ in the coordinates of their ver-
tices, hence the polytopes themselves are combinatorially equivalent, i.e. their face lattices
are isomorphic. So, without loss of generality we can choose a representative face lattice
for all the vertex figures of P at v and denote it by £ (P/v). Obviously, £ (P/v) is a
sublattice of L (P), namely the lattice of all faces of P containing v, partially ordered by
inclusion. As depicted in Figure 1.1.6, it can be obtained from £ (P) by simply deleting
all faces not containing v. The result is a sublattice of £(P) with 0 = v (since v has the
smallest dimension of all faces of P that contain v) and 1= P. It yields a representative
face lattice for both the vertex figures in Figure 1.1.5.
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c'x=¢ \bTa: =b
v v
[y 'y [y 'y
(P/v)(ce
s N (P/o)bm)
P P
® ' Y ® ' Y

Figure 1.1.5: Two examples of vertex figures

P P/v
edges vertices
vertices 0
0
(a) Hasse diagram of the face lattice of a (b) Hasse diagram of the face
square P C R2 lattice of a vertex figure P/v

Figure 1.1.6: Example of a face lattice £ (P/v)
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The above example works analogously for arbitrary faces F' of P, which leads to the
previously mentioned face figures.

Definition 1.1.22. Let P be a d-polytope and F be a face of P. The face figure P/F of
P at F is defined by the face lattice

L(P/F):=({GeZL(P)|FCG},C).

Sometimes the face figure is also defined as
P/F = (F®)". (1.1.1)

When using this notation we always assume a combinatorial point of view, i.e. instead
of the polytopes we consider their face lattices. This is due to the fact that in the strict
sense this alternative definition is only correct, if F© has 0 as a relative interior point
and is full-dimensional.

Finally, we are able to gain additional information on F'°. Due to Corollary 1.1.20
the bipolar of F© is combinatorially equivalent to F©. Using (1.1.1) we get
FO = (F®)** = (P/F)". (1.1.2)

For clarification we apply this description to the vertex figure P/v in Figure 1.1.6 (b).
Corollary 1.1.20 states that the face lattice of (P/F)A is simply the face lattice of P/F
turned upside down. Figure 1.1.7 shows the result of this operation.

P/v °
(P/v)?
vertices vertices
0 0

Figure 1.1.7: Obtaining the face lattice .2 (v?) from .Z(P/v)

Now the following lemma is rather obvious.

Lemma 1.1.23. The vertices of FC correspond exactly to those facets of P containing
F and vice versa.

Before we deal with the dimension of F¢, we need to define the dimension of a face
lattice.

Definition 1.1.24. Let £ (P) be the face lattice of a polytope P. Then the dimension
dim(X(P)) of the face lattice is defined as the length k of a mazimal chain (x1,...,xx)
with

o I; EX(P),VZ':L...,/{:.

e 1,1 covers x;, Vi=1,... . k—1.
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Obviously, ;1 = 0 and z;, = P. In other words, the dimension of a face lattice is
simply the number of different “levels” in the corresponding Hasse diagram. Level 1 only
contains the empty set, which is the (—1)-dimensional face of P. Levels 2 and 3 contain
the vertices and edges with dimension 0 and 1 respectively. The elements of level k — 1
are the facets with dimension dim(P) — 1, whereas the single element in level k is the
polytope itself. So, the index of the level is equal to the dimension of the faces in this
level plus two. Hence, k& = dim(P) + 2, which yields a formula for the dimension of a
polytope based on the dimension of its face lattice:

dim(P) = dim(Z(P)) — 2. (1.1.3)

With this formula we can easily prove the following result for the dimension of the con-
jugate face F©.

Lemma 1.1.25. Let P be a polytope and let F' be a face of P. Then

dim(F°) = codim(F) — 1.

Proof.
dim (Z(F°)) = dim (Z((P/F)?)) (see (1.1.2))
= dim(Z(P/F)) (Cor. 1.1.20)
= dim(Z(P)) — dim(Z(F)) + 1 (easy to verify)
= dim(P)+2—d1m( )—2+1 (see (1.1.3))
= codim(F) +
Hence

dim(F°) = dim (L (F°)) — 2 = codim(F) — 1.

1.1.3 Blocking polyhedra

Besides the classical polarity discussed in the previous section, there is the blocking
relation between polyhedra of a certain class.

Definition 1.1.26. A polyhedron P C R is said to be of blocking type, if P C [Ri and
ify>x € P implies y € P.

It follows directly from the Decomposition theorem for polyhedra that a polyhedron
P in R? is of blocking type if and only if there exist vectors @, ..., ®, in IR‘fr such that

P = conv(xg,...,x,) + [R‘fr.
Similarly, P is of blocking type if and only if there are vectors dy, ..., d,, in IRi such that
P={zecRe ]dTa:>1Vj—0 .,m}.

In this context we define a structure that is essential for the understanding of the signifi-
cance of tilting complexes: the so-called blocking polyhedron.

polyhedron
of blocking
type
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Definition 1.1.27. For any polyhedron P in R? we define its blocking polyhedron B(P)
by
B(P):={zecR%|z'z>1,Vxe P}

We now specify the most important properties of the blocking polyhedron.
Theorem 1.1.28. Let P C R? be a polyhedron of blocking type. Then
(1) B(P) is again a polyhedron of blocking type.
(i) B(B(P)) = P.
(iii) if P = conv(z, ..., @,) + R, then
B(P)={zeR:|2z"2;>1,Vi=0,...,n}

and conversely.

Since the blocking relation is similar to the classical polarity, the characteristics of
the face lattice of the polar can mostly be transferred to the face lattice of the blocking
polyhedron. In this context we also refer to the following

Proposition 1.1.29 (cf. Proposition 0.1.1 (c¢) of [The05]). Let £ denote the face lattice
ZL(P) of P and let & C £ be the set of all trivial faces of P, i.e. the proper and non-
empty faces that are only contained in non-negativity facets (cf. page 17). Furthermore,
let £B denote the face lattice £ (B(P)) of B(P) and let /B C £P be the set of all
trivial faces of B(P). Then the posets £\ A and LB\ N8B are anti-isomorphic. We
denote this anti-isomorphism by

o\ — LB\ B
F— F*.

A depiction of this proposition is shown in Figure 1.1.8.

1.2 Polytopal complexes and subdivisions

As the name “tilting complex” indicates, it is a special case of a complex (or polytopal
complex to be precise). This term shall now be explained. The following definitions and
results are mainly based on the section “Polyhedral Complexes” of [Zie98].

Definition 1.2.1. A polyhedral complex € is a finite collection of polyhedra in R® such
that

(i) if P € C, then all faces of P are also in C. In particular the empty polyhedron is
therefore in C.

(ii) the intersection P N Q of two polyhedra P,Q € C is a face of both P and Q.
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L\N LB\ B

Figure 1.1.8: Schematic diagram of the face lattices . \ 4" and 5\ 4B

C is a polytopal complex, if all the polyhedra in C are bounded (i.e. polytopes). The
underlying set of C is the point set |C| := Upce P. The vertex set vert(C) of a polytopal
complex C is defined as

vert(C) := U vert(P).

PeC

A straightforward example of a polytopal complex is the complex of all faces of a
polytope P, which is denoted by C(P). Another obvious example is the so-called boundary
complex C(OP) formed by all proper faces of a polytope P.

Similar to the face lattice of a polyhedron we can define the face poset of a polyhedral
complex. In general, we cannot assume this poset to be a lattice, because of the following
counter-example:

Example 1.2.2. Consider the polytopal complex consisting of the empty set and two

distinct vertices
Ci={0,{v1},{va} }.

It is easy to verify that this is indeed a polytopal complex. In a lattice every two elements
must have a join. But in this example the join vy V vy does not exist. Hence, the face
poset of € cannot be a lattice.

Using the face poset of a polyhedral complex we can generalize the previously intro-
duced concept of combinatorial equivalence.

Definition 1.2.3. Two polyhedral complexzes are called combinatorially equivalent, if
their face posets are isomorphic.

polytopal
complex

underlying set

vert(C)

boundary
complex

e(oP)

face poset
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A special form of a polytopal complex is the subdivision, which will dominate the
Sections 2.3 and 2.4. A subdivision is defined as follows:

(regular) Definition 1.2.4. A subdivision of a polytope P is a polytopal complex C with the un-
subdivision derlying set |C| = P. A subdivision C of a polytope P C R? is called regular, if it arises
from a polytope Q@ C R = span(ey,...,eq) in the following way:

(1) P =m(Q) via the canonical projection

x: RHL R

(2) =

(ii) C is the set of all lower faces of Q projected down to P. The lower faces F are the
ones satisfying

that “deletes” the last coordinate.

r—Aeg ¢ Q, Ve e F, VA>0.

Figure 1.2.1 shows a simple example of a regular subdivision for d = 1. The lower
faces of () are drawn thicker.

—ey

P

Figure 1.2.1: Example of a regular subdivision for d = 1

As Figure 1.2.1 motivates, regular subdivisions arise from piecewise linear convex
functions. Given the projection 7: ) — P, the function

f:P—R

. T
erynelﬂgl{(w y) €Q}

is piecewise linear and convex. It describes exactly the lower faces of Q.

Thus, every regular subdivision defines a piecewise linear convex function. But even
more important is the converse result.

Lemma 1.2.5. Every piecewise linear convex function f over a polytope P determines a
reqular subdivision of P by a canonical projection of the lower faces of the polytope

Q := conv { (a:T,f(ac)) |z eP}.
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|
|
: fip
|
|

P

Figure 1.2.2: f|p defines a regular subdivision of P

Figure 1.2.2 illustrates the idea of the lemma.

We conclude this section with the definition of the standard simplex. Although it
doesn’t seem to fit in this context, we will introduce it at this point due to its close
relation to the term of a subdivision in the concept of tilting complexes. For a detailed
explanation we refer to Section 2.3.

Definition 1.2.6. The k-dimensional standard simplex A¥ C R¥*1 is the convex hull of
the unit vectors

AF :=conv {eg,... e}

Figure 1.2.3 shows some examples of standard simplices. Note that the boundary
of the two-dimensional standard simplex consists of three one-dimensional standard sim-
plices. In general, the boundary of the k-dimensional standard simplex in RF*! consists
of k+ 1 standard simplices with dimension k — 1.

Y z
1 1
L -~y
x \
1 1
X
(a) one-dimensional stan- (b) two-dimensional standard simplex A2

dard simplex A

Figure 1.2.3: Standard simplices A* for k = 1,2

AR
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1.3 Definitions and notation for STSP and GTSP

Probably the best-known combinatorial optimization problem is the Traveling Salesman
Problem or TSP. Its description is fairly easy:

A salesman has to visit n—1 cities. The task consists in finding a preferably
“efficient” tour through all cities that starts and ends in his hometown and
visits each of the cities exactly once.

But the simplicity of the description is deceptive, since the Hamiltonian Cycle Problem,
which is known to be N'P-complete (see [Kar72]), reduces to TSP. Hence, the Traveling
Salesman Problem is AP-hard. Provided that P # NP, this implies that there exists no
deterministic method for solving the problem in polynomial time.

There are many derivatives of the TSP, but in the context of this diploma thesis we
will only consider the following ones:

1. the Symmetric Traveling Salesman Problem  and

2. the Graphical Traveling Salesman Problem

The former is simply a special case of the TSP with symmetric travel costs, i.e. the
costs for traveling from A to B equal the costs for the reverse direction. The latter is a
relaxation of the Symmetric Traveling Salesman Problem allowing the salesman to visit
cities more than once.

After this rather descriptive definition of the problems we will now provide a math-
ematical formulation. The content of the remainder of this section is mainly based on
[NR93, The05].

Definition 1.3.1. For a given set E the incidence vector x¥ is a vector in {0,1}/Z| with

- {1, ife€ E;

0, otherwise.

Let K,, := (Vy,, Ey,) be the complete graph, where V,, :=={0,...,n—1} and E, is the set
of all two-element subsets of V,,. For a set U C V,,, we denote by 6(U) the set of all edges
of K, with precisely one end node in U, and we define §(u) := 5({u}) A Hamiltonian
cycle is the edge set of a connected spanning subgraph of K, for which §(u) =2,Vu € V,,.

The Symmetric Traveling Salesman Polytope STSP(n) is the convex hull of all inci-
dence vectors of edge sets of Hamiltonian cycles of K,,.

The Graphical Traveling Salesman Polyhedron GTSP(n) is equal to the conver hull
of all non-negative integral vectors (z¢)eck, Satisfying the properties that the graph with

node set V,, and edge set {e | z. # 0} is connected and that the number (X‘;(“))Ta: is
even for all u € V,,.

As stated in [GP79], STSP(n) is an (|E,| — n)-dimensional polytope in RIZ| i.e.

dim (STSP(n)) = (5) — n.
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GTSP(n) is full-dimensional and of blocking type. The observation that STSP(n) is the
face of GTSP(n), which is the intersection of the so-called degree facets defined by the
degree inequalities (x‘s(“), 2),u € V,, is fairly obvious.

We continue with some technical definitions that are essential for both the definition
and the analysis of the so-called tilting functions in the next chapter.

Definition 1.3.2. For a node u € V,, and an edge e := vw € E,, which forms a triangle
with w (i.e. u ¢ e), we define the shortcut s, . by

Sue = Xe B Xuv _ qu c {O, il}\En\

Let a € RIErl. We denote the triangle slack for u ¢ e by
tue(a) == —s;ea,

which is obviously linear in a. For a giwen u € V, we define the vector of all triangle
slacks for the node u

t,(a) = (fu,e(a))eeEn\é(u)'

We will also use the vector

t(a):= (fu,e(a))uevn
e€En\d(u)

consisting of all possible triangle slacks.

Definition 1.3.3. A vector a € Rl is called metric, if it satisfies the triangle inequality,
i.e. t(a)>0. For all u € V;, we define the Tight-Triangular-set or TT-set Ay(a) by

Ay(a):={ecE,|ué¢eAty,ela)=0}.

A wector a € REr| s said to be in TT-form, if it is metric and Ay(a) # 0, Yu € V.
An inequality (a,«) is in TT-form, if this is true for a. A face F' of GTSP(n) is of
TT-type, if it is not contained in a non-negativity facet defined by (x©,0) or a degree
facet. Accordingly, an inequality defining a TT-type face is also said to be of TT-type.

1s said to be

Finally, a set of TT-type facets defined by the inequalities {(ai,ai)}iel

TT-disjoint at a node u, if

el

In order to understand the connection between inequalities in TT-form and inequalities
of TT-type, we need a result from [NR93|.

Proposition 1.3.4 (Proposition 2.2 of [NR93|). An inequality (a,«) facet-defining for
GTSP(n) falls in one of the following three categories:

(i) trivial inequalities: (x¢,0), Ve € E,
(ii) degree inequalities: (x°®™,2), Yu €V,

(13i) inequalities in TT-form

degree facets /
inequalities

shortcut

Su,e

triangle slack
ty,e(a)

metric

TT-set Ay(a)

TT-form

TT-type

non-negativity
facet

TT-disjoint
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As a consequence, a facet-defining inequality is of TT-type, if and only if it is in TT-
form. This is due to the inclusion maximality of facets. For faces F' with codim(F) > 1
on the other hand, this conclusion is generally false, since a face can be properly contained
in a facet.

Next, we want to provide a technical definition for certain kinds of TT-type facets
that were shortly mentioned in the preface: the so-called NR- and non-NR facets.

Definition 1.3.5. A TT-type facet G of GTSP(n) with the property that G N STSP(n)
is a facet of STSP(n), is called a Naddef-Rinaldi facet or NR-facet. A TT-type facet,
which is not an NR-facet, is called a non-NR facet.

A good face of STSP(n) is a proper face, which is not contained in a non-negativity facet.

Finally, we introduce the standard scaling, which is a specific form a valid inequality
for STSP(n) can have.

Definition 1.3.6. Let «* be an arbitrary relative interior point of STSP(n) and let (a, «)
be a valid inequality for STSP(n). If a'ax* — a = 1, we say that (a,«) is in standard
scaling with respect to * (we will omit to mention the x*).

In the next chapter we will need certain NR-facets to be in standard scaling. This is a
consequence of the definition of the conjugate face (cf. Definition 1.1.16), which requires
the polytope P to be full-dimensional and to contain the origin as a relative interior
point. Hence, it is not possible to directly apply the polar theory to STSP(n), since this
polytope fulfills neither of these two properties.

This problem can be solved by translating STSP(n) in such a way that a fixed relative
interior point * is mapped to the origin and then projecting the translated STSP(n)
appropriately in order to assure the image to be full-dimensional. During this process the
valid inequalities for STSP(n) are also transformed, namely into standard scaling with
respect to x*.

With regard to the fact that the standard scaling is rather a technical detail and not
vital for a general understanding, this explanation shall suffice.
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Tilting complexes

2.1 General explanation of the concept

After the introduction of the necessary terminology, we first give an overview of the
concept of tilting complexes in order to provide a general understanding. After that we
will continue with a brief outline of the forthcoming construction.

A tilting complex T(F) of a good face F' of STSP(n) is a subdivision of the conjugate
face F© of the polar. We will henceforth omit to mention F, if it is clear which face is
meant. The construction of T requires information about all facets of STSP(n) containing
F'. The reason why this concept may be valuable will become clear after the following
theorem, which is one of the core results of [The05].

Theorem 2.1.1. Let F be a good face of STSP(n). Then the tilting complex T(F)
18 combinatorially equivalent to the subcomplex of the boundary complex of the blocking
polyhedron B(GTSP(n)) corresponding to the TT-type faces of GTSP(n) that contain F.

Apart from corroborating the close relationship between STSP(n) and GTSP(n), the
theorem indicates that by solely providing local data of the well-studied STSP(n) we can
get information about parts of the facial structure of GTSP(n).

Let’s have a look at Figure 2.1.1. It shows those parts of the Hasse diagram of
Z(GTSP(n)) that are relevant in this context. Solid lines indicate a dimension difference
of 1 between the faces of GTSP(n) corresponding to the vertices, whereas dashed lines
mean a difference strictly greater 1. According to Proposition 1.3.4 each facet-defining
inequality for GTSP(n) falls in one of the following three categories:

(i) trivial inequalities: (x¢,0), Ve € E,,
(ii) degree inequalities: (x°®),2), Vu € Vj,,
(iii) inequalities in TT-form.

The facets defined by the TT-form inequalities decompose into NR- and non-NR facets.

In the figure we omitted the trivial facets, since they are of no interest. The degree
facets are denoted by Fp,, the NR-facets by H; and the non-NR facets by G;. The

19
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TT-type facets were restricted to those containing the face F. STSP(n) as intersection
of all degree facets is obviously a face of every Fps,. The intersections of the NR-facets
with STSP(n) are by definition facets of the latter, unlike the G; N STSP(n), which are
therefore located below the H; N STSP(n).

The subcomplex of the boundary complex of B(GTSP(n)) mentioned in Theorem
2.1.1 is shown in Figure 2.1.2. Its dimension, i.e. the maximal dimension of a face of
B(GTSP(n)) contained in the subcomplex, depends on the co-dimension of the face F.
Before stating this more precisely, we consider an example of a tilting complex T of a face
F of STSP(10) with co-dimension 3 as shown in Figure 2.1.3" (a).

Since each subdivision is in particular a polytopal complex, we can apply Definition
1.2.1 to obtain the vertex set vert(T) of the tilting complex. In this case we have

Vert(“T) = {aO,alya'Qa ap2, @12, Ap12 }

According to Lemma 1.1.23 the vertices ag, a; and ay of F© correspond to the facets of
STSP(10) containing F', which are exactly the NR-facets Hy, H; and Hy intersected with
STSP(10). More precisely, each vertex a; of F© is the conjugate face of H; N STSP(10).
The remaining vertices of T

vert(T) \ vert(F®) = { a2, a12, ao12 }

correspond to Gz N STSP(10), G2 N STSP(10) and Goi2 N STSP(10), where the G; are
the non-NR facets of GTSP(10) containing F. We see that the maximal dimension of
faces of the tilting complex — and thus the dimension of the combinatorially equivalent
subcomplex of the boundary complex — is equal to the dimension of F¥. Due to Lemma
1.1.25 this is exactly

codim(F') — 1.

Furthermore, the adjacency of the vertices in the tilting complex can be directly trans-
ferred to the corresponding faces. In order to understand this, we must first define the
term of adjacency for facets of a polyhedron.

Definition 2.1.2. Two facets of a polyhedron are said to be adjacent, if their intersection
18 a ridge of the polyhedron, that is a face with co-dimension 2.

With this in mind, we take a closer look at Figure 2.1.3 (a). For example, we can read
from the tilting complex that the non-NR facet Goi2 is adjacent to Hy, H1, Go2 and G,
but not to Hs. Similarly, we see that the two NR-facets Hy, H are adjacent, but none of
them is adjacent to the last NR-facet Hs.

Another interesting conclusion is the fact that ' = G2 N STSP(10). For an expla-
nation we refer to Lemma 2.3.12 at the end of Section 2.3.1, where we will dispose of the
necessary means to prove this assertion.

Finally, we can derive results regarding certain intersections. For example, H; N Ho
does not correspond to a face of the tilting complex, since there exists no face of T that
contains both a; and as. Due to the combinatorial equivalence stated in Theorem 2.1.1
the intersection of these two NR-facets is therefore not an element of the subcomplex of

'based on Figure 5.6 (b) on page 62 of [The05]
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Figure 2.1.1: Structure of the face lattice of GTSP(n)
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subcomplex of the
boundary  com-
plex of B(GTSP)
corresponding to

' 1 1 1 = 1= the TT-type faces
------ On-1 | 5@ @k ZCo5CL | of GTSP  that
\ | ‘ P contain F

Figure 2.1.2: Structure of the face lattice of B(GTSP(n))
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a
ao2 a2 @
ao12
ao ai
(a) F° with T(F) (b) local facial  structure of

GTSP(10)

Figure 2.1.3: Example of F® with corresponding tilting complex as well as the implied
facial structure of GTSP(10)

the boundary complex of B(GTSP(n)) corresponding to the TT-type faces of GTSP(n)
that contain F'. But since the H; are exactly the NR-facets containing F', we have

F C Hi N Hs.

Hence, H; N Hs cannot be a TT-type face.

By extracting all these pieces of information we get a description of the local facial
structure of GTSP(10). Figure 2.1.3 (b) attempts to visualize the results. However, the
picture is merely illustrative, since GTSP(10) has dimension 45.

2.1.1 Outline of the construction of tilting complexes
Now that we are familiar with the concept of the tilting complex and some of its interesting
properties, the question arises how we can determine J(F') for a given face F.

The following list is intended to be a guideline for the forthcoming sections dealing
with the construction and computation of tilting complexes. It only sums up the basic
steps without further explanations.

e Definition of the tilting functions Ay, v € V,,, and the proof that they define regular
subdivisions of the k-dimensional standard simplex A*.

e Computation of the regular subdivisions C,,u € Vj,, of the standard simplex A*
defined by the tilting functions A,.

e Computation of the subdivisions Ty, u € Vj,, of the conjugate face F'® as images of
the regular subdivisions €, under a certain projection:

~ AL
— Determination of the orthogonal projection €}, of €, onto <pr19(ker(A))) .

— Projection of €/, onto the linear subspace defined by its affine hull.

e Intersection of all T, in order to get the tilting complex T = ﬂuEVn Tu-
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2.2 Definition of tilting functions

The following construction is taken from [The05].

Let F' be a fixed good face of STSP(n) and let {H,};—o,. i be the set of NR-facets
of GTSP(n) containing F'. This means that {H; NSTSP(n)} =, .k is the set of facets of
STSP(n) containing F. For all j =0,...,k let (aj, ;) be an inequality defining H;. We
now define the following matrix

ao oo ak

A (ao ak> c M((\En\-i-l) X (k;+1)),

whose columns are the aforementioned inequalities (a;, a;).

For u € V,, and e := vw € E,, with u ¢ e we define the function

e RF — R
k k
n— Z ,U,] t_u,e(aj) = ZMJ (CL;’U + (Z}Lw — agw)
7=0 7=0

with triangle slacks ¢, c(a;). Obviously, t,(-) is linear in p. Finally, for v € Vj, we define
the vector ¢, (@) := (t%e(,u))eeE \6(u) and the tilting functions

Ay: RFFL R

p > min . (p)
eFu

2.3 Subdivisions of A*

The next step is to show that each tilting function \, defines a regular subdivision of A*,
where k 4 1 is the number of NR-facets containing F.

Lemma 2.3.1. Let u € V,,. Then —A, px defines a reqular subdivision of A
Proof. Due to Lemma 1.2.5 it is sufficient to show that A, is piecewise linear and concave.

According to Lemma 5.4.3 of [The05], A\, has indeed these claimed properties. Since no
proof for the lemma was included, we provide one now.

e The piecewise linearity follows immediately from the definition of A, and the fact
that the t, .(-) are linear in p.

e Let m e (0,1) and pM, u® € RFFL,
Au(m p + (1 —m) ,u(Q)) = m;n tue(m p +(1—m) u(z))
m; (m tu e(N(l)) + (1 -m) tu,e(um))

(mln tue (M) )) + (1 —m) (rr%ln tu,e(u@)))

= mAu(u( )+ (1= m) X (n?).
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Hence, A\, is piecewise linear and concave as asserted. O

Since the reflection of )\, in aff(A*) and the restriction of its domain to A* yields a
regular subdivision, we can reformulate this lemma as follows:

Theorem 2.3.2. Let u € V,,. Then \, defines a reqular subdivision of AF.

Figure 2.3.1: Example of a regular subdivision of A! defined by A,

Figure 2.3.1 shows a possible regular subdivision of A defined by the tilting function
Au. The fact that certain functions ¢, .(-) intersect the vertices of Ak, which are exactly
the unit vectors of R¥T! is not a coincidence but a general result.

Lemma 2.3.3. Let u € V,,. Then A\,(e;) =0 for all unit vectors eq, ..., e, of RFtL,

Proof. First note that A,(u) > 0,V € A, since
1) ped* = pu>o.
2) Each (a;, ;) defines an NR-facet. Hence a; is metric, i.e. t,¢(a;) >0, Ve Z u.

The non-negativity of A, ,x now follows directly from the definition of A,,.

Furthermore, we have

k
Au(€i) =min Y (€;)jtye(a;) =min t,(a;) =0
eZu — eFu
7=0
due to the fact that (a;, a;) defines a NR-facet, which implies A, (a;) # 0. O

Let’s have a closer look at those ¢, .(-) intersecting the unit vectors, i.e. with
tue(e;) =0, for appropriate i € {0,...,k}.

As already seen in the proof of Lemma 2.3.3, we have

k

tue(ei) = Z(ei)j Z?u,e(aj) = Z?u,e(ai) =0,

Jj=0

which directly implies that e € A, (a;). This observation leads to the following result.
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Corollary 2.3.4. Let u € V,,. Then the functions t, .(-) intersecting the unit vector e;
correspond to the edges in the TT-set A, (a;) and vice versa.

Now the question arises whether the existence of a @i € A* with A\, (@) > 0 can
be proven. Unfortunately, there is no straightforward way to do so, because of the close
relationship to the question of the existence of non-NR facets. However, there is a criterion
for )\umk =0.

Lemma 2.3.5. Let ucV,,. Then

k
Aula)) #0 = A(p) =0,Vpc Ak
=0

J

In other words: if the NR-facets containing the good face F' are mnot TT-disjoint at node
u, then Aypr = 0.

Proof. The assumption ﬂ?zo Ay(aj) # 0 is equivalent to the following formulation
de*Fu: e’ € Ay(a;),Vj=0,... k.
Applying the definition of the TT-sets leads to
fuer(a;)=0,Yj=0,... .k

which directly implies

k
> pjtuer(a;) =0, Vi € A*,
§=0
Hence, Ayar < 0 due to the definition of the tilting functions. On the other hand, we
know from the proof of Lemma 2.3.3 that A, > 0. This concludes the proof. O

Before we deal with the actual computation of the subdivisions of A*, we make a
short excursus in order to examine a certain mapping that appears in this context. It is
negligible for the computation itself, but it yields some interesting theoretical results and
also provides additional information for the understanding of Theorem 2.1.1.

2.3.1 Excursus: The mapping (c,7.)

The definition of (c,,7.) is taken from [The05].

Let u € V,,. We abbreviate the normalized left hand side of the degree inequality for

u by

0, = %X‘S(u)

and define the matrix
D := (8 ... On_1) € M(|E,| x [V4]),

which is equal to the transpose of the node-edge incidence matriz.
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Now consider the mapping
(c.,7.): RFF — RIEnl R
B (Cp, V) = Ap — (PT))‘(N)7

where A is the matrix defined in Section 2.2 and A(u ( )uEV is the vector of
all tilting functions. If w is chosen correctly, then (c“,'y”) de ﬁnes a valid inequality for
GTSP(n).

Lemma 2.3.6 (cf. Lemma 5.4.4 in [The05]). For all p > 0 the inequality (cu,Yu) s
valid for GTSP(n) and of TT-type.

Proof. First, we deal with the validity of (cy,7,) for GTSP(n). For this purpose we start
with the proof that ¢, = (ag ... ar) p — D A(p) is metric.

Let u € V. tye(+) is linear, so

k
fu(cw) = Y mitua) = Y A(p) Eu(3x°)

j=0 vEV,
G
=tu(p)
= () — M) (3 X7) = 3 M) (5 2°)) (2.3.1)

Note that for an arbitrary e := vw € E,, with u ¢ e we have

e (3X7) = H(() "+ ()™ - ()] =1
=1 =1 =0

Using a similar argument, it can be shown that %, (3 x 8(v )) = 0. Thus, (2.3.1) is reduced
to

fu(cu) - tu(l"’) - )\u(u’) -1>0. (2-3-2)
The non-negativity follows directly from the definition of ), , implying that the vector ¢,
is metric. Furthermore, arg min,y, t, () satisfies the corresponding inequality of (2.3.2)
with equality. Hence, A, (c,) # 0 for all w € V,, meaning that ¢, is even in TT-form.

Since A is a conical combination of valid inequalities and each & € STSP(n) satisfies
the degree inequalities with equality, (¢, ) is valid for STSP(n). Similar to the proof of
Lemma 2.5 in [NR93|, one can show that each tour & € GTSP(n) can be transformed to
a Hamiltonian cycle ' € STSP(n) by successively adding shortcuts s ¢ for nodes @ € V,
with 0(@) > 2. Because of ¢, being metric, we have

T T 7
c,T > c,T.

So, the validity for GTSP(n) follows directly from the validity for STSP(n).

Let Ry, be the face defined by (¢, 7v,). We finally want to show that R,, is of TT-type,
i.e. it is not contained in a non-negativity facet or a degree facet.

(i) Let F be the good face of STSP(n) that is contained in the NR-facets defined by
the columns of the matrix A. Then each a € F fulfills the inequalities (a;, «;) for
j=0,...,kand (8y,1) for u € V,, with equality, resulting in F' C R,,. Since F is a
good face, R, can not be contained in a non-negativity facet.

B (cp,vp)
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(ii) Let u be an arbitrary node in V;, and e € A,(¢,). Such an e exists due to ¢, being
in TT-form. Since F is a good face of STSP(n), it exists a Hamiltonian cycle @ € F
with z¢ > 0. As stated in (i), « fulfills (cy,7,) with equality. Now we subtract the
shortcut s, from x. Because of e € A,(cy), we have

T T T T r
c, (T —58ye) =cC,—cC, Sye=c,T+t,c(cy) ="
7 u,e 7 17 u,e (7 u,e 172 17
=0

Hence,  — s, is also an element of R,,. But the subtraction of the shortcut also
caused .
(X‘S(u)) (x — sye) >4

Thus, R, can not be contained in the degree facet defined by (8,,1).

U
An interesting connection between A,(p) and the TT-set A,(c,) is stated in the
following

Lemma 2.3.7. Let u € V,, and e € E,, with uw ¢ e. Then
Au(p) = tue(p) < e € Ay(ep).

Proof. From (2.3.2) we already know that

tu(cy) = tu(p) — Au(p) - 1.

For a given edge e # u this implies

tu7e(cp,) = tu,e(u) - )‘u(u)
Hence, the assertion follows directly from the definition of the TT-sets, since
ec Ay(ey) & tuelen) =0.
O
As a consequence, given a pu € RF*! and a u € V,, we can determine the edges contained

in the TT-set Ay(cy). In addition, we can derive a result regarding the TT-sets A, (cy,)
and A, (c,) for a certain choice of p and p'.

Lemma 2.3.8. Letu € V,, and C, be the reqular subdivision of A* defined by \,. Further-
more, assume that P € C, is a polytope and P’ is a facet of P. For arbitrary p € relint(P)
and p' € relint(P') with p, p' € relint(A¥), we have

Ay(en) € Au(cu/).

=

Proof. Due to the construction of €, from A,, P is the canonical projection of a proper
upper face F of the polytope Q := conv{ (ET, )\U(E)) | & € AF }, whose valid inequalities
are defined by the functions ¢, .(-),e € E, \ 6(u), and have the form

tu,e(’/) > V41,
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where v := (vg,...,v) € REFL (cf. Figure 2.3.1). So, p € relint(P) is the canonical
projection of a point (u', pry1) € F satisfying

tue(p) > per1, Ve Z u.

Since F' is a face of ), some of these inequalities are fulfilled with equality. According to
Lemma 2.3.7 those tight inequalities correspond exactly to the edges e € A, (cp).

We now consider a point p’ € relint(P’). Since g’ is in particular an element of P, it
satisfies all the aforementioned (in-)equalities, implying that

Au(c”) - Au(cu’)-

But as a consequence of P’ being a facet of P, p is also the canonical projection of
a relative interior point (()",p), ) of a facet F’ of F. Let this facet be defined by
the inequality corresponding to the edge ¢/. Unlike the relative interior points of F,
()", )y, ,) satisfies this inequality with equality. Thus,

e € Aylew), but € ¢ Ay(ep).

This concludes the proof. O

So, when p moves from a relative interior point of a polytope P € €, to a relative
interior point of one of its facets, then the corresponding TT-set A, (c,) expands. But
even more important is the fact that the dimension of the face 7, defined by the inequality
(cu,vu) increases as stated in the following

Lemma 2.3.9. Let R, and R,y be the faces of GTSP(n) defined by (cp,vu) and (¢, vw)
respectively, with p, ' as in Lemma 2.3.8. Then

dim(R,y) > dim(R,,).

For the proof of this lemma we will use the following consideration. In [NR93]| it
is shown how STSP(n) solutions can be obtained from GTSP(n) solutions via so-called
shortcut-reduction, i.e. by successively adding appropriate shortcuts s, . for nodes v € V,,
with d(u) > 2 to the current solution. This process is reversible, which means that
subtraction of shortcuts transforms a solution of STSP(n) into one of GTSP(n). This
will be referred to as reverse-shortcut-reduction. Since we are interested in the dimension
of the faces R, and R,,, we need to determine the GTSP(n) solutions contained in this
faces.

The first step is to specify the sets of STSP(n) solutions contained in R, and R,y
respectively. It will turn out that these sets are identical. In order to construct the
GTSP(n) solutions contained in R,, and R, via reverse-shortcut-reduction it is impera-
tive that in each step of this process the current solution remains contained in the given
face, i.e. it fulfills the corresponding inequality (cy,7u) or (¢, 7v,) with equality. This
can be assured by only applying shortcuts for triangles specified by the TT-sets A, (cy) or
Ay (cyw) and thus not altering the value of the current solution regarding this inequality.
Since the STSP(n) solutions in the two faces are identical, the dimension of a particular
face depends solely on the number of affinely independent shortcuts available. Thus, the
application of Lemma 2.3.8 leads to the conclusion of the proof.
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Proof of Lemma 2.3.9. Consider an arbitrary & € relint(A*). We will show that for all
@ € STSP(n) we have

k
reERe & xe ﬂ H
j=0
where the H; are the NR-facets containing the good face F, which are defined by the
inequalities (aj, ;). For convenience, we write out the definition of (cg,7e) in full:

(05775) = AE - (1DT)A(E) = Z Cl,],Oé] Z )‘ 8u7 1

j=0 ueEVn

Since each & € STSP(n) satisfies all degree inequalities with equality,  only has to fulfill
Z?:o &; (aj,a;) with equality in order to be an element of Re = {1y | cgy = ¢ }. For
all x € ﬂ?:o Hj this is obviously true, because

k
x € ﬂHj & a;ra::aj,Vj:O,...,k.
j=0
For the converse direction we first note that & € relint(A*) implies that the vector £ has
positive entries only. Thus, Zk—o & (aj, ;) is a conical combination of the inequalities
(aj, ;). Now consider an x ¢ ﬂ] oHj, ie. 3jo:x ¢ Hj,. « is an element of STSP(n)
and thus particularly contained in GTSP(n), which implies

.
a;x > oj,
as well as
T . .
a; x> aj, Vj# jo.
Hence,

k T k
<Z Ejaj> xr > Z é-j()éj,
j=0 J=0

which results in z not being an element of Re.

This proves that the faces R,, and R,, contain exactly the same solutions of STSP(n).
Their dimension therefore solely depends on the number of affinely independent shortcuts
that can be applied to these solutions.

Now let ¢ € Ay(ew) \ Aw(ey) for a v’ € V. Such an € exists due to Lemma
2.3.8. The claim is that the corresponding shortcut s, . is affinely independent from the
shortcuts for triangles specified by the TT-sets A, (cy), u € V;,. For the proof assume the
converse, i.e.

Syl et = Z Aue Su,e, for an appropriate A with 1"A=1

ueVy
e€Ay(cpu)
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Hence,

twe(Cp) = —cl Sul ¢!

T
= _C“ § Au,esu,e
e

u

= > ue (—¢sue)

e 5,_/
=tu,e(Cp)

= O’

since each e is an element of the TT-set A,(c,) and therefore ¢, .(c,) = 0 according to
Definition 1.3.3. But t, .s(c,) = 0 directly implies ¢’ € Ay/(ey), which contradicts the
assumption that €’ is not an element of this particular TT-set. [l

In Section 2.1 we said that the vertices in vert(T)\ vert(F ) correspond to the non-NR
facets containing F'. The formal proof of this assertion would go beyond the scope of this
diploma thesis. But Lemma 2.3.9 indicates why this is actually the case, since iterating
the process of moving from a polytope in G, to one of its facets leads to the vertices
of the subdivision. And in each step the dimension of the corresponding face increases.
The complexity of the complete proof is a consequence of the fact that we are currently
operating on the standard simplex, but the aspired result refers to the conjugate face
F©. Hence, an appropriate projection has to be taken into account. Apart from that,
Lemma 2.3.9 requires relative interior points and is consequently not applicable to the
final iteration, since vertices don’t have any relative interior points.

Now that we have revealed some of the interesting characteristics of the mapping
(c.,7.), it is time to introduce another mapping that is important in this context. It is
also necessary for a better understanding of Theorem 2.1.1. Proposition 5.5.7 of [The05]
states that there exists a mapping

(¢,7): aff(F®) — RIPl x R
a+— (é(a),ﬁ(a))
with (¢,%) o p = (c.,7.) (the image under the mapping p is mainly an affine combination
of the vertices of F'°. For details we refer to [The05]). This connection is depicted in the
following diagram?

(€7)

aff(F®) ————— RIFrl x R

A¥ denotes the affine space of dimension k, i.e. the set of all points & € RF*! satisfying

x = 1, which is simply the affine hull of the k-dimensional standard simplex. With
this additional information we are able to formulate a more precise version of Theorem
2.1.1.

]_T

*based on a diagram on page 66 of [The05]
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Theorem 2.3.10 (cf. Theorem 5.5.20 in [The05]). The mapping

¢: F® — B(GTSP(n))

a— ﬁ c(a)

induces an isomorphism from the face poset of the tilting complex T(F) onto that of the
subcomplex of the boundary complex of B(GTSP(n)) corresponding to the TT-type faces
of GTSP(n) that contain F'.

This theorem finally enables us to address the yet unproven assertion from Section
2.1 that F' = Goi2 N STSP(10). In order to facilitate the proof, we need the following
auxiliary result.

Lemma 2.3.11. Let P C R? be a polyhedron and {(b;,3;) | i € I} a set of valid
iequalities defining the faces F; of P. Furthermore, let F' be the face of P defined by
> icr &i(bi, Bi) with positive scaling factors &. Then

F:ﬂF

el

Proof. 1t is evident that (.., F; C F, since every « € ()..; F; fulfills each inequality
el el

(b;, B;) with equality. For the converse direction we consider an arbitrary & € F. Apart

from satisfying > .. &i(bs, 3;) with equality, it is in particular an element of P, thus

bjx>p;, Viel (2.3.3)
x ¢ (;c; Fi would imply the existence of at least one index ig € I with = ¢ Fj, i.e.

T
biom > ﬁz()

But due to (2.3.3) this results in ). _; &(b;, 3;) not being fulfilled with equality, which
leads to a contradiction. O

We now dispose of all necessary means to prove a generalization of the assertion that
the face Gio12 N STSP(10) is equal to F.

Lemma 2.3.12. Let T := T(F) be the tilting complex of a good face F of STSP(n).
Furthermore, let a € vert(T) Nrelint(F°) be a relative interior verter of T corresponding
to the non-NR facet G. Then

F =GnNSTSP(n).

Proof. G is a non-NR facet. As a consequence of Theorem 2.3.10, G is defined by the
inequality (y(a),1), which is equivalent to (¢(a),¥(a)). According to the diagram on
page 31, this inequality can also be represented by (cp,vu), where p is the preimage of
a under p.

We now consider the inequality (b, 3) := (cu,Vu) + Xuey, (8u; 1), According to
Lemma 2.3.11 it defines the face G N STSP(n). Applying the definition of (¢, v,) leads
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to
k
(b,8) = Z/‘j(aj’o‘j) - Z Au(p) (Ou, 1) + Z (Ou,1)
7=0 uEVn ueVp
= Zﬂj(a’ﬁaj) + Z (1 - )‘u(u)) (am 1)'
j=0 ueVy

When restricted to STSP(n), all degree inequalities are satisfied with equality. Hence,
(b, B) is equivalent to Z?:o pj(aj, a;), where g > 0, since a is a relative interior point
of F©. Thus, in STSP(n) the inequality (b, 3) also defines the face ﬂ?:o H; NSTSP(n),
which is equal to F', since the H; NSTSP(n) are exactly the facets of STSP(n) containing
F. [l

This concludes our excursus. We continue with the description of how the subdivisions
G, of the standard simplex are computed in practice.

2.3.2 Computation of the subdivisions C,

Since the definition of the tilting function A, is rather unsuitable for the purpose of
computation, we choose another approach. Instead of evaluating the minimum over all
functions t,, (-) for all edges e not containing u, we determine the corresponding inequal-
ities for all #,.(-) and add the constraints for the standard simplex A*. This yields a
polytope P,, whose canonical projection defines a regular subdivision of A¥,

The hyperplane defining the function t,.(-) is given by all points (u, pjs1) € RFF2
with g := (uo, ..., pur) and

1 tu,e(@j).

M-

HEg+1 = tu,e(u) =
7=0

The corresponding valid half space is defined by the inequality
tue(pt) > pey1 © tue(p) — pr1 > 0.

Figure 2.3.2 gives an idea of how such an inequality looks like in the case k = 1.

Algorithm 2.3.1 uses the aforementioned idea to compute the subdivisions C, of A¥.
Note that all algorithms written for this diploma thesis were implemented with exact
arithmetic using the GNU Multiple Precision Number Package (GMP)3. Besides, we are
utilizing polymake, which is a tool for the algorithmic treatment of convex polyhedra and
finite simplicial complexes. For more information on polymake we refer to [GJ00, GJO1].

3See http://www.swox.com/gmp/ for more information
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tu,e(po, 1) = p2

»

| —m

(a) (b)

Figure 2.3.2: Example of a hyperplane defining ¢, .(-) shown from different angles

Algorithm 2.3.1 Compute the subdivisions of A*
Input: Number of nodes n

NR-facets (aj,a;),j =0,...,k
Output: Subdivision G, of A* defined by A, Vu € V,,

1: Convert all (aj, o) to standard scaling with respect to the relative interior point

¥ = % -1;
2: for (ueV,){
32 for(ecE,\d(u)){
4: fOI'(j:O,...,k){
5: Compute t,¢(a;);
6: } // for
7: Formulate the constraint ¢, (@) — ptg+1 > 0;
8. }// for

9:  Add constraints g > 0 and 1Ty = 1 defining A*. Together with the inequalities
from line 7 they yield the polytope Py;

// if NR-facets are TT-disjoint at node u
10 if (P #b%){
11: Compute vertex and facet information of P, using polymake;
12: Determine canonical projection of P;
13} //if
14: } // for
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2.3.3 A practical example for GTSP(10) [Part 1]

We consider the non-NR facet of GTSP(10) defined by the following inequality

3r1 + bxe + 6x3 + 64 + Txs + 8x6 + 927 + 928 + 929 + 8710
4+ 9211 + 9x12 + 6213 + dxr1g4 + 6215 + S8x16 + 817 + 9718 + 9719 + 8299
+ 3xo1 + 8woo + 6x23 + 6x24 + OGxos + 6x96 + 627 + 9228 + 3we9 + Y230
+ 9231 + Gwze + 333 + 9234 + 6x35 + 9236 + 6237 + 9238 + 3w39 + Y40
+ 9141 + Twgo + 9743 + 9744 + 6x45 > 47T.

Its intersection with STSP(10) has co-dimension 3 and is contained in three NR-facets
given by the following inequalities

lzy + 229 + 323 + 4x4 + 3x5 + 3x¢ + 47 + 4z + 429 + 3270
4r11 + dx12 + 2w13 + 2714 + 3715 + 3716 + 3W17 + 3118 + 4T19 + 320
1zo1 + 4waa + 223 + 2wy + 3wos + 2w96 + 2x27 + Sx28 + lxg + 3T30
dx31 + 3x3e + 2w33 + 4wss + 4xss + 4xse + 3xsr + 3xss + lzzg + Sy
3r41 + 3wg2 + 4xy3 + 4xa4g + 2745 > 20,

+ o+

lzy + 229 + 323 + 224 + 3x5 + 3x¢ + 327 + dbrg + 4x9 + 3210
dryy + 3r12 + 2213 + 2214 + 2215 + 4wie + 3w17 + Sz1s + 4dx19 + 3720
1zo1 + 3wa2 + 3w23 + 2wy + 3wos + 4wos + 4wor + 4xog + 2x29 + 5T30
3r31 + 3x32 + lwgs + dxgy + 2235 + 4asg + 2x37 + 4dwss + lxgg + 4y
4x41 + 3x40 + 443 + 3144 + 3145 > 20,

+ o+

4z + 6x9 + 7$3 + Try + 8rs +10xg +1lzy + 9z +10x9 +10x19
+11zq7 +11x19 + 8213 + 614 + 7215 + 9216 +10217 +11218 +11219 +10299
4+ 4xo1 + x99 + Txo3 + 8oy + 8xos + Txog + Taxor +10x98 + 4xog +11x30
+11x31 + Tx3o + 43z +10x34 + T35 +10x36 + T3y +11lxss + 4x39 + 9240
+11z41 + 8x4o +10x43 +11x4g + 745 > 58.

Consequently, k is equal to 2. The computation of P, for all v =0,...,9 shows that
the NR-facets are TT-disjoint at the nodes 3 and 4. Hence, the polytope P, differs from
the two-dimensional standard simplex A? for these two nodes. In this example we only
consider P3, since P4 looks very similar.

Figure 2.3.3 shows a visualization of P3 created with polymake. The upper face in
Figure 2.3.3 (c) is equal to A% and the top view in Figure 2.3.3 (a) gives an idea of how
the canonical projection of P3 looks like.

2.4 Subdivisions of F°¢

Given the subdivisions €, of the standard simplex from the previous section, we are
able to obtain the subdivisions of F® by applying a result from [The05]. But for the
formulation of this result we have to introduce some additional terminology first.

With the matrix A from Section 2.2 and the matrix D from the excursus we compose
the matrix

A= (A —(R)) €M((B] +1) x (IVa] + £ +1)),

matrix A
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(c) (d)

Figure 2.3.3: Visualization of the polytope P3 from different angles

whose first £+ 1 columns are the inequalities (a;, oj) defining the NR-facets of GTSP(n)
that contain F'. The remaining |V},| columns are the negative coefficients of the normalized
degree inequalities. For a vector & € RIV*[t5+1 we abbreviate the first k + 1 coefficients
by ¥ and the last |V},| coefficients by &

= (2).

For instance, using this notation the inequality (cu,vu) = Ap — (;7)A(p) from the
excursus could be written as

Finally, we introduce the projection
pry: RIVal+k+1 | REk+1

m:(g)»—>19
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and define

© :=pry(ker(A)).
We are now ready to formulate the result from [The05].

Theorem 2.4.1. The orthogonal projection of A¥ onto O+, which is subsequently projected
onto the linear subspace defined by its affine hull, is affinely isomorphic to F©. Regular
subdivisions of A* are transformed into subdivisions of F, although reqularity is generally
lost.

The remainder of this section will deal with the different steps of computing a subdi-
vision of F© out of a subdivision G, of A*.

2.4.1 Orthogonal projection of €, onto 6+

For the calculation of an orthogonal projection onto © we need either an orthogonal or
an orthonormal basis of ©1. The latter would require the use of the Euclidean norm and
hence the extraction of roots. Since this operation is not supported by the GMP package,
we utilize an orthogonal basis.

We start with the determination of a basis of ker(A). This can be obtained by applying
Gaussian elimination to A, which is equivalent to solving the homogeneous linear equation
system A(g) = 0. Since A is a non-square matrix, it will be transformed into reduced
row-echelon form. And it is a well-known fact from the field of linear algebra that a basis
of the kernel can easily be extracted from this form. Let

B = (bo,...,bl)
be this basis. Then

(pr,@(bo), .. ,prﬂ(bl))
forms a generating system of ©. In general, we cannot assume this generating system to be
a basis, since the projection pry may destroy the linear independence of the basis vectors
of ker(A). Let P be the matrix, whose columns are the vectors prg(bo),...,pre(by).
Then
O =im(P).

At this point we need another result from the field of linear algebra.

Lemma 2.4.2. Let M € M(m x n) define a linear mapping. Then
(im(M)) " = ker(M ).

Proof. Let y € (im(M))l. This is equivalent to the following formulation
y Mz = 0,Vz € R",

which is the same as

(MTy) 'z = 0,Ve e R"
Since the above equation must be fulfilled by every vector & € R™, this is true if and only
if

which means that y € ker(M"). O

matrix P
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As a consequence of this lemma, we get a representation of ©1 subject to the matrix
P, namely

ot = (im(P))J' = ker(PT").

With this representation we can compute a basis of ©1 using Gaussian elimination as
explained before, which is then transformed into an orthogonal basis B := (by,...,b;)
via the Gram-Schmidt procedure.

Given this basis, we can determine the orthogonal projection of a subdivision €, of
A onto ©+ by projecting all the vertices v € vert(C,). The image of each v is given by

) th t
Vs = 2 -2

=0 Z =0

d
c- \

(2.4.1)

oM
S
S
<
@

_l_
7

We denote this orthogonal projection of €, by €. In general, €/, may not be full-
dimensional. Thus, the next step consists in the projection of €], onto the linear subspace
defined by its affine hull.

2.4.2 Projection of €/ onto the linear subspace defined by its affine hull

For this purpose we first need to determine an orthogonal basis of aff(C],). Then we can
calculate the coordinates of the projected vertices v’ with respect to this basis. This will
reduce the dimension of the vertices to that of aff(Cl,).

The basic idea for getting a basis of aff(€/)) is to take a fixed vertex v/, and compute the
vectors from this vertex to all the other vertices of €]. These vectors yield a generating
system of aff(C],), which can be transformed into an orthogonal basis using the Gram-
Schmidt procedure.

First we note that we don’t need all the vertices of €/, for the computation of the
generating system. Since AF is the convex hull of the unit vectors of R¥T1, it is sufficient
to only consider the projected unit vectors ey, . .., e).. To simplify matters, we additionally
assume that the vertices of €], are sorted such that the first £+ 1 vertices correspond to
the unit vectors in reverse lexicographical order, i.e. if v(,...,v},s > k, are the vertices
of €}, then
v, =e,,Vi=0,...,k.

(2

We choose v, as fixed vertex and get ((v] — v(),..., (v}, — v()) as generating system
of aff(C,). If the vertices were not sorted this way, the generating system and thus
the resulting basis would vary depending on the order of the projected unit vectors and a
coordinate transformation would be necessary in order to compare the results for different
nodes u € V,,. Hence, it is easier to sort the vertices in the forefront of the computation.

Next, we apply the Gram-Schmidt procedure to the vectors (v} — vy), ..., (v}, — v().
In its standard version it requires the input vectors to be linearly independent, but with
a slight modification it is able to handle linearly dependent vectors as well.

In each step the Gram-Schmidt procedure takes one of the remaining input vectors
and calculates the difference of this vector and its orthogonal projection onto the linear
space that is spanned by all orthogonal basis vectors computed up to this time. In the
standard version a problem occurs, if the current vector lies within this space. Then it
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is identical to its orthogonal projection, thus the difference is 0. Obviously, this case
can easily be detected. Each such vector is simply removed from the input list and the
computation continues with the next input vector.

So, let B* be the resulting orthogonal basis of aff(€,). For the calculation of the
coordinates of the vertices v’ with respect to this basis, we revisit (2.4.1) and notice that

the coefficients
(,U/)Tb?ff (,U/)Tb?ff

B3T3 (o) Topt

of the orthogonal projection of v’ onto aff(€/,) with respect to the basis B! are exactly the
coordinates we are looking for. Finally, we have computed a subdivision of the conjugate
face F'©, also referred to as tilting complez at node u, which we will denote by T,.

For the visualization we would like to give the results with respect to an orthonormal
basis, so there is one more step to be made, namely the i-th coordinate of each vertex has
to be multiplied by the Euclidean norm of the i-th basis vector of B#. As stated before,
the GMP package does not support the extraction of roots, hence a typecast to double
is necessary, accompanied by the inevitable precision loss. But the visual representation
of T, is the final output, i.e. the results are no longer needed for future computation.
Therefore the precision loss is tolerable.

An abstract of this whole process in pseudocode is given in Algorithm 2.4.1.

As soon as all T, are computed, we can obtain the tilting complex T by intersecting
all tilting complexes at the different nodes, which means

T = ﬂTu.

u€eVn

Note that the union of the vertex sets (vert(T,))
as depicted in Figure 2.4.1.

wey, may be a proper subset of vert(7T),

At this point it is necessary to explain how the good faces for the computation of
tilting complexes were chosen. We started with known TT-type facets G of GTSP(n).
For each of them the dimension of the intersection F' := G N STSP(n) was calculated.
Those F' with codim(F) > 1, i.e. the intersections of non-NR facets with STSP(n), were
taken as good faces for further computation.

The idea behind this approach is the following. The intersection of a TT-type facet
with STSP(n) cannot be contained in a non-negativity facet, thus being a good face of
STSP(n). And only the non-NR facets lead to reasonable results, since for an NR-facet
the number &k + 1 of NR-facets containing this particular facet is one. Accordingly, k is
equal to zero, which results in the zero-dimensional standard simplex A° that consists of
one single vertex and thus cannot be subdivided.

So far, we have only encountered non-NR facets, whose corresponding face F of
STSP(n) has codim(F) < 3. As a consequence, we have dim(F®) < 2 due to Lemma
1.1.25. The tilting complex can therefore easily be obtained by simply overlaying all T,,.
In the case that non-NR facets should be discovered, whose intersection with STSP(n)
has codim(F') > 3, one would need a more sophisticated method for the intersection of
the T,.

Tu
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Algorithm 2.4.1 Compute the tilting complex at node v € V,,

Input: Number of nodes n

NR-facets (aj,a;),7 =0,...,k
Subdivision @, of A*

Output: T,

1:

Generate the matrix A = (A, —(1DT)>;

// Compute generating system of © := pry (ker(;;))

Determine a basis B := (bo,...,b;) of ker(A) by solving the homogeneous linear
equation system A(g) = 0 via Gaussian elimination;

O =im(P), with P := (pryg(bo),...,pre(by));

// Compute an orthogonal basis of ©+

©+ =im(P)* =ker(PT). Determine a basis of © by solving P& = 0 via Gaussian
elimination and obtain an orthogonal basis B of ©1 by applying the Gram-Schmidt
procedure to it;

// Compute orthogonal projection of €, onto O+
Sort the vertices v; of G, such that the first k + 1 vertices are the unit vectors in
reverse lexicographical order;
for (v; € vert(C,) ) {
Determine the orthogonal projection v} of v; onto O+ with respect to B;

s} // for

10:

11:

// Project the above projection €, of C, onto the linear subspace defined by its affine
// hull

Compute the vectors ((v]—v(),..., (v}, —v{) ) in order to obtain a generating system
of aff(€!). Apply the Gram-Schmidt procedure to get an orthogonal basis B2
Determine the coordinates of the projected vertices v} with respect to B2, These
are exactly the coefficients of the orthogonal projection of v} onto aff(€,);
For the purpose of visualization, multiply the j-th coordinate of v by Hb‘;ff{

29

2.4.3 A practical example for GTSP(10) [Part 2]

We now conclude the example from Section 2.3.3, where we found out that the polytopes
P3 and P4 were the only ones differing from the standard simplex. Applying Algorithm
2.4.1 to their canonical projections C3 and €4 results in the subdivisions T3 and Ty of F'®
as shown in Figure 2.4.1. The intersection of the tilting complexes at nodes 3 and 4 leads
to the tilting complex T, which we have already seen in Figure 2.1.3 (a).
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Figure 2.4.1: F© with T3, T4 and T






Chapter 3

Computation of NR-facets

Since their introduction in section 2.2, the NR-facets containing the good face F of
STSP(n) were always assumed to be a given input. This chapter will finally answer
the question how to actually compute them.

For this purpose we remember that according to Lemma 1.1.23 the vertices of F®
correspond exactly to those facets of STSP(n) containing F. Thus, we need an outer
description of F'® in order to compute the vertices of F'® using polymake. At this point we
get back to Theorem 1.1.18, which explains how this description can be obtained. Once we
have these vertices of F, we apply Theorem 1.1.15 (vi) to get the corresponding facet-
defining inequalities of STSP(n). Finally, we transform the inequalities into TT-form.
The main advantage of this method is the fact that solely information about STSP(n) is
needed for the computation.

The remainder of this chapter will give a detailed explanation of how to implement
the above construction.

3.1 An outer description of F°

As stated before, we want to use Theorem 1.1.15 (vi) in the course of this implementation,
which explicitly requires 0 to be a relative interior point of the polytope we are considering.
Since this is not the case for STSP(n), we have to translate it in such a way, that a relative
interior point is mapped to the origin. Again we choose x* := % -1 to be this point.
Hence, the translated version of STSP(n), which we will denote by S|, is obtained by
mapping every vertex v of STSP(n) to

v i=v—z".

Let F| be the face of S| corresponding to F'. According to Theorem 1.1.18 an outer
description of Ff> is given by

Ff> ={ala'v <1,Vv € Vg, and
aTvl =1, V’Ul S VFl },
where Vi = vert(F|) and Vp & Vg = vert (S)) =: V. Since STSP(n) is defined as the

convex hull of the incidence vectors x* of all Hamiltonian cycles, we have
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oV = {xf | H is Hamiltonian cycle }
o Vp = {X{{ | H is Hamiltonian cycle A x¥ € F'}

° Vﬁl = {xf | H is Hamiltonian cycle A x7 ¢ F}

Consequently,
'vlTa <1,Vou € Vf*cl

yield the inequalities and
'vlTa =1,Vv € Vpl

the equalities of the outer description. In the current form the description contains a lot
of redundant inequalities. Although polymake is able to handle redundancy, we have to
reduce the number of dominated inequalities, because otherwise the polymake input file
may become too large. For example, an input file for GTSP(12) would have a size of over
6 GB!

In order to reduce redundancy, we use the following approach:

Algorithm 3.1.1 Eliminate redundant inequalities
1: Let I be the index set of Vﬁl, J the index set of Vp and N := () the index set of
translated vertices defining non-redundant inequalities;
2: Choose an arbitrary ¢ € I. Set N = {i} and I =TI\ {i};

3: while (I #0) {
4:  Choose an arbitrary ¢ € I and set I =TI\ {i};
5:  Test for the existence of coefficients A, > 0, n € N, and p;, j € J, such that

() Den )‘nvin) +2jes Mj”i]) = UY)

(i)  Ypen Mn + ZjeJ Hj <1
by solving a linear program (LP) with CPLEX;
if ( LP is infeasible ) {
Add (’UY))TG, <1 to outer description of Ff> and set N = N U {i};
} /)
: } // while

© 0 I D

Note that in each cycle of the while loop the LP hardly alters. Only the right hand
side is changed and at most one new column is added. Hence, Algorithm 3.1.1 can be

efficiently implemented using the CPLEX C-interface. The results are convincing. In the
case of GTSP(10) the above method has reduced

e the size of the polymake input files from 34 MB to 13 KB.

e the overall running time from 10 minutes to less than 30 seconds on an Intel®
Xeon™ 2.80 GHz processor with 2 GB of RAM.

But the outer description is not complete, yet. Although the face F' is a subset of
the |E,|-dimensional space, it is still embedded in the affine hull of STSP(n), which is
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determined by the degree equalities
A xr=1,YuecV,.

Thus, these equalities have to be added to the outer description. Of course they have to
be translated accordingly, resulting in

8 a=0,YueV,. (3.1.1)

Now we have all the necessary constraints to describe Ff> and can compute its vertices
using polymake. Let aq,...,a; be those vertices. As stated before, they correspond
to the facets of S| containing F|. The next step is the calculation of the inequalities
defining those facets as well as their inverse translation in order to obtain facet-defining
inequalities for STSP(n).

3.2 Facet-defining inequalities for STSP

By applying Theorem 1.1.15 (vi) to the vertices ay, ..., ay of Ff> we obtain facet-defining
inequalities for the polar of Ff. Due to (1.1.1) we have

(FO)% =8,/F,

where S| /F)| is the face figure of S| at the face F|. Its face lattice Z(S|/F)) is the sublat-
tice of Z(S|) consisting of all faces that contain F|. Hence, the facets of S| /F)| correspond
exactly to those facets of S| containing F|, which are defined by the inequalities

ajz <1,Vj=0,...k

In order to obtain inequalities for STSP(n) we simply insert the definition of ;. Moving
the constant term to the right hand side results in

T T ,.% s
ajx<l+a;z",Vj=0,... k.
The right hand side can then be simplified according to the following
Lemma 3.2.1. Let x* := % -1. Then

a'z*=0,Vae S|.

Proof. We remember the matrix D, whose columns are the normalized left hand sides
of the degree inequalities. Per construction, each a € S| satisfies (3.1.1). Hence S| is a
subset of ker (DT).

Since D is equal to the transposed node-edge incidence matrix and due to the fact
that each edge has two end nodes, each row of D has exactly two non-zero entries. As a
consequence,

2 1 .
' = 2 .1=D(-17 1) € im(D).

From Lemma 2.4.2 we can derive
1
im(D) = (ker(DT))

Now the assertion follows directly from the definition of the orthogonal complement. [
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So, the facets of STSP(n) containing F' are defined by the inequalities a;ra: <1,
j=0,..., k. Now we scale each inequality with the least common multiple of the denom-
inators of its left hand side coefficients to assure that the resulting coefficients are integer.
Finally, the inequalities are transformed into TT-form and scaled with the reciprocal of
the greatest common divisor of the left hand side coefficients and the right hand side. In
this form they are also valid for GTSP(n).

The pseudocode of this whole procedure is given in Algorithm 3.2.1.

Algorithm 3.2.1 Compute the NR-facets containing the good face F
Input: Number of nodes n
Incidence vectors x? of Hamiltonian cycles in F
Output: Inequalities (aj, ;) in TT-form defining the NR-facets that contain F

1: Generate all Hamiltonian cycles. These are exactly the vertices of STSP(n);

// Translate STSP(n) such that the relative interior point @* := —2- - 1 is mapped
// to the origin ~» S|. Since F' C STSP(n) this also yields F|
2: for (v € vert(STSP(n)) ) {
3w i=v—a
4: } /) for
// Equalities for the vertices of F
5 for (v € vert(F|) ) {
6: Add ’U]—a =1 to outer description;
7.} // for
// Translated degree equalities
8 for (ueV,){
9:  Add 8] a = 0 to outer description;
10: } // for
// Inequalities
11: for (v € vert(S)) ) {
122 Check redundancy using CPLEX (cf. Algorithm 3.1.1);

13 if ( inequality is not redundant ) {
14: Add vfa < 1 to outer description;
5.} /) if

16: } // for

17: Compute the vertices ag,...,aj of Ff using polymake;

// Determine the inequalities defining the NR-facets
18 for (7 =0,...,k){
19:  Generate a;—m <1
20:  Multiply the inequality by the least common multiple of the denominators of its
left hand side coefficients;
21:  Transform inequality into TT-form and scale it with the reciprocal of the greatest
common divisor of the left hand side coefficients and the right hand side;

22: } // for




Chapter 4

Results

4.1 Utilities

It follows a detailed description of the main utilities implemented in the course of this
diploma thesis. Both the corresponding source code and the executable programs can be
found on the attached CD in the directory Utils.

4.1.1 findFacets

This program is an implementation of Algorithm 3.2.1 for the computation of all NR-
facets (a;, «j) containing a given good face F' of STSP(n). The usage is as follows:

./findFacets <n> <poi>

Inputs:

n number of nodes in K,
poi name of the .poi file storing the characteristic vectors of the Hamiltonian
cycles that are contained in F'

Requirements:
UNIX operating system
CPLEX
polymake

Average running time!:

~ 25s for GTSP(10)
~ 1h 23m for GTSP(12)

In the preface we shortly mentioned a former implementation for the computation of
the NR-facets, whose actual name is find_face. Since our program intends to be a
replacement, it inherits the output format of find_face, thus creating a .ieq file with the
following structure:

'the running time was measured on an Intel® Xeon™ 2.80 GHz processor with 2 GB of RAM.
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DIM = <(n * (n - 1)) / 2>
COMMENT <comment>

INEQUALITIES_SECTION
(<count>) <LHS> >= <RHS>

END

# <SMAPO number>

The left hand side (LHS) ajTa: is given in sparse format. SMAPO is a library of
linear descriptions of low-dimensional 0/1-polytopes connected with small instances of

combinatorial optimization problems.

In the case of GTSP and STSP the facets are

enumerated and partitioned into classes, whose members are equal modulo permutation
of nodes and are assigned the number of the class — the so-called SMAPO number.

We now give a small example of such an output file for a face of STSP(10).

DIM = 45
COMMENT

INEQUALITIES_SECTION

( 1) +1x1
+3x8
+3x15
+2x22
+3x29
+3x36
+3x43

( 2) +3x1
+13x8
+9x15
+5x22

+2x2
+4x9
+2x16
+3x23
+2x30
+3x37
+4x44
+7x2
+13x9
+10x16
+16x23

+12x29 +6x30
+14x36 +9x37
+13x43 +15x44

END

+2x3
+3x10
+3x17
+4x24
+2x31
+4x38
+3x45
+9x3
+10x10
+16x17
+16x24
+65x31
+16x38
+18x45

+3x4

+3x11
+4x18
+5x25
+3x32
+5x39
>= 22
+8x4

+10x11
+16x18
+17x25
+11x32
+16x39

>= 80 # 13606

+3x5

+4x12
+3x19
+3x26
+5x33
+2x40
# 464
+11x5
+11x12
+9x19
+12x26
+14x33
+11x40

+2x6

+4x13
+5x20
+4x27
+4x34
+1x41

+13x6
+14x13
+14x20
+18x27
+17x34
+6x41

+4x7

+3x14
+4x21
+4x28
+3x35
+2x42

+12x7

+16x14
+16x21
+13x28
+11x35
+12x42

In addition, an update file for the facet database of GTSP(n) is created just in case
the computed NR-facets aren’t already included.

4.1.2 tiltingComplex

This program computes the tilting complex T(F) for a given good face F' of STSP(n). It
combines Algorithms 2.3.1 and 2.4.1 and has the following usage:

./tiltingComplex <n> <ieg>

Inputs:

n number of nodes in K,
ieq name of the .ieq file storing the NR-facets that contain the good face F

Requirements:

UNIX operating system

polymake
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Average running time:

~ 4s for GTSP(10), codim(F')
~ 17s for GTSP(10), codim(F’)
~ 19s for GTSP(12), codim(F')

[l
W W b

For each u € V,, with P, # A the program creates three files

(i) w.poly
(ii) subdivisionAtNode.u.poly
(iii) tiltingComplexAtNode.u.poly

containing the descriptions of P,, €, and T, respectively. If the dimension of P, is
appropriate for a visualization, polymake is executed with the parameter VISUAL, which
displays the polytope using Java View?.

The first two files are in standard polymake file format, whereas the third one is slightly
modified as shown below.

#

# <comment>

#

VERTICES

1 <vertex coordinates>

VERTICES_IN_FACETS
{<vertices contained in this facet>}

# LHS_RHS_SMAPO
# <LHS> <RHS> <SMAPO>

As already mentioned in Section 2.4.2, the vertices are sorted in such a way that the
first £+ 1 of them correspond to the unit vectors in reverse lexicographical order, which
are then projected onto the vertices of F©. Consequently, these vertices also correspond
to the NR-facets containing F. In order to allow the identification of these NR-facets,
additional information is provided in the LHS RHS SMAPO section, which is the only
non-standard part of the file. It is therefore commented out to grant compatibility with
polymake. For j € {0,...,k} the j-th row of the LHS RHS SMAPO section provides
the left hand side coefficients, the right hand side and the SMAPO number of the NR-facet
represented by the vertex in the j-th row of the VERTICES section.

Again, we give a small example for a face of STSP(10).

#

# COMMENT

#

VERTICES

1 -0.7071067811865476
1 0.7071067811865476
1 0.4380307494075958

2See http://www.javaview.de/ for more information
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VERTICES_IN_FACETS

{0 2}

{1 2}

# LHS_RHS_SMAPO

#1 2 2 3 3 2 4 3 4 3 3 4 4 3 3 2 3 4 3
5 4 2 3 4 5 3 4 4 3 2 2 3 5 4 3 3 3 4
5 2 1 2 3 4 3 22 464

#3 7 9 8 11 13 12 13 13 10 10 11 14 16 9 10 16 16 9
14 16 5 16 16 17 12 18 13 12 6 5 11 14 17 11 14 9 16
16 11 6 12 13 15 18 80 13606

All non-NR facets found during the computation are stored in an update file for the
facet database of GTSP(n). Furthermore a IXTEX code is printed that can be redirected

to a

file. This code contains a visualization of the tilting complex using the package

PSTricks® as well as tabular representations of the involved NR- and non-NR facets. A
detailed description and examples are given in Appendices A and B.

4.1.3 Auxiliary functions

Some modules of the main utilities from the previous sections may also be interesting as
stand-alone tools and shall therefore be introduced. Each of them is implemented with
exact arithmetic using the GMP package.

(1)

gaussJordanElim

This function computes a basis of the kernel of a given matrix by applying a Gauss-
Jordan elimination with pivoting. The function call is as follows:

vector<mpq_class *> *gaussJordanElim(unsigned c,
vector<mpq_class *> *m)

Inputs:
¢ number of columns
m vector containing the rows of the matrix

Return:
basis vectors of the kernel, or NULL if matrix is regular

Requirements:
GMP package

orthogonalProjection

This function computes the orthogonal projection of a given vector with respect to
a certain basis and has the function call

mpq_class *orthogonalProjection(unsigned 1,
unsigned n,
vector<mpq_class *> *b,
mpq_class *p)

3See http://tug.org/PSTricks/main.cgi/ for more information
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Inputs:
1 length of input vectors
n number of basis vectors
b vector containing the basis vectors
p array containing the vector to be projected

Return:
orthogonal projection of p with respect to basis b

Requirements:
GMP package

(iii) gramSchmidt

Given a generating system, this function computes an orthogonal basis using the
Gram-Schmidt procedure.

void gramSchmidt (unsigned 1, vector<mpg_class *> *g)

Inputs:
1 length of input vectors
g vector containing the vectors of the generating system

Return:
orthogonal basis

Requirements:
GMP package

4.2 Computational results

The following conclusions are based on the data for GTSP(10) and GTSP(12) gathered in
Appendices A and B. First of all, we would like to emphasize that up to now we have only
encountered non-NR facets, whose corresponding face F' of STSP(n) has co-dimension 2
or 3. As a consequence, all computed tilting complexes have a dimension of at most 2.
Another interesting observation in this context is the fact that the number of non-NR
facets with codim(F') = 3 compared to those with codim(F') = 2 is always substantially
smaller. For example, in the case of GTSP(10) we have found 221 non-NR facets with
codim(F") = 2, but only 6 with codim(F') = 3. For GTSP(12) the ratio is 1653 to 2 so
far.

We have computed and visualized the tilting complexes T(F) for the corresponding
STSP faces F of all known non-NR facets of both GTSP(10) and GTSP(12). The results
for GTSP(10) are listed in the Sections A.1 and A.2 respectively. In the case of GTSP(12)
we only included the most interesting one-dimensional tilting complexes, because other-
wise the Section B.1 would have covered approximately 300 pages. The two-dimensional
tilting complexes are given in Section B.2. All generated data can also be found on the
attached CD in the directory Data.
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For GTSP(10) the following observations are worth mentioning:

e all one-dimensional tilting complexes have exactly one relative interior vertex.

e for all one-dimensional tilting complexes the two involved NR-facets are TT-disjoint

at exactly one node.

e there are only the following two types of two-dimensional tilting complexes:

e all two-dimensional tilting complexes have exactly one relative interior vertex, al-

though vertices on the boundary of the conjugate face may occur. In addition,
the involved NR-facets are always TT-disjoint at exactly two nodes. However, the
significance of this results is arguable considering the small number of examples.

all two-dimensional tilting complexes are remarkably symmetric. In order to appre-
ciate this fact, one has to take into account that every 0/1-polytope is isomorphic
to a face of STSP(n), for n large enough. This was shown by Karp [Kar72| using
an analogous result for the Asymmetric Traveling Salesman Polytope ATSP(n) by
Billera & Sarangarajan [BS96]. This foreshadows the complexity of STSP(n) and
indicates that the symmetry of the tilting complexes is anything but self-evident.

The question arises to what extent these patterns can be transferred to the tilting

complexes for GTSP(12).

e as in the case of GTSP(10), all one-dimensional tilting complexes have exactly one

relative interior vertex.

for most of the one-dimensional tilting complexes the two involved NR-facets are
TT-disjoint at exactly one node. But we found 11 counter-examples, where the
NR-facets are TT-disjoint at two nodes u,v (see B.1). Particularly, each counter-
example has only one relative interior vertex, which means that the tilting complexes
at the nodes u and v feature this very vertex. Hence, T, = T, = T. In conjunc-
tion with Theorem 5.8.4 of [The05] this answers an open question in [The05] (cf.
paragraph on page 76 after Remark 5.9.1).

the aforementioned counter-examples are also of importance in the context of 0-
node-lifting. Let G be the non-NR facet of GTSP(12) that corresponds to the
relative interior vertex. As a consequence of T, = T, = T, both T, and T, represent
a complete description of the tilting complex T. Thus, it is legitimate to ask: “Will
0-node-lifting of G at one of the nodes w, v result in a non-NR facet of GTSP(13)7”,
since the tilting complex at the other node would still carry all the information on
T. But it turned out that 0-node-lifting in this situation does not preserve non-NR
facets.
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e the two-dimensional tilting complexes feature a T, of the following structure:

This is remarkable, since these are the only examples of tilting complexes at a node
u, where an edge of T, is not incident to at least one of the vertices of F'©.

e the two-dimensional tilting complexes have exactly one relative interior vertex and
several vertices on the boundary of the conjugate face. Furthermore, the involved
NR-facets are TT-disjoint at exactly two nodes. But this is hardly significant due
to the small number of only two two-dimensional tilting complexes.

e the two-dimensional tilting complexes completely lack the symmetry of their coun-
terparts for GTSP(10).






Appendix A

Visualization of tilting complexes for
GTSP(10)

At the end of Section 2.4.2 we shortly mentioned the fact that we used the intersections
of known non-NR facets with STSP(n) as good faces F' for our computation. We now
give an overview of the computational results for n = 10.

A.1 codim(F) =2

A face F' with co-dimension 2, i.e. a ridge, has the property that it is contained in exactly
two facets. This fact can easily be derived from the face lattice of the polar, where
ridges correspond to edges, which contain exactly two vertices (cf. Corollary 1.1.20).
As a consequence, F© has exactly two vertices corresponding to the two NR-facets that
contain F'.

The results are sorted by right hand sides. The information for each non-NR facet
consists of a figure and three tables. The figure shows a visualization of F'¢ together
with the tilting complex and the information, at which node the two NR-facets are TT-
disjoint. The number within each vertex of the complex represent its index. Additionally,
the vertices are assigned values.

1 A 0
@ 124 0

TT-disjoint at node u

Just as vy is a convex combination of vy and vy, the inequality defining the corresponding
non-NR facet G is a convex combination of the inequalities (ag, ap), (@1, 1) in standard
scaling that define the two NR-facets Hy and H;. This convex combination is then
transformed into TT-form and scaled with the reciprocal of the greatest common divisor
of the left hand side coefficients and the right hand side. The coefficients (X, (1 — X)) of
the convex combination can be computed from the actual coordinates of the vertices in
RL. If vo = Avg + (1 — M)y, then we have \ = 2=ot. The values assigned to the vertices
represent their coordinates with respect to both {wvg,v; } and { (a9, ), (a1,1)}. For
reasons of lucidity only the first coordinate is given, since it directly implies the second
one.

95



(10) was used as input for the computation. As

Appendix A. Visualization of tilting complexes for GTSP(10)

3

The tables represent Hy, H; and G in this order, with G defining exactly the non-

additional information to the right of the right hand side we have the corresponding

NR facet, whose intersection with STSP
SMAPO number for NR-facets and the coefficients (A, (1 — A)) for non-NR facets.
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Appendix A. Visualization of tilting complexes for GTSP(10)
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Appendix A. Visualization of tilting complexes for GTSP(10)

012 3 456 7 8 9

0

12 2 3 3 2 2 3 3

312 4 3
4/ 2 2 1 4

3 1 4 4 3 3
2 3 3 4 4

3 3 2 2 3 3 4 4

2 1 3

1

3 3 4 2

3 1 2

513 3 4 1 3

6|4 4 5 6 6 7
774 4 5 6 6 7 4
5
5

o o

1

N

TN

2 1 3
3

™ -

- m

< N

< <

o m

4 4 3 3 2

4 4 3 3

n m

3
3

< <

mMOHONN®m®

> 66; SMAPO# 11491

> 18; SMAPO# 276

60

0
1

TT-digoint at 1

M <O O©N~0O

RHS = 43

TT-digoint at 2

o~
ONWON~NMOWON~ oY
NN OOoOOOM T ~NO
©CEOODON 1+ M©©
567683.7959.
<t~ OW ™Moo oo
Mt ©o 11w oMo
N[t oD ODON~®
N OO0 WWn o
ol N TWOON~NSN
AN WOND O~
°|3q0w 30939y .
w@rdedrgad o
~Ege22SSe 38
©228%0d 09g
wlegeds  AI~Y
<~8 3~ toIJdo
oleod  ~II9<Y
aho 93888 w
—Alm 0 9 Jo~Y
oltmr~o0o~238 983
O NM< O WOMNWD
ol*xmNtmowNms
Wt NLONM @<
Moot oo
6234433,122%
bosmwa T oTow
ST Mm NI om
Mo oLt oS
NfNM OO MO N
lH oot O N®m®
OfrJdNNMmMOMONMS <
ANMIT WD ON~®OO

RHS = 44

o H..D_NSQAGQ_\W olQ8o0wdmSuoo . oloodogdomo
I~
]
@ 96883N6.H871 VO~ ODDOD® O O~ OONMO | ©
o o ~oSQworoS  mo-o ~owodo o o miB
~ 964271_66.“9,73 = = e =SR] N
=
— =] o < — o, <
©olo~Qoow® Q9w olowon~tm~ T Qo wloowodog  ©omo
<
whcoodoe  O~mo T whNoOS N~ O™ wlostan~~ 89 n~d
Al
< MNON |+ O 00N © < ot~ 1 Smo~od <S(ow~LA oo w0
] =]
mlowo  NDo s o
Al i [ < ~NO S ©o© ™o v N dd 0w
Njnm oo Q ool N[MWL + MO oD
o o Njt© NN T
— o~ood — Tt oo S ~g
N O~ o~ o
ol dNOwON~DO®OG ol NmoO~N~©oO G olrNYTWLLWOOOO®
O NMSWOO©N~ D AN T ON©D O aNMmMSTOWON~®D
oo oNT® ) R ECRENT:Y oloo~moooOoNT
< @
© |© NOo < o © ws~N o oOotwLLIITNO
~|o© © ,44% ~ 567.24W ~[tow~ o 4.62%
< < <
o< @ ©oOoN= © 25_777W ol 0w~ © _426W
%]
| ' ©N© B 0 ~N Lo ST NN LTNAM T+ ©OT©L
N ) I
<< oS NOSA|l < PN o~ A ST md oot oAl
™ |o I~ Mmoo ™ woms O ™| m P HMNN~WD W0
o e D ©©© < <o ~ ™ Ot ©oo N[M®m S MmAW W00~
- lo NIt TOOO — ©~©ON~WON~ N MMt N©©ST o
of: MmO oo <) <t WwoOw~~ ol NmOmTITTOO©
=) NITWON~®D®D <tTWoO~©D O N®M< WO~ ©D
oltwsws® g o STHON® . Q oltmrmTowmaN
« ~
WM N MmN ! W [ 3221,3m ot ™ ma 13_2m
~lo S oN o ™o g ~ Mo AN g NNt oTN s odg
ot ms oo < w © 12,323W ©Olmams m _213W
s -
woNmsm ™~ 0 o NmN oS WEONATO MW~
tlNON- ® Al < T RSRNCRAL tNONA MmN
™| R ™ PN AN O N MmoNm AT O™
NjoH 1 ma® «~ NNOMOmN® S NfN®m N Mo S S
Al N ®mN - HONN®N® HAlH NN N O ®
ol Homa® o HONN®mN® ol dNmam®m® s <
O - N®™< CdaNmMSTWLWON~®©D OCHdNMIWOLON®OD
o
N~ N o
= = o) =
c = [al c
o o o
(20 (20 (28
? ? @
= = =
~ ~ [l



61

VOMODOOOODO 1 —~

)
)

2

A.1. codim(F)

988837&679.9\W o 5_8 9mnﬂ6289m4.65 9M9976B939_rﬂw 997M66939B.7_1 olo~d~e~o0me
87596m938_957m 886936697_6579 8m97mm8B6,477,m 8N886M4Hﬂ.977m 88m677mm4,B,1 0G0 ~G < 9
77538855.87%@ 77768358.79%(% 7875482,”.__6,@_.“9,7% 788669N6.H3M7m 786N9MHH,49A/,_ku ~ooZ888dY vt o
©lowOO N~ O 10 m© 6758853_899% o~wo~mo %o olowowomS  ©oNo T 6868396_Qm3% olooontos  NGm:
568873_859mM W@ O™ ML OO A| wlorra®  oNoo I 5684m7_mm4BM 586833_6~1/._m9>, bLcowwm  od~o©
o o Al t|loOoo® 1 0 m©© 46596_838mw__>, Al oo
A Ut B N tlwr~mo  ~mo o t~owo  mo O~ o FOOON MmO g5~
° MO~ © O~ Mmoo mlowo roN~< Qo . o
owwe S~ woom oltno o Qooon~ Owow  ommo~o© mloto Nt Qoo~
N[t © 0o Mmoo B NP oo~ on~d NN oMt OO Nl wwooSod NNt T oowoSeodg
N O~ o®Wwwo A e s Ywor~o~od =[Nt moo “dln ot Mmoo oooI~ Al vt to0o 00 g~
O NS W ©ON~N~© O|' N ®O©OMNMNSW®®O ol dmowowo~©03g olrnNNYwoowo3 g ol NN~ ®®o©ooo ol nN©wO~®©o oo
O NM< O WOMNWOD O NMTWHON~WWD O NMIETOHOMN~WWD O NM< O WOMNWOD O NMTLHOMN~WOWD O NMIETNHOMN~WOD
9454245436_m 9542634544_% 9676484652.% 9766648626.% 9667446268.% oloo~wrTN©®©
843646525,6% 854623454,4m oot OwoOoom N ottt ON®©D®O + © oftomtTtOON 0! VFOMmMnOTON + 0
~NoadwoN® e g Mot dN® oS g 75433517.35% 75644664.82% 74456688.26% NSO~ OOo N©
6454645.324% 6435521,355% 6454626.786% Rv_kuﬂvA-.A-.n/_Rv,A».nUPOaAMHu 6645264,862% ot MmTO© + 0ON
Lo wwa  BNLDL LoTTITO  dNT T D 545426_6144@% 534264_6628%, 564522_4866@% wFOMmMMmN 1 © O
42326_14364\/7 42355,32133\/_ T MmO 1 ONWD©ooA| SO TNO T NOOT A FFOMmt NO© O T T A| FFTODA NT OO
Mmoo rowonsT N Mot TS N©O ot mo  TNOMmOY Mot 0O T O Mt N® NN O TS Mo HO®ON~WLW0D
NN rOoNM T O Nt ST TON NNM oM O NfHN S NNT T O N[=HM +  OMOWOLWMMN~ NfHMO S OLMOWLL MmN~
“lH T mmm L N®Dn “lH YT oSS “lH T mmmowL o~ “HlH NN TOOT O dln P mNoOoST T TO© “dlNn T momToT oo
OfrdNSNOT OO Ofr JmmNMm T MWW O|lrdNS TN OO Ol =" MMMLOLWLWMN Ol NHASFTTFTOWOTF O OfrNHULSTTFOT T O
CAdNmMY0LON~®O CdNmMIT0OON~®©O CHNMYIOON~®O CAdNmMYW0LON~®O CHNMTWDLON~®OO CHNmMT0LON~®OO
9434235243.% 9342334452.@ olttwostmovN oltmoNNbL® SlmNTNN®A®D B ot NmNA®m©L
832334413,3% 832413243,2% 844354453.2% 854435244,3m 845333442,5% DFLOmOOTOHOITN D
~MEONSOLON 0T g N mosamw o mwo g ~ooNaoas oo g NoaNmos N g MEmwoLs T a®g ~NTOowoToLS P N®
6234433.212% 6324332,544% 6332213.453% 6322314,243% 6233132,441% ONMmOMOANM
Llotwoa oI LosTTow  NoNT A Lo mas s R blosawo  TrawR LlNooad Nt oR wOTNNA OO ®ON
43435_23543>7 44354,53233\/_ 42233_21344\/_ 42314_31352>7 43422,13532\/_ [ NOO A HNTET T O
oo T woTTON MNmm oot Hm L R I R R AT ) ONH®m T OOmON OHNN N A MmO N OHNN FHNA®®ON
NN OO NS NN T OO TN NfH A T S MOMONNMLO NfHN O NNN M NfHN T NNOO OO M NfHN T NONOMOL O
“lH oo TN ® HlH PNt NmN S “lo i dmNN®m® S HlH T NHOT NN T o dlH NN Ommn “HlH NNt mO®mL N
Ofr JdNANMONST M Ofr JmONTOOOTOHM OlrOHMANNMM S < Ofr AN NOMMMWL OfrdddMmMONNT ™ OfrdAddNONT T
CHdNmMTW0LON~®©O OCdaNmYT0wON~©O OCHANMIION~®OO CdNmMYWLON~©O OCHdNMITWDON~®O CdaNmMYW0LON~®O
o o o o o o
(2] N ™ (2] - —
w® w® ® w® ® ®
B E Je@ E k£ SR Qg R E
o o o o o o
) ) &z ) &z )
kel kel =] kel =] =]
A A o A o o
~ ~ [l ~ [l [l

> 28; SMAPO# 1389

> 18; SMAPO# 287



)

)

> 32; SMAPO# 1815

Appendix A. Visualization of tilting complexes for GTSP(10)

> 14; SMAPO# 136

62

ol dd~<«Yy > oG odr~<yY S m879ﬂ6893_\.,/a o owdoQwom
=5 =& M=
0_2771 o L NN o — Mo VO~V DDVDODOD + ™
©olowowwowomwn~g Y " ©omowomn~G o Y - >o0oJodo o on
-, 0 0 o, N glo 10 ~NloSuwon~mS o oo
~|o © od 14M7H ~loooNnow G GIM_H > o 0o m _69%? = = <
.- — o o, 00 g — — olwon~toO~ S0 g
o~ o © g~~~ ©olowoSwon~d S olwmo~wmeo I T 0 & ==
< < < o
|~~~ roowdg ™ w~owos Do~ ~ T 586599.83964 wNhNoOWOG I ~MOO
Al Al Al
— . — =) —
< |~ 84731 <t [(~L o~ 47931 45748_93mmn <t ~O0 S~ = MM~ g
m|o © Mmoo mooo i ~mo oS Mmoo oo wooos ™o ~oYoOooo
N + M < 0N~
oo s ww Qoo NNt oo Qoo N@W + ©F W~ © O~
o o dln o~ 0cO0O O ® “dlN Tt o009~
| ~o oo “dln i vTowo oo
' S ' =1
(=} BN N~ I~ 00 0 00 O+ NN WOMNMNO 0 © NMIDI 00D © ~NN®Ooo o
o 0 O™~ O NMTLHON~NWWD O — N M nor~woo O NM< O OMNWD
[0 SaTel 8428,M 9454664288.m 9765684662_”. o |~ ~NOMN~SS AN
< A ©
© [© 1 < < v oo oot OoNTOT 0T WOt OO N o [~ L ~O N
M~ o © © sz 76542646.48W 75654628.46% N~ LA~ <
< < <
o< w < 44Wu 6436446.662% 6545426.886% ©lo N o ~
o v YOS ®O®E LFOTNN O X 554366.6264% [fo) 1o} ~ 0 ©
N [a]
<< ™ ©NTNOA| St mOoT Nt oON©OA| St ™o ©Nn©oo Al < < NN ~
o™ ™ NN © © M MO TN N OO MmN + ©OF O [sp B Yo nom <
NN ™ DN Nfwm oot os TS NjN® P m®mo0wo°w oo ™ © ©
| n w n wn A MMM MWW Al NS T OO0 — [N o~ o ~
of « o< To olidauTYTTTOOT Ol dNMML LWL~ of: < w0 © ~
o n ©o o o O NMIETNHOMN~WOD O NM< O WOMNWOD o <t ON~0ooO
oltwm ™o = olvwosTowoNTT o OlvNmomNNm- g o |m SO ON—
I 2 «
W|N MM - ™ m 823321342,4m 843224332_1m o [N MHOANNM -
~[< ™ ™0 < NMummomas NS g ~MeoNAT o o g ™~ o NH®m ™
©O[m < N N w 6435435,442% 6323112.332% O | AN+ MANM
) ) )
YRR oY — WOTNAN 10 HMO wmNmmom ™ N = 0|y M NHN®
< [ o NN >7 43243,23315\/_ | NMm NN 31443\/_ < (™ T HNM S
™[N mm - mNm®m Ao N S oNHN P NmH NN ® o | N AN®N
N N NN NfHN T OO NLONH O™ NENM + NNMOMONNM N[ NMMHONMS
BN o~ HlH NN m®momn Al mHmN ™o “Ho i HdHdmMNNmN®
Ol A=A NM—AMm Ofr A NMmMMm T NN O|lrdNANNOMOMSE M Ol OdA =1 MNNMNM
CHdNmMTW0LON~®©OO OCdaNmMY0wON~©O OCHdNMIWDLON®OD O NmMITWLON~®D
o o o
N N N N
w® ® ooy © ®
<[ 4= =) 4 o = vt
<= c 2lx c - c c
= i = = =
o o o o
(2 (72 2 (72
? ? @ ?
= = = =
~ ~ [l ~
— —

RHS = 45

1

DO OVMODOWOOOWO + —~
Do~ DNWOMm©OO  ©
MW~ MM~LWO + 000
Olwo~mo oo
WO~ ©O© oo~ L
Yoo ~m~©©
MDD VO 1+ OOMN~MLIO D
Npwo oo~ ™
™M 1 0 0 WOLWLWMN O
o ™m0~ oo
© — N M 0O~ oo
odYwl3oI Yo .
ogdfoSwod o
~NQeoedwded Oy
©fwodwd Yo
wEdSe3d Sowd
TEeQIY  dwdSo
o33 I8Jweod
NEe®  SFoodIw
S 3838 wedy
ol mwowdB93Nd
O NMITNHOMN~WOD
ol awm s
[oe] MO ANN—AM
NNt HmN s
©lmas oo
v mom
tlNmws o ®
mNmm o
N[ oo
“ R RN
Ol =" MmMANNM
OdN®m< W0
o
N
L =
=
S
)
kel
=
T

> 72; SMAPO# 12367

> 20; SMAPO# 363



63

2

A.1. codim(F)

RHS = 46

olog8~doo S 98 <o 98N6MM74W.:1/._.\.W olo~dooomof oloo~o~o®mG o olodoo~Y9~<
H 3
il Bl
I~ |
oo G~y Q= ) d< Y o wlwowonm~Q o« YT oo oo d~9 < wo~dddmo® 1 © woogdwdood
- - ol
MeoegaNY  vody  ~ o S Npoomong Ny ~weldodN v mrvoomdd 02 logweode  de
— - .
oo~ §Fm T © ~ oy olwoZr~ogd 93«7 olowow~o NG ©0lowSwJw Jom ofc~omo®  m®S
) <
wlo~oom 0N G o T - whkows s e~~~ T wNomwmo s o g~© w0 T mo wicNL®OWLY TN
Al o e~ aA Al ] - Joy
— — —
47895,39176 < A.nn—/—/ 47796_49931 47792,47916 46886_mm3n7 46488.596“..7
oot wooQod o <t Yoo ok~ovLo T os~mo oc~wL~ T NoWw oo mton  cowodo mt©o  owmonwo
-
. o \ o . Qwd Nlt©o roomondo
NjN® oo~ ~ © oo aNlNsT roow Qoo NNt T ~owoSodg nlvt N9 eT~ —
“HlH  mmao~~o o9 = oo N~N~ AN SO~ O Nt~ 0o 9~ “HlN OO ~® oot~ God
O+ J N < ™~00 0D o O~~~ O O+ NN MMM 0 o O+ NN MMM oo Olr NS FTOOWOMN~OO Ofr NI FOMNMNOWODO O
O NMIETOHOMN~WOWD 0 O™~ O NMTLHOMNWWD O NMIETOHOMN~WOD O NM<LOO©MNWD O NMT O OMN~WWD
' o ' ' 0
olo~o~<©N©© m oo w i~ o mo g oltbwtoorN®® W 9&95,@.884&,@._% olootwmw o~ % olo~o©~w0wo~0n®
' — ' - ' — Q ' - '
~NYTbSYWWOO® FN© ~[o © © wo  om ~NobwstNoOST©O S ® N oS N©© ] ~Nowowoa~~ o~ ~|w © ;v ~NON W
ST < < ~ ~ ~ < 7191M111_61m < A
<
©lo <t O SGZW © 1w © © n 639W ol moOos T o GGZW 6m9ﬂ68H_mM4W Ot oo~ 762W OMITOLNOWL 1+ NO N~
wlow < 1w ©wood [t ™o RN NN wFLTNN - © ) o ™ N© O g ar |t © 0w~ ~No S WTON®mM® 10~
< < 3 d <0< TSR 511764_1118& < < 3 <
<t[twom © o< <Al < <+ o ™ LW A [t most N ONOA| 489ﬂ2.48ﬂM8>_ <|DwwL S N~ AN~ A <t[mNwo Mmoo
oM mowLowo~ (Y NN NIN~~©© MFTOO FTNTNO© mlo~o  nooFTNQ MMM WO~ Mmoo omN Tt~
NNM + MmO <t < © o ~N N ™M © O~~~ NN oot OTF TS 236_9n7nrbgrb NNN WD ©On o< NINM + DO NSO
“lH P mNBLLLLL~ - Lo ™ © ©W1w dlH T mmmow Mmoo o ~o%ooBo N N ooms o dlH Tt NmT oo~
P NMm © © - 0w oo =N © © N NN T NN w mn o o rTE N M ™m0 W o
o < < < o < o < < << < o 09NNy o ™ < o <
CHNMYIOON~®O — N Lo~ ®oD O NMITWOON®OD ™ <0 ON~ 0D O NMITWDLON~®©D OCHdNMIWON~®OD
SNt am—Hmn Qg YRR Mmoo g olvwmowoLoNT T g o oOYYTNO® @ olvmoTaNm—ON L © olmtmmNn oo
N N o [ce] N
VIFTOMOmm < _sw [ee] NN 313,2% 823331342,4% [ee] 68462_81 O MmO S < 33,2% Wt NOONM o
~METOLLTT P N®g ~lN ™ m NN oA g NMNmodmos s g ~ 8668.26% Noasodass oo g ~oSooas o oA
= g =
ONNMmMmOM 41W © @ m N NHOMO O MO MmLWOLW 442W © 466.862% MmNt m Tt -0 OIFOFTNMM 1+ AN
2] <) S v )
wNNm®m - < ™= N ™o NN OO S LoTaNN T BO®oR ) ©o% roow < WEONTOM N M WONAON M oS
O N o< N o™ NS Omm MO NS NN A ®LW0 ™ P N©O© Y DO o mlNm Mmoo MENON T OONON®
N n N ~N N MmMmmMmAN N NN ST NOLOOO®M ~N OLMN~NMWOLWL MM~ NN Tt LM NN T NOATO T ™
o < ™ — o~ mmomaN HlH NN T ®mmn — <t OO T OO “HlH T NmoNNN®® dlH o oo Nm T oS
ofr o <t m o — NNANMM Ofr ddMmMmMm T NN o OOt Ot O Ol =" MANN M m< < o HNNOOOST OSSO
o Nm © o o~ nO~®Oo OCdNMITOON®OD ™M <WOON~oD O NmMITWLON~®D ANMIT WD ON~®OO
o o o
N < N - o ™
Ll ® m o o ok ® ok
~| = = o = = = =
S c c 2lx c c alo c RE c
= = i = = = =
o o o o o o
(28 (20 (28 (28 (20 (28
@ ? @ @ ? @
= = = = = =
[l ~ [l [l ~ [l
— — — -

> 30; SMAPO# 1627

> 18; SMAPO# 268



DD OOMWO© OO 1~

7
)
9
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A.1. codim(F)
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Appendix A. Visualization of tilting complexes for GTSP(10)
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Appendix A. Visualization of tilting complexes for GTSP(10)

RHS = 62
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Appendix A. Visualization of tilting complexes for GTSP(10)

> 42; SMAPO# 4983
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> 24; SMAPO# 662
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Appendix A. Visualization of tilting complexes for GTSP(10)
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Appendix A. Visualization of tilting complexes for GTSP(10)
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Appendix A. Visualization of tilting complexes for GTSP(10)
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> 58; SMAPO# 9386
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> 24; SMAPO# 662
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84 Appendix A. Visualization of tilting complexes for GTSP(10)
0123 456 7 89 0123 4586 7 89 01 23 456 7 89
Ol]- 35 55056 7 78 0 -35©56 625 7 8 8 0- 59 9 101010 13 14 15
20 1/3 - 8 6 6 87 8 45 1/3 - 6 8 7 7 8 8 5 5 1|5 - 141413151516 9 10
1 61 O 2|58 -6 2896 47 2/56 -8 39 865 7 2(9 14 - 145171712 9 14
O—®—@ 35606 - 467827 3588-57 8837 391414 - 9131516514
45 6 2 4 - 6 7 8 65 46 7 35 - 6 7 9 8 6 41013 5 9 - 12 14 17 14 11
TT-disoint & 0 5/5 8 86 6 -586 3 56 7 9 7 6 -5 7 8 2 5(101517 13 12 - 10 15 14 5
6/6 7 97 75 - 358 6/58 8 8 75 - 2 7 7 6{101517 151410 - 5 12 15
717 8 6 888 3 -85 7/7 86 8 9 7 2 - 9 5 71316121617 15 5 - 17 10
87 4426 658 -5 8855 3887 9 -6 8149 9514141217 - 1
98 5 7 7538505 - 985 7 76 2756 - 91510141411 5 1510 11 -
> 40; SMAPO# 3896 > 42; SMAPO# 4524 > 80; (22,22
01 23 456 7 8 9 0 1 2 3 4586 7 809 01 23 456 7 89
Ol - 2 4 465 46 776 0 -365©5T6T6 787 9 0-5 9 9 101013 14 14 15
2 1/2 - 6 6 7 6 6 5 7 4 1|3 - 6 8 6 9 6 5 8 6 1|5 - 1214131512 9 15 10
1 5T O 2{46 - 85887 36 2056 -8476 7 28 2/(912-16 9 151413 5 14
@O—®—@ 3468 -9863 76 3588 -876 388 391416- 1715125 1514
45 75 9 - 736 87 45 6 4 8 - 7 2 7 6 8 4/1013 9 17 - 14 5 12 14 15
TT-disoint at 7 5146 887 -8552 5609777 -96 5 3 5/1015151514 - 17 10 10 5
6/ 6 6 86 3 8 - 956 67 666 2 9 - 9 46 6131214125 17 - 17 9 12
717 5 736 59 - 67 7,857 376 9 - 509 7/149 135 121017 - 10 15
8/7 7378556 -7 878286545 - 8 814155 151410 9 10 - 15
9|6 46 6 7 26 7 7 - 9,96 8 8 8 36 9 8 - 9151014 1415 5 12 15 15 -
> 40; SMAPO# 3899 > 42; SMAPO# 4540 > 80; (22, %2)

RHS = 82
01 23 456 7 89 01 23 4586 7 809 01 23 45867809
Ol - 1 1 4 4 4 456 6 0-2 2 9 8 8 8 11 12 14 O0f- 3 3 12 12 12 12 16 18 20
6 1/1 - 2 3 3 55 4 7 5 1|2 - 4 7 6 8 10 9 1412 1|3 - 6 9 9 13 1513 21 17
1 341 O 2/1 2 - 55536057 22 4 - 71010 6 131016 2(3 6 - 111515 9 19 15 23
O— @A @ 3435 - 426346 397 7 - 93136915 31291 - 124 18 8 1220
404 3 5 4 - 6 258 6 4/8 6109 - 10 4 11 16 14 4|12 9 1512 - 16 6 16 24 20
TT-digoint at 3 504 55 2 6 - 4 1 4 4 58 8103 10 - 10 3 12 12 5[12 1315 4 16 - 14 4 16 16
6|4 5 3 6 2 4 - 3 6 4 6/8 106 13 4 10 - 7 1610 6{1215 9 18 6 14 - 10 22 14
7|5 46 35 13 - 523 7/11 913611 3 7 - 159 7161319 8 16 4 10 - 20 12
8/ 6 7 5 4 8 46 5 - 2 8[121410 9 161216 15 - 6 8(18 21 1512 24 16 22 20 - 8
9|6 5 7 6 6 4 4 3 2 - 91412161514 1210 9 6 - 9|20 17 23 20 20 16 14 12 8 -
> 26; SMAPO# 1162 > 58; SMAPO# 9854 > 82; (55, 165
0123 456 7 89 012 3 4586 7 89 01 23 45867809
O[- 2 2 5 8 8 9 101113 0|- 4 4 8 14141518 21 21 0| - 3 3 6 11 11 12 14 16 17
- 1/2 - 4 310101112 9 11 1|4 - 8 4 18 18 1518 17 17 1|3 - 6 3 14 14 13 15 13 14
1 112 O 2|2 4 -7 6 6111201113 2|4 8 - 12101019 16 1919 2(3 6 - 9 8 8 15 13 15 16
O—0—@ 3537 -13138 9 810 38 412 - 222213161313 3|6 3 9 - 1717 10 12 10 11
48 10 6 13 - 10 5 14 15 9 4|14 18 10 22 - 18 9 24 27 15 4|11 14 8 17 - 14 7 19 21 12
TT-disoint & 3 5/8 10 6 13 10 - 13 12 5 17 5(14 18 10 22 18 - 21 18 9 27 5|11 14 8 17 14 - 17 15 7 22
6/9 1111 8 5 13 - 9 16 14 6[15 15 19 13 9 21 - 15 24 24 6|12 13 15 10 7 17 - 12 20 19
7010 1210 9 1412 9 - 17 5 7|18 18 16 16 24 18 15 - 27 9 7(14 15 13 12 19 15 12 - 22 7
8(11 9 11 8 15 5 16 17 - 12 8|21 17 19 13 27 9 24 27 - 18 8(16 13151021 7 20 22 - 15
913 11 1310 9 17 14 5 12 - 9|21 17 19 13 1527 24 9 18 - 9|17 14 16 11 12 22 19 7 15 -
> 62; SMAPO# 1088 > 104; SMAPO# 14973 > 82; (437, 255
01 23 456 7 8 9 0 1 2 3 4586 7 809 01 23 456 7 89
Ol - 2 3 3 3 355 4 4 0/- 3 6 7 7 7 9111111 0/- 5 9 10 10 10 14 15 15 15
5 1/2 - 5 3 3 5 3 3 4 4 1|3 - 9 101010 6 8 1012 1|5 - 14 13 13 15 9 10 14 16
1 i 0 2/35 - 4442 435 2/69 -1111 3 7 713 2(9 14 - 151515 5 10 10 18
@O—®—@ 3334 - 244431 371011 - 814101012 4 3/101315 - 1018 14 1315 5
4/3 3 4 2 - 4 4 4 13 471011 8 - 1410 12 4 12 4(10 13 1510 - 18 14 15 5 15
TT-disjoint & 7 5/!3 5 4 4 4 - 425 3 5710111414 - 8 4 1010 510 15 15 18 18 - 12 5 15 13
6/ 5 3 2 4 4 4 - 453 6/9 6 3110 8 - 8 1010 6(14 9 5 14 14 12 - 11 15 13
715 3 4 4 4 2 4 - 35 7/118 71012 4 8 - 8 14 7(15101013 15 5 11 - 10 18
8/4 43 3155 3 - 2 8/11107 12 4 1010 8 - 8 81514 10 15 5 15 15 10 - 10
9|4 4 5 1 3335 2 - 9111213 4 121010 14 8 - 9|15 16 18 5 15 13 13 18 10 -
> 24; SMAPO# 662 > 60; SMAPO# 10108 > 82 (%, 15)
01 234586 7 89 01 23 4586 7 809 01 23 45867809
Ol - 2 3 3 33505 4 4 0/- 3 6 7 7 7 101011 11 O[- 5 9 10 10 10 14 15 15 15
25 112 - 5 3 3 5 3 3 4 4 1|3 - 9 101010 7 7 1212 1|5 - 1413 1315 9 10 16 16
1 %6 0 2{35 - 4442 435 2069 - 131311 4 8 9 11 2(9 14 - 17 17 15 5 12 12 16
O—0—@ 3334 - 244413 3712018 - 81911 412 3/101317 - 1016 1215 5 15
403 3 4 2 - 4 4 4 3 1 4/7 1013 8 - 12 11 11 12 4 4[10 13 17 10 - 16 14 15 15 5
TT-digjoint at 6 53 5 4 4 4 - 425 3 5710111212 - 7 3 12 8 5[/10151516 16 - 10 5 17 11
6/ 5 3 2 4 4 4 - 453 6/107 4 9117 - 8139 6/14 9 5121410 - 1117 11
715 3 4 4 4 2 4 - 35 7/107 81111 3 8 - 9 11 7(1510121515 5 11 - 12 16
8/4 4 31355 3 - 2 811129 4121213 9 - 8 8{151612 5 1517 17 12 - 10
9|4 4 5 3 13 35 2 - 911121112 4 8 9 11 8 - 9(1516 16 15 5 11 11 16 10 -
> 24; SMAPO¥# 662 > 60; SMAPO# 9988 > 82 (25,11



Al codim(F) =2 85
01 23 456 78 9 01 23 456 78 9 0 1 23 456 789
0 - 35 6 588 7 78 0 - 2405526 7 8 88 0/- 5 9 101014 15 15 15 16
ur 13 - 8 7 855 6 8 7 1/ 2 - 6 7 7 4 5 6 8 6 1|5 - 141315 9 10 12 16 13
1 95 0O 258 - 9837667 246 -99 27666 2|9 14 -1717 5 1412 12 13
O—®— @ 3679 5628376 3579 -678395 3101317 - 101215 5 1510
4/5 8 85 - 758 27 45 7 96 - 7 6 7 3 9 4/101517 10 - 14 11 15 5 16
TT-disjoint at 3 518 536 7 -89 76 564277 - 7886 5149 51214 - 1517 15 12
6/8 5 7858 -572 675786 7 - 59 3 6/151014 151115 - 10 16 5
717 6 6 3895 - 67 7,866 37 85 -8 8 7/1512125 1517 10 - 14 15
8/7 86 727 76 -5 8886 9 38 98 - 6 815161215 5 1516 14 - 11
9|8 776 76 275 - 986 6596 3 86 - 91613131016 12 5 15 11 -
> 42; SMAPO# 4504 > 42; SMAPO# 4542 > 82; (47, 48
01 23 456 789 0 1 234586 7289 0 1 23 4586 789
0| - 35 6 588 7 78 0 - 2405526 7 8 88 0/-5 9 10101415 15 15 16
47 13 - 8 7 855 88 7 1/ 2 - 6 7 7 4 5 8 8 6 1|5 - 141315 9 10 16 16 13
1 95 0 258 - 9837667 246 -99 27666 2|9 14 -1717 5 1412 12 13
O—e®— @ 3679 -56282376 3579 -67 8395 3101317 - 101215 5 1510
4/5 885 - 758 27 457 96 - 7 6 7 3 9 4/101517 10 - 14 11 15 5 16
TT-disjoint a 3 518 5367 -69 76 564277 -52886 5149 51214 - 1117 15 12
6/]8 57856 -57 2 6/75 7865 - 59 3 6/1510141511 11 - 1016 5
717 86 3895 - 67 7/88 6 37 85 -8 8 71516125 1517 10 - 14 15
8/7 86 727 76 -5 8886 9 38 98 - 6 815161215 5 1516 14 - 11
9|8 776 76 275 - 986 6596 3 86 - 91613131016 12 5 15 11 -
> 42; SMAPO# 4505 > 42; SMAPO# 4540 > 82; (4L, 48)

RHS = 84
01 234586 789 01 23 458673809 0 1 2 3 456 789
0| - 1 2 2 3 3 3 2 4 4 0/- 2 7 6 7 9 9 101010 0]- 3 8 8 10 12 12 12 14 14
s 111 - 3 3 4 2 4 33 3 12 - 7 8 9 7 9 12 8 12 1|3 - 9 1113 9 13 1511 15
1 91 O 2|2 3 - 4 5 3 3 4 4 2 2/7 7 - 131410101511 5 2(8 9 - 1618 12 12 18 14 6
O—®@ 3234 335424 36813- 71311144 14 3/8 1116 - 101616 18 6 18
4/3 4 5 3 - 42353 47 9147 - 144 9 11 9 4101318 10 - 18 6 12 16 12
TT-disjoint at 2 53 2 334 - 4133 59 7101314 - 12 5 1115 5/12 9 12 16 18 - 16 6 14 18
6/3 4 352 4 - 335 6/9 91011 4 12 - 11 7 13 6[12 13 12 16 6 16 - 14 10 18
712 3 4 43 13 - 22 710121514 9 5 11 - 10 10 7[12 1518 18 12 6 14 - 12 12
8/4 3 4 25332 - 4 8108 11 4 1111 7 10 - 12 8|14 11 14 6 16 14 10 12 - 16
9|4 3 2 4335 2 4 - 9(1012 5 14 9 1513 10 12 - 9|14 15 6 18 12 18 18 12 16 -
> 22; SMAPO# 464 > 64; SMAPO# 11117 > 84; (15, 188)
01 23 456 78 9 01 23 45 6 7 8 9 0 1 2 3 456 789
0| - 1 3 35 4 45 4 4 0/-2 658 9 9 8 9 9 0/- 3 8 8 1313 13 13 13 13
6 111 - 4 4 4 3 3 4 55 12 - 6 7 6 7 7 101111 1[3 - 9 11 10 10 10 14 16 16
1 109 O 2(34 - 467 7255 266 - 7101313 4 9 9 2|8 9 - 10151919 5 13 13
O—® @ 3344 277655 3577 - 3121291010 3|8 1110 - 5 1919 15 15 15
4/5 4 6 2 - 55 4 55 4/8 6 10 3 - 9 11 6 7 11 4[13 1015 5 - 14 16 10 12 16
TT-digoint a 2 504 37 75 - 456 2 59713129 - 8 9 12 4 5[13 10 19 19 14 - 12 14 18 6
6|4 3 7 75 4 - 526 6/97 131211 8 - 11 4 12 6[13 10 19 19 16 12 - 16 6 18
715 4 2 6 455 - 55 78104 9 6 9 11 - 9 13 7[13 14 5 1510 14 16 - 14 18
8/4 55556 25 - 4 891 9 10 7 12 4 9 - 8 8{13 16131512 18 6 14 - 12
94 5555 2 6 5 4 - 9911 9 1011 4 12 13 8 - 9|13 16 13 15 16 6 18 18 12 -
> 30; SMAPO# 1506 > 56; SMAPO# 9011 > 84; (355, 132
01 23 456 789 01 23 458673809 0 1 23 4586 789
0| - 1 3 35 4 45 4 4 0/- 2625 8 9 9 8 911 0/- 3 8 8 1313 13 13 13 15
o 11 - 4 4 4 3 3 455 12 - 6 7 6 7 7 101111 1|3 - 9 11 10 10 10 14 16 16
1 199 0 234 - 4677 2505 266 - 711313 4 9 9 2|8 9 - 101519 19 5 13 13
O—®—@ 3344 -277655 3577 - 312129 81 38110 - 5 1919 1513 15
4/5 4 6 2 - 55 455 4/8 610 3 - 9 11 6 7 11 4131015 5 - 14 16 10 12 16
TT-disoint at 2 54 3775 - 456 2 59 713129 - 8 9 12 4 5/1310 19 19 14 - 12 14 18 6
6|4 37 75 4 - 526 6/9 7131211 8 - 11 4 12 613 10 19 19 16 12 - 16 6 18
7|5 4 2 6 455 - 55 78104 9 6 911 - 9 13 7[13 14 5 1510 14 16 - 14 18
8/4 555586 25 -4 8911 9 8 7 124 9 - 8 8131613131218 6 14 - 12
94 5555 2 6 5 4 - 91111 9 1011 4 1213 8 - 9|15 16 13 15 16 6 18 18 12 -
> 30; SMAPO# 1506 > 56; SMAPO# 9012 > 84; (55, 133)
0 1 23456 789 01 23 458673809 0 1 2 3 456 789
O[- 4 8 9 1012 11 11 12 15 0| - 5 11 12 11 15 16 16 17 22 0| - 4 9 10 10 13 13 13 14 18
173 14 - 121112 8 9 151011 1|5 - 14 17 16 10 13 19 14 17 1|4 - 13 14 14 9 11 17 12 14
1 150 0O 2|8 12 - 9 141013 13 4 15 2|11 14 - 13 20 14 19 19 6 23 29 13 - 11 17 12 16 16 5 19
O—@®—@ 3919 - 1513124118 3121713 - 211718 6 17 12 3|10 14 11 - 181515 5 14 10
4|10 12 14 15 - 4 11 11 10 15 4|11 16 20 21 - 6 15 15 14 21 4[10 14 17 18 - 5 13 13 12 18
TT-digoint at O 5(12 8 10 13 4 - 9 15 14 13 5(15 10 14 17 6 - 1521 20 21 5[13 9 12 15 5 - 12 18 17 17
611 9 131211 9 - 8 15 4 6|16 13 19 18 15 15 - 12 23 6 6|13 11 16 15 13 12 - 10 19 5
7|11 1513 4 1115 8 - 15 12 7|16 1919 6 15 21 12 - 23 18 7[13 17 16 5 13 18 10 - 19 15
812 10 4 11 10 14 15 15 - 11 8|17 14 6 17 14 20 23 23 - 17 8|14 12 5 14 12 17 19 19 - 14
915 11 15 8 1513 4 12 11 - 92217 231221 21 6 18 17 - 9|18 14 19 10 18 17 5 15 14 -
> 70; SMAPO# 1211 > 100; SMAPO# 14843 > 84; (313, 24T)



86 Appendix A. Visualization of tilting complexes for GTSP(10)

0123 456 7 89 012 3 456 7829 0 1 23 4586789
Ol - 35 5656 87 79 0-2651T06 5528 887 0- 5101010 11 15 15 15 16
06 1/3 - 6 6 8 9 5 6 86 1|2 - 7 7 7 7 6 8 85 1|5 - 13 13 1516 10 14 16 11
1 199 O 256 - 487 7 268 257 - 61087 3 98 2(1013 - 1018 1513 5 15 16
O—8®—@ 3564 -8776 28 3576 - 1089 9 38 3101310 - 18151515 5 16
4/5 8 88 - 7 3 6 8 8 4/57 1010 - 8 3 7 7 6 4{101518 18 - 15 5 13 15 14
TT-digoint & 6 516 9 7 77 - 6 953 557 8 8 8 -5 9 52 5[1116151515 - 10 18 10 5
68 5 77 36 - 959 6/86 7 9 35 - 1067 615101315 5 10 - 18 10 15
717 6 2 6 6 9 9 - 46 7/88 3 9 7 910 - 67 71514 5 1513 18 18 - 10 13
8/ 7 86 2 855 4 -8 8889 3 756 6 -7 8151615 5 1510 10 10 - 15
99 6 88 83 968 - 9758 8 6 2 7 7 7 - 91611161614 5 1513 15 -
> 42; SVAPO# 4540 > 44; SMAPO# 5162 > 84; (55, 193)
01 23 456 7 8 9 01 23 4586 7 8 9 01 23 456 7 89
Ol - 2 4 3 3 4 4 4505 0/- 4 7 8 9 9 1011 11 13 Of- 5 10 10 11 12 13 14 15 17
0 112 - 4 5 5 4 4 4 3 3 1|4 - 11101113 8 13 7 9 1|5 - 1515 16 17 12 17 10 12
1 o6 0 2|4 4 - 5 3 4 2 435 2/(7 11 -1 8 12 3 12 8 12 2(1015 - 16 11 16 5 16 11 17
@—®—@ 3355 - 433324 38101 -139 811 311 3/101516 - 17 1211 14 5 15
403 5 3 4 - 35 1 4 2 4911 8 13 - 1211 4 12 8 4(11 16 11 17 - 1516 5 16 10
TT-disoint & 0 54 4 4 33 - 4231 591312912 - 11 8 8 4 5[1217 161215 - 1510 11 5
6/ 4 4 2 35 4 - 453 6/108 3 81111 - 1311 9 6[13 12 5 11 16 15 - 17 16 12
714 4 4 312 4 - 33 711131211 4 8 13 - 8 12 7(1417 16 14 5 10 17 - 11 15
8(/5 3 32 4353 - 4 8/117 8 3128 11 8 - 12 8[/151011 5 16 11 16 11 - 16
9|5 3 5 4 2 133 4 - 9139 1211 8 4 9 1212 - 917 1217 1510 5 12 15 16 -
> 24; SMAPO# 662 > 62; SMAPO# 10466 > 84; (25, 149)

RHS = 86
0123 456 7 89 0 1 23 4586 7 89 01 23 45867809
0| - 35 5566 7 99 0 - 3050571672626 89 9 0- 59 9 1011 11 14 17 17
4 1/3 - 8 6 6 9 7 46 8 1/ 3 - 6 8 7 7 9 5 6 8 1|5 - 1414131616 9 12 16
1 96 O 2/58 -6 299 466 256 -8 39 956 6 2/9 14 - 1451818 9 1212
®O—®—@ 3566 -477 288 3588-579388 391414 - 914165 1616
45 6 2 4 - 77 6 68 46 7 35 -6 8 8 7 9 4/1013 5 9 - 13 15 14 13 17
TT-disjoint &t O 516 99 77 -67 39 567976 -628 39 51116181413 - 1215 6 18
6/ 6 7 9 7 76 -593 6/6 9 9 9 86 -8 9 3 6[111618 16 1512 - 13 18 6
717 4 4 26 75 - 68 7,855 3888 -7 9 7149 9 5141513 - 13 17
8o 6 6 86 396 -6 896 6 8 7 39 7 - 6 81712121613 6 18 13 - 12
99 8 6 88 9 386 - 9,986 8 9 9 3 9 6 - 91716121617 18 6 17 12 -
> 42; SMAPO# 4551 > 46; SMAPO# 5703 > 86; (42, 29)

RHS = 88
01 23 456 7 8 9 01 23 4586 7 8 9 01 23 456 7 89
Ol - 01 2 3 2 3 3 45 0- 2 4 8101214141316 O0|- 2 5 9 13 14 17 17 17 21
0 110 - 1 2 3 2 3 3 45 1|2 - 6 10121012 16 1518 1|2 - 7 11 15 12 15 19 19 23
1 251 0 21 1 - 3 2 3 4 2 3 4 2|4 6 - 8121618101312 2|5 7 - 10 14 19 22 12 16 16
@O—®@ 3223 - 143325 38108 - 4161010 7 16 3|9 1110 - 4 1912 12 8 20
403 3 2 1 - 3 4 2 1 4 4101212 4 - 1212 14 3 12 4|13 1514 4 - 1516 16 4 16
TT-disoint & 3 502 2 343 - 51 23 5/1210161612 - 18 6 9 12 5/14 12 19 19 15 - 23 7 11 15
6/ 3 3 43 45 - 45 2 6/1412181012 18 - 2015 6 6[17 15 22 12 16 23 - 24 20 8
713 3 23 2 14 - 3 4 71416101014 6 20 - 1518 7|17 19 12 12 16 7 24 - 18 22
84 4 3 21 253 - 3 8/131513 7 3 9 1515 - 9 8(17 1916 8 4 11 20 18 - 12
9|5 5 4 5 4 3 2 43 - 9161812161212 6 18 9 - 9(21 23 16 20 16 15 8 22 12 -
> 18; SMAPO# 292 > 72; SMAPO# 12645 > 88; (2%, 20
517 251
01 234586 7 89 0 1 23 45867809 01 23 45867809
Ol - 1 2 4 4 4 45 6 6 0/- 2 4 9 8 8 8 11 1214 O0f- 3 6 12 12 12 12 16 18 20
6 111 - 3 3 3 55 4 7 5 1|2 - 6 7 6 8 10 9 1412 1|3 - 9 9 9 13 1513 21 17
1 54T O 223 - 66 44 3 6 4 2/46 - 13121 8 7 1610 2(6 9 - 18 18 14 12 10 22 14
O—0©—@ 3436 -426346 39713-9396 915 312918 - 124148 1220
404 3 6 4 - 6 2 58 6 4/8 612 9 - 10 4 11 16 14 4|12 9 18 12 - 16 6 16 24 20
TT-digoint at 3 514 5 4 26 -6 1 4 4 5/8 810 3 10 - 12 3 1212 5/1213 14 4 16 - 18 4 16 16
6|4 5 46 26 -7 6 8 6/8108 9 412 - 151218 6{12 1512 14 6 18 - 22 18 26
7|5 4 335 17 - 53 7/119 7 611 3 15 - 15 9 716 1310 8 16 4 22 - 20 12
8|6 7 6 4 8 4 6 5 - 2 8121416 9 1612 12 15 - 6 8(18 21 22 12 24 16 18 20 - 8
9/ 6 5 4 6 6 483 2 - 9141210151412 18 9 6 - 9[20 17 14 20 20 16 26 12 8 -
> 28; SMAPO# 1389 > 62; SMAPO# 10896 > 88; (L8, 163)



Al codim(F) =2 87

0123 456 7 89 01 2 34 56 7 8 9 01 23 4586 7 89

Ol - 1 2 4 4 46 4 6 4 0/- 2 2 46 6 3 8 48 0|- 4 4 1214 14 15 16 16 16

140 1/1 - 3 335 5 355 1/2 - 4 6 4 8 5 6 6 10 1[4 - 8 12 10 18 15 12 16 20

1 233 O 2|23 - 66 446 44 224 -6 8 45106 6 2(4 8 - 1618 10 11 20 12 12
O—®—@ 3436 -422466 3466 -4 21848 3121216 - 126 5 161620
4/ 4 3 6 4 - 2 6 4 2 6 4/6 4 8 4 - 4 5 6 210 4{141018 12 - 8 17 14 6 22
TT-digoint at 2 5/4 5 4 2 2 - 46 4 4 568 42 4 - 3106 6 5(141810 6 8 - 11 22 14 14
6/6 5 4 26 4 -6 48 6/35 5 15 3 -7 37 6{151511 5 17 11 - 19 11 23

714 36 4 46 6 -6 2 7/86 108 6 107 - 8 4 7(16122016 14 22 19 - 20 8

8{6 5 46 2 446 -8 846 6 42 6 3 8 - 8 8/16161216 6 14 11 20 - 24

94 5 46 6 48 28 - 9/810 6 810 6 7 4 8 - 9[16 20122022 14 23 8 24 -

> 28; SMAPO# 1404 > 36; SMAPO# 3248 > 88; (332, 2L

0123 456 7 8 9 01 23 4586 7 8 9 01 23 456 7 89

Ol - 1 2 4 4 4 6 4 6 4 0/- 3 3 81010 9 121012 0| - 4 4 12 14 14 15 16 16 16

- 1/1 - 3 3 355 3 5 5 1|3 - 6 9 7 1312 9 1115 1|4 - 8 12 10 18 17 12 16 20

1 235 O 2/23 - 66 446 4 4 23 6 - 11137 8 159 9 2|4 8 - 1618 10 11 20 12 12
@O—®—@ 3436 - 422466 38911 -8 3 121014 3|12 1216 - 12 6 5 16 16 20
404 3 6 4 - 2 6 4 2 6 4/10 7 13 8 - 6 1110 4 16 4(14 1018 12 - 8 17 14 6 22
TT-disoint at 2 504 5 422 - 46 44 510137 4 6 - 7 16 8 10 5141810 6 8 - 11 22 12 14
6/ 6 5 4 26 4 -6 48 69128 311 7 - 157 15 6[1517 11 5 17 11 - 21 11 23

714 36 4 46 6 - 6 2 712 9 15121016 15 - 14 6 7(16 12 20 16 14 22 21 - 20 8

8/ 6 5 46 2 4 46 - 8 81011 9 10 4 8 7 14 - 16 8(16 16 12 16 6 12 11 20 - 24

94 5 46 6 48 2 8 - 91215 9 1416 10 15 6 16 - 9|16 20 12 20 22 14 23 8 24 -

> 28; SMAPO# 1404 > 62; SMAPO# 10855 > 88; (o, 181)

57 235

01 23 4586 7 89 012 3 45 6 7 89 01 23 45867809

Ol - 2 3 45056 66 7 0-26205 7 7 8 9 9 9 O0- 4 8 9 121214 15 15 16

o5 112 - 5 6 3 7 46 6 7 1/2-8 7 5 9 6 7 9 9 1|4 - 1213 8 16 10 13 15 16

1 199 O 2{35 -728555 8 2068 - 9 31 6 7 7 11 2(8 12 - 15 4 18 10 11 11 18
O—l0—@ 3467 -572867 35709 -6 8 310810 391315 - 11155 18 1417
4/5 3 25 - 65756 4753 6 - 109 8 10 8 412 8 4 11 - 16 14 15 15 14
TT-disjoint at 2 505 7876 - 5396 57911 8 10 - 7 4 12 8 5/1216 18 1516 - 12 7 21 14
6/ 6 45 255 - 8825 6/866 3 9 7 - 1111 7 6141010 5 14 12 - 19 19 12

716 6 5 8 7 3 8 - 6 9 7/(97 7 108 4 11 - 8 12 7(1513 111815 7 19 - 14 21

86 6 5 6 59 86 - 3 8997 8 1012 11 8 - 4 8[151511 14 1521 19 14 - 7

9|7 7 87 6 6 5 9 3 - 9/991110 8 8 7 12 4 - 9161618 17 14 14 1221 7 -

> 38; SMAPO# 3320 > 52; SMAPO# 7820 > 88; (83, 116)

0123 456 7 89 0123 4586 7 89 01 23 456 7 89

Ol - 1 3 3 4 455 4 4 0/- 3 76 9 9 9 9 1111 0/- 4 9 9 13 13 14 14 15 15

a3 111 - 4 4 3 5 4 4 35 1/3 - 8 9 8 12 6 12 8 12 1[4 - 11 13 11 17 10 16 11 17

1 104 O 2|3 4 - 47586 275 278 - 7141010 4 1410 2(9 11 - 1020 14 15 5 20 14
O0—0—@ 3344 -752675 3697 -139 391311 391310 - 2014 5152016
4/ 4 3 7 7 - 6 5 5 4 2 4/9 8 1413 - 121010 8 4 4(1311 20 20 - 18 15 15 12 6
TT-disjoint at 2 54 5 5 56 - 55 2 4 591210 9 12 - 6 10 4 8 5[1317 141418 - 11 15 6 12
65 46 255 - 455 69 610 3 106 - 6 10 10 6[14 1015 5 15 11 - 10 15 15

715 4 2 6 55 4 - 55 79124 91010 6 - 1214 7(14 16 5 1515 15 10 - 17 19

84 37 7 4 255 - 6 811 8 1413 8 4 10 12 - 12 8(1511 2020 12 6 15 17 - 18

9|4 5 5 5 2 4556 - 911121011 4 8 10 14 12 - 9|15 17 14 16 6 12 15 19 18 -

> 30; SMAPO# 1506 > 60; SMAPO# 1009 > 88; (28, L)

0123 456 7 8 9 01 23 4586 7 89 01 23 456 7 89

Ol - 1 3 3 4 4505 4 4 0/- 3 7 6 9 9 9 91111 0 - 4 9 9 13 13 14 14 15 15

a3 1/1 - 4 4 3 5 4 4 3 5 1|3 - 8 9 8 12 6 12 8 12 1|4 - 11 13 11 17 10 16 11 17

1 704 O 2{34 - 4756275 2078 - 714110 4 1410 2(9 11 - 10 20 14 15 5 20 14
@O—0©—@ 3344 -752675 3697 -139 391311 3/9 1310 - 20145 1520 16
404 3 7 7 - 655 4 2 4/9 8 1413 - 1210 10 8 4 4[13 11 2020 - 18 15 15 12 6
TT-digjoint at 2 504 5556 - 55 2 4 5912109 12 - 6 12 4 8 5[13 17 14 14 18 - 11 17 6 12
65 46 255 - 4505 69 610 3106 - 6 10 8 6[14 1015 5 1511 - 10 15 13

715 4 2 6 55 4 - 55 79124 91012 6 - 1214 7(1416 5 151517 10 - 17 19

84 3 7 7 4 255 - 6 811 8 1413 8 4 10 12 - 12 8[1511 20 20 12 6 15 17 - 18

9|4 5 5 5 2 455 6 - 911121011 4 8 8 14 12 - 9|15 17 14 16 6 12 13 19 18 -

> 30; SMAPO# 1506 > 60; SMAPO# 1008 > 88 (£, &)



88 Appendix A. Visualization of tilting complexes for GTSP(10)

RHS = 90
0123456 789 01234567809 0 123456789
0/ - 1 3 35 5 4 4 44 0/- 2 605 8 81010111 0]- 3 8 8 13 13 14 14 15 15
s 11 - 4 4 4 4 3 3 55 1|2 - 6 7 6 10 8 8 1313 1[3 - 9 11 10 14 11 11 18 18
1 i O 234 - 4627755 2|66 - 710414149 9 2(8 9 - 1015 5 20 20 13 13
O—®—@ 3344 -267755 3577 - 30913131010 38 1110 - 5 152020 1515
4/5 46 2 - 45555 4/8 6103 - 61012 9 11 4{13 10 15 5 - 10 15 17 14 16
TT-disoint at 2 505 4 26 4 - 55505 58104 9 6 - 101211 13 5/13 14 5 15 10 - 15 17 16 18
6/ 4 3 7 755 - 46 2 6{10 8 14131010 - 10 15 5 6|14 11 20 20 15 15 - 14 21 7
714 3 7 7 5 5 4 - 2 6 7108 1413121210 - 5 15 7|14 11 20 20 17 17 14 - 7 21
8/4 555556 2 - 4 81113 9 10 9 1115 5 - 10 8|15 18 13 15 14 16 21 7 - 14
9|4 5 5 555 2 6 4 - 91113 9 101113 5 1510 - 9|15 18 13 15 16 18 7 21 14 -
> 30 SMAPO# 1506 > 62; SMAPO# 1066 >90; (2%, &)
0123456789 01234567809 0 1 2 3 456 789
0| - 1 2 4 4 4 6 4 6 4 0]- 3 3 81011 0 121012 0|- 4 4 12 14 15 15 16 16 16
" 11 - 3 35 35355 1/3 - 6 913 8 10 9 1315 1|4 - 8 12 18 11 15 12 18 20
1 535 0 22 3 - 6 46 46 44 23 6 -117 148 15 9 9 2|4 8 - 16 10 19 11 20 12 12
O——@®—@ 3436 -2424606 3891 - 49 3121014 3[121216 - 6 13 5 16 16 20
4/ 4 5 4 2 - 2 4 6 4 4 4(1013 7 4 - 7 7 1612 10 4|14 18 10 6 - 9 11 22 16 14
TT-digoint at 2 54 36 42 -6 42 6 511 8149 7 - 1211 5 17 5/1511 1913 9 - 18 15 7 23
6/ 6 54 2 46 - 6 48 6/9108 3 712 - 11 7 15 6{151511 5 11 18 - 17 11 23
714 36 46 46 - 6 2 712 91512161111 - 14 6 7|16 12 20 16 22 15 17 - 20 8
8/6 546 42 46 -8 81013 9 1012 5 7 14 - 16 8|16 18 12 16 16 7 11 20 - 24
9|4 5 46 46 8 28 - 91215 9 141017 15 6 16 - 9|16 20 12 20 14 23 23 8 24 -
> 28; SMAPO# 1404 > 64; SMAPO# 1134 > 90; (55, 154
5 35
0123456789 01 23 456 7 8 9 0123456789
0/ - 2 5 45 6 6 7 66 0 - 3 7 7 669 9 1111 0]- 5 11 11 11 12 15 16 17 17
" 12 - 5 6 7 8 6 5 4 8 1/3 - 8 10 9 9 8 6 8 10 1|5 - 12 16 16 17 14 11 12 18
1 99 0O 2{55-58756 73 2/7 8 - 81198 8 12 4 2[1112 - 1218 1512 13 18 6
O—@—@ 3465 -76067 26 37108 -1191010 4 12 3|11 16 12 - 181516 17 6 18
4/5 7 87 - 7 3 455 4/6 9 1111 - 8 3 5 7 7 411161818 - 15 6 9 12 12
TT-digoint a 2 5/!6 8 7 6 7 - 4 3 46 56 99 9 8 -5237 9 5/1217151515 - 9 6 11 15
6/ 6 6 56 3 4 - 768 6/9 8 810 35 - 8 8 10 61514 1216 6 9 - 15 14 18
717 5 6 7 437 - 77 7/9 6 810538 - 1010 7|16 11 1317 9 6 15 - 17 17
8/ 6 4 7 25 46 7 - 4 8118124 77810 - 8 8171218 6 12 11 14 17 - 12
96 8 3 6 56 8 7 4 - 9/1110 4 12 7 91010 8 - 9|17 18 6 18 12 15 18 17 12 -
> 38; SMAPO# 3287 > 54; SMAPO# 8346 > 90; (32, 32)

RHS = 92
0123456 789 01 2 3 456 7 8 9 0 1 2 3 456 789
0/ - 1 4 45 5 55 7 7 0-26 59 9 9 9 8 8 0/- 3 9 9 141414 14 15 15
os 11 - 55 4 46 6 6 6 1/2 - 6 7 7 7 1111 6 10 1|3 - 10 12 11 11 17 17 12 16
1 227 O 2{45-69 97 7 93 266 - 713139 9 10 4 2[9 10 - 12 21 21 15 15 18 6
O—0®—@ 3456 -997 739 3577 -12121010 3 9 39 1212 - 21211717 6 18
4/5 4 9 9 - 4 2 6 6 6 4/9 7 1312 - 8 4 12 9 9 4{14 112121 - 12 6 18 15 15
TT-disjoint at 2 55 4 9 94 -6 288 597 13128 - 12 4 11 11 5[14 11 21 21 12 - 18 6 19 19
6/5 6 7 7 2 6 - 48 8 6/911 9 10 4 12 - 8 11 13 6|14 17 15 17 6 18 - 12 19 21
715 6 7 7 6 2 4 - 6 6 7/911 9 1012 4 8 - 7 9 7|1417 1517 18 6 12 - 13 15
8/7 6 9 36 88 6 -6 886103 9 1111 7 - 6 8151218 6 1519 19 13 - 12
9! 7 6 3 9 6 88 6 6 - 9/8104 9 91113 9 6 - 9/1516 6 18 15 19 21 15 12 -
> 38; SMAPO# 3475 > 56; SMAPO# 9011 > 92; (35, 332
0123456 789 01234567809 0 123456789
0/ - 1T 2 2 2 3 3 4 4 3 0/- 5 8 0 1011 131312 14 0] - 6 10 11 12 14 16 16 16 17
. 11 - 3 33 4 2 3 5 2 1|5 - 13141114 8 1013 9 1|6 - 16 17 14 18 10 12 18 11
1 3 0 2|2 3 - 4431443 2/813 - 131411 5 9 1410 2|10 16 - 17 18 14 6 12 18 13
O—®@ 3234 -233441 391413 - 9 14121213 5 3111717 - 1117151517 6
4/2 3 4 2 - 1 3 4 4 3 4/101114 9 - 5 11 9 14 14 4|12 14 18 11 - 6 14 12 18 17
TT-disoint at 7 503 4331 - 25232 5111411145 - 1014 9 9 5/14 18 14 17 6 - 12 18 12 11
6/3 2 1332 - 53 4 6/13 8 5 121110 - 14 9 13 6[16 10 6 15 14 12 - 18 12 17
714 3 4 4 455 - 23 7/1310 9 12 9 1414 - 5 9 7|16 12 12 1512 18 18 - 6 1l
8/4 5 4 44332 -5 81213141314 9 9 5 - 12 8/16 18 18 17 18 12 12 6 - 17
93 2 313 2 435 - 9/14 9105149139 12 - 917 11 13 6 17 11 17 11 17 -
> 20; SMAPO# 363 > 74; SMAPO# 12666 >92; (£, 32)
0123456789 01234567809 0 1 2 3 456 789
0| - 1 2 3 3 4 3 4 4 4 0]- 3 8 1011 13 14 14 14 16 0| - 4 10 13 14 16 17 18 18 20
o5 11 - 3 4 2 5 4 3 35 1|3 - 1113 8 161511 11 15 1|4 - 14 17 10 20 19 14 14 20
1 0 0 2{2 3 - 3143 444 2/811 - 123 1112121614 2[10 14 - 15 4 14 15 16 20 18
O— @O @ 3343 -452533 3101312 - 1513 4 128 8 3131715 - 1917 6 17 11 11
4/3 2 1 4 - 3 455 3 4/11 8 3 15 - 12 1515 15 11 4{14 10 4 19 - 14 19 20 20 14
TT-disjoint at 5 504 5 453 - 342 4 513816111312 - 9 9 5 9 5/1620 14 17 14 - 11 12 6 12
6/3 432 43 - 3565 6/141512 415 9 - 8 1212 6(17 19 15 6 19 11 - 11 17 17
714 3 45 5 43 - 42 71411121215 9 8 - 10 4 7|18 14 16 17 20 12 11 - 14 6
8/4 3 435 254 - 4 8141116 8 15 5 1210 - 14 818 14 20 11 20 6 17 14 - 18
9|4 5 43 3 45 2 4 - 9/161514 8 11 9 12 4 14 - 920 20 18 11 14 12 17 6 18 -
> 24; SMAPO# 662 > 70; SMAPO# 1216 > 92, (£, %5)



Al codim(F) =2 89

0123 456 7 89 0123 4586 7 89 01 23 4586 7 89

O - 1 1 1 2 3 3 2 4 4 0- 4 3 101212 12 14 12 12 Of- 4 4 11 14 15 15 16 16 16

M 111 - 2 2 3 2 4 335 1/4 - 7 6 121016 1010 16 1[4 - 8 7 14 11 19 12 12 20

1 235 0 2|1 2 - 2 3 4 2 35 3 2(3 7 - 111315 9 1515 9 2[4 8 - 13 16 19 11 18 20 12
O0—®® 3122 -122133 310611 - 612148 1610 3|11 7 13 - 7 1416 9 19 13
4/ 2 3 3 1 - 1 3 2 4 4 4/121213 6 - 6 16 14 18 12 414 14 16 7 - 7 19 16 22 16
TT-digoint a 1 503 2 42 1 - 2335 512101512 6 - 10 16 12 18 5[15 11 19 14 7 - 12 19 15 23
6/ 3 42 232 - 153 6/1216 9 141610 - 6 18 12 61519 11 16 19 12 - 7 23 15

712 3 31 23 1 - 4 4 7(141015 8 1416 6 - 2018 7|16 1218 9 16 19 7 - 24 22

84 3 5 3 435 4 - 2 812101516 18 12 18 20 - 6 8(16 12 20 19 22 15 23 24 - 8

9|4 5 3 3 453 4 2 - 91216 9 1012 18 12 18 6 - 9|16 20 12 13 16 23 15 22 8 -

> 18; SMAPOH 287 > 76; SMAPO# 13220 > 92; (355, 335)

0123 456 7 8 9 0 1 2 3 4586 7 809 01 23 456 7 89

O - 1 2 4 4 4 4 6 6 4 0/- 3 3 1011 11 12 10 10 12 O - 4 4 14 15 15 16 16 16 16

- 1/1 - 3 3 35 3 55 5 1|3 - 6 9 8 14 9 11 1315 1|4 - 8 12 11 19 12 16 18 20

1 a2 0 22 3 - 6 6 4 6 4 4 4 23 6 - 13148159 9 9 2[4 8 - 181911 20 12 12 12
@O—0©—@ 3436 - 424266 3/10913- 951241016 3(141218 - 13 7 16 6 16 22
404 3 6 4 - 2 46 2 6 4/11 8 14 9 - 6 1111 5 17 4(1511 1913 - 8 1517 7 23
TT-disoint at 2 504 5 4 22 - 6444 511148 56 - 17 9 9 11 5151911 7 8 - 231313 15
6/ 4 36 4 46 - 6 6 2 6/12 9 1512 11 17 - 14 16 6 6[16 12 20 16 15 23 - 20 22 8

716 5 4 2 6 46 - 48 71011 9 4 11 9 14 - 6 16 7(16 16 12 6 17 13 20 - 10 24

8/6 5 4 6 2 4 6 4 - 8 8/1013 9 105 9 16 6 - 16 8|16 18 12 16 7 13 22 10 - 24

9|4 5 46 6 428 8 - 91215 9 1617 11 6 16 16 - 9|16 20 12 22 23 15 8 24 24 -

> 28; SMAPO# 1404 > 66; SMAPO# 11643 > 92; (£, 113)

01 23 4586 7 89 01 23 4586 7 809 01 23 45867809

0l - 1 2 3 46 556 7 0-3 2626 8 9 9 910 0- 4 4 8 1014 14 14 15 17

81 111 - 3 2 5 5 46 7 6 1/3 - 5 3 9 9 10 8 1011 1|4 - 8 4 14 14 14 14 17 17

1 215 O 223 -5447 765 2025 - 826 61111 9 8 2[4 8 - 12 10 10 18 18 15 13
O—60—@ 3325 -774456 3638 -12127 798 38 412- 181810101313
404 5 4 7 - 8 37 6 9 46 9 6 12 - 12 5 11 9 14 4(10 14 10 18 - 20 8 18 15 23
TT-disjoint at 3 56 5 478 - 7385 58 961212 - 135 13 8 5/14 14 1018 20 - 20 8 21 13
6|5 4 7 4 37 -8 96 6/9101 7 513 - 1214 9 614 14 18 10 8 20 - 20 23 15
7156 7 4 7 38 - 58 7/9 81 7 11 5 12 - 8 13 7|14 14 18 10 18 8 20 - 13 21

8/6 7 6 56 8 9 5 - 3 89109 9 913148 - 5 81517 1513 1521 2313 - 8

9|7 6 5 6 9 56 8 3 - 9/1011 8 8 14 8 9 13 5 - 9|17 17 13 13 23 13 1521 8 -

> 36; SMAPO# 2790 > 58; SMAPO# 9594 >02; (£, 131

0123 456 7 89 0123 4586 7 89 01 23 456 7 89

Ol - 1 3 355 4 4 4 4 0/- 3 7 6 9 9101041111 0| - 4 9 9 14 14 14 14 15 15

" 111 - 4 4 4 4 5 5 3 3 1/3 - 6 9 6 101313 8 8 1[4 - 9 13 10 14 18 18 11 11

1 35 O 2/3 4 - 46 25577 276 - 7104 9 9 1414 2/(9 9 - 1015 5 13 13 20 20
O—0®—@ 3344 -265577 3697 - 3912121313 3|9 1310 - 5 1517 17 20 20
4/5 4 6 2 - 45 55 5 49 6 103 - 6 9 11 10 12 4|14 10 15 5 - 10 14 16 15 17
TT-disjoint at 2 55 4 26 4 - 55055 5910 4 9 6 - 1113 10 12 5(14 14 5 15 10 - 16 18 15 17
6/ 4 5 5 555 - 46 2 6/(1013 9 12 9 11 - 1015 5 6(14 18 13 17 14 16 - 14 21 7

714 5 5 5 55 4 - 26 71013 9 12111310 - 5 15 7(14 18 13 17 16 18 14 - 7 21

84 37 75 5 6 2 - 4 811 8 1413101015 5 - 10 8[1511 2020 151521 7 - 14

9|4 3 7 755 2 6 4 - 911 8 14131212 5 1510 - 9[15 11 20 20 17 17 7 21 14 -

> 30; SMAPO# 1506 > 64; SMAPO# 1112 >92; (3L, 22

0123 456 7 8 9 0 1 2 3 4586 7 809 01 23 456 7 89

0| - 1 3 3505 4 4 4 4 0/- 3 7 6 9 910111112 0| - 4 9 9 14 14 14 15 15 16

1 1/1 - 4 4 4 45 3 3 5 1|3 - 6 9 6 1013 8 8 13 1|4 - 9 13 10 14 18 11 11 18

1 35 O 2{34 - 4625775 2076 - 7104914149 29 9 - 1015 5 13 20 20 13
@O—®—@ 3344 -2657 75 3697 - 3910131312 3|9 1310 - 5 151520 20 17
45 46 2 - 45555 49 6 103 - 6 111012 9 4[14 1015 5 - 10 16 15 17 14
TT-digjoint at 2 55 4 2 6 4 -5555 59104 9 6 - 131012 11 5[14 14 5 15 10 - 18 15 17 16
6{4 5 5 555 - 26 4 61013 9 1011 13 - 5 15 10 6[14 18 13 15 16 18 - 7 21 14

714 3 7 75 5 2 - 46 711 8 14131010 5 - 1015 7(1511 20201515 7 - 14 21

8/4 37 75 5 6 4 - 2 811 8 141312 121510 - 5 8(1511 20 20 17 17 21 14 - 7

9|4 5 5 55 5 46 2 - 9[1213 9 12 9 1110 15 5 - 9|16 18 13 17 14 16 14 21 7 -

> 30; SMAPO# 1506 > 64; SMAPO# 11119 > 92 (3%, 2)

57 35

0123 456 7 89 0 1 23456 7 8 9 01 23 45867809

Ol - 2 5 46 6 7 7 6 6 0 - 3 7 7606 9 9 11 11 0| - 5 11 11 12 12 16 16 17 17

. 1/2 - 5 6 8 85 7 4 8 1/3 - 8 109 9 6 8 8 10 1|5 - 12 16 17 17 11 15 12 18

1 205 0O 255 -57 96 6 7 3 27 8 - 8911 8 8 12 4 2|11 12 - 12 15 19 13 13 18 6
O—e0—@ 3465 -687 726 37108 -9111010 4 12 3|11 1612 - 1519 17 17 6 18
4/6 8 7 6 - 8 35 48 46 9 9 9 -8 3 5 7 9 412171515 - 16 6 10 11 17
TT-disjoint at 2 516 8 9 88 -5366 56 91118 - 5 3 7 7 5/1217 1919 16 - 10 6 13 13
6/ 7 56 735 - 87 7 6/9 6 81035 - 8 1010 6|16 11 13 17 6 10 - 16 17 17

717 7 6 75 38 - 59 7098 81053 8 - 8 10 7161513 17 10 6 16 - 13 19

8|6 4 7 2 46 75 - 4 8/11 8 12 47 7 108 - 8 817 1218 6 11 13 17 13 - 12

96 8 3 6 86 7 9 4 - 91110 4 129 7 1010 8 - 9|17 18 6 18 17 13 17 19 12 -

> 40; SMAPO# 3906 > 54; SMAPO# 8346 > 92; (BT, 118)



90 Appendix A. Visualization of tilting complexes for GTSP(10)

0 1 23 456 7 8 9 01 23 4586 78 9 0 1 23 456 789
0| - 1 3 2 2 3 35 4 3 0/- 5 8 8 0 11 1311 12 14 0| - 6 10 10 11 14 16 16 16 17
s 111 - 4 3 3 2 2 4 3 2 1|5 - 13131410 8 1213 9 1|6 - 16 16 17 12 10 16 16 11
1 wr O 2|3 4 - 53 442 54 2/813- 1411 9 9 5 1412 21016 - 18 13 12 12 6 18 15
O— @M@ 3235 - 431323 381314 -15135 9 1012 3|101618 - 1916 6 12 12 15
402 3 3 4 - 3 35 2 1 49141115 - 141014 9 5 4{11 17 13 19 - 17 13 19 11 6
TT-digoint a 2 513 2 4 3 3 - 44 1 2 5(1110 9 1314 - 1414 5 9 5/14 12 12 16 17 - 18 18 6 11
6/3 2 413 4 - 43 4 6/138 9 51014 - 14 9 13 6[16 10 12 6 13 18 - 18 12 17
7|5 4 2 35 4 4 - 3 4 711125 9 141414 - 9 13 7|16 16 6 12 19 18 18 - 12 17
8/4 35 2 213 3 - 3 8/12131410 9 5 9 9 - 14 8|16 16 18 12 11 6 12 12 - 17
9|3 2 4 3 1 2 4 4 3 - 914912125 9 1313 14 - 9|17 11 1515 6 11 17 17 17 -
> 20; SMAPO# 363 > 74; SMAPO# 12683 > 02 (24, 40

RHS = 94
0123456 7 89 01 23 458673809 0 1 23 4586 789
0| - 0 2 3 4 4 6 6 6 6 0/- 2 4 9 8 121011 1313 0]- 2 5 12 12 16 16 17 19 19
e 110 - 2 3 4 4 6 6 6 6 1|2 - 6 7 10101213 1515 1|2 - 7 10 14 14 18 19 21 21
1 533 0 2/ 2 2 - 36 6 4 46 6 2/4 6 - 51212 8 9 1313 2|5 7 - 7 17 17 11 12 18 18
O —0®—@ 3333 -555533 3975 -131313128 8 312107 - 18181817 11 11
4/ 4 4 6 5 - 4 6 2 4 6 4/8 101213 - 1014 5 9 15 4|12 14 17 18 - 14 20 7 13 21
TT-disoint at 2 54 4 6 54 - 66 6 2 5/1210121310 - 14 1515 5 5/16 14 17 18 14 - 20 21 21 7
6|6 6 4 5 6 6 - 4 2 6 6{1012 8 131414 - 9 5 13 6|16 18 11 18 20 20 - 13 7 19
716 6 4 5 2 6 4 - 6 4 7(1113 9 12 5 15 9 - 1410 7|17 191217 7 21 13 - 20 14
8/ 6 6 6 3 4 6 2 6 - 4 8/131513 8 9 15 5 14 - 10 8{19 21 18 11 1321 7 20 - 14
9|6 6 6 3 6 2 6 4 4 - 9131513 8 15 5 13 10 10 - 9{19 21 18 11 21 7 19 14 14 -
> 28; SMAPO# 1264 > 68; SMAPO# 11792 > 94; (45, 35%)
01 234586 789 01 23 45867389 0 1 2 3 456 7 89
Ol - 1 3 3 2 3 3 55 4 0[- 3 8 7 1011 12 11 11 13 0| - 4 10 10 12 14 15 16 16 17
. 111 - 4 4 3 4 4 4 4 3 1|3 - 9 1011 1415 8 14 10 1[4 - 12 14 14 18 19 12 18 13
1 255 0 2|3 4 - 45 4 46 25 2(8 9 - 916111213 5 15 2|10 12 - 12 20 14 15 18 6 19
O0O— @O @ 3344 -544265 371009 -151213 4 1214 3|1014 12 - 20 16 17 6 18 19
402 3 5 5 - 1 3 3 3 2 4/10111615 - 5 14 11 11 9 4|12 14 20 20 - 6 17 14 14 11
TT-digjoint at 2 513 4 4 41 - 2 4 4 3 511141112 5 - 9 10 16 14 5|14 18 14 16 6 - 11 14 20 17
6|3 4 4 43 2 - 441 6/1215121314 9 - 9 15 5 6[1519 15 17 17 11 - 13 19 6
7|5 4 6 2 3 4 4 - 45 711 813 41110 9 - 8 14 7|16 12 18 6 14 14 13 - 12 19
85 4 2 6 3 4 4 4 - 5 81114 512111615 8 - 14 8|16 18 6 18 14 20 19 12 - 19
9|4 35 5 23155 - 913101514 9 14 5 14 14 - 9|17 13 19 19 11 17 6 19 19 -
> 24; SMAPO# 665 > 72; SMAPO# 12446 > 94 (555, 338)
01 23 456 78 9 01 23 4586 78 9 0 1 23 456 789
0| - 1 3 35 4 5 4 4 4 0/- 3 7 6 9109 111112 0/- 4 9 9 14 14 14 15 15 16
66 111 - 4 4 4 3 4 5 5 3 1/3 - 8 9 6 9 121414 9 1[4 - 11 13 10 12 16 19 19 12
1 2 0 2[3 4 - 467 2557 2078 - 71154101015 2{9 11 - 101521 5 14 14 21
O—@®@—@ 3344 - 276557 36097 - 31409111114 3/9 1310 - 5 211516 16 21
4/5 4 6 2 - 5 4 5 55 49 610 3 - 11 6 8 10 11 4[14 10 15 5 - 16 10 13 15 16
TT-digoint a 2 504 3 7 75 - 56 2 4 5/10 9 1514 11 - 1115 5 10 5[14 12 21 21 16 - 16 21 7 14
6/5 4 2 6 45 - 5565 6/9 124 9 611 - 12 14 13 6[14 16 5 15 10 16 - 17 19 18
714 5 5 55 6 5 - 4 2 711141011 8 1512 - 10 5 7|1519 14 16 13 21 17 - 14 7
8/4 55 55 2 5 4 - 6 81114101110 5 14 10 - 15 8|15 19 14 16 15 7 19 14 - 21
9|4 3 7 75 45 2 6 - 912 9 1514111013 5 15 - 9|16 12 21 21 16 14 18 7 21 -
> 30; SMAPO# 1506 > 66; SMAPO# 11529 > 94; (L5, 151
01234586 7 89 01 23 458673809 0 1 23 456 789
0| - 2 5 4 4 6 6 7 6 6 0]- 3 66 7 6 9 9101 0- 5 1010 11 12 15 16 16 16
N 112 - 5 6 6 8 6 5 4 8 1/3 - 7 9 10 9 10 6 7 9 1|5 - 11 15 16 17 16 11 11 17
1 7 0O 2|55 - 99976 7 3 2/6 7 -121310 9 7 10 4 21011 - 20 21 18 15 12 16 6
O—0©—@ 3469 - 486928 36 912- 7101111 410 3/101520 - 111817 20 6 18
404 6 9 4 - 6 2 9 6 6 4/7 1013 7 - 9 4 1211 9 411 1621 11 - 15 6 21 17 15
TT-disjoint at 2 506 89 86 -8 366 56 910109 - 11 3 6 6 5/1217 181815 - 19 6 12 12
6|6 6 7 6 2 8 - 9 4 8 6/9 109 11 4 11 - 12 7 13 6{1516 1517 6 19 - 21 11 21
717 56 9 939 -7 9 79 6 711123 12 - 9 9 71611122021 6 21 - 16 18
8|6 4 7 2 6 6 47 - 6 8/107 10411 6 7 9 - 8 81611 16 6 17 12 11 16 - 14
9/6 8 386 6 8 9 6 - 9/109 410 9 6 13 9 8 - 916 17 6 18 15 12 21 18 14 -
> 40; SMAPO# 4059 > 56; SMAPO# 8969 >94,(2,2)
01 23456 789 01 23 45867389 0 1 2 3 456 7 89
Ol - 1 2 3 4 3 3 4 4 4 0[- 5 8 9 1213 1313 13 15 0| - 6 10 12 15 16 16 17 17 19
0 1/1 - 3 4 3 2 4 5 5 3 1|5 - 1314 11 8 14 14 14 10 1[6 - 16 18 13 10 18 19 19 13
1 513 0 2|2 3 - 3 4 1 3 4 4 4 2(8 13 - 1110 5 11 11 1513 2(10 16 - 14 13 6 14 15 19 17
O—®@ 3343 -542533 391411 -13124 128 8 3121814 - 1716 6 17 11 11
4/ 4 3 45 - 5 3 4 2 4 4/12111013 - 15 9 9 5 9 41513 1317 - 19 11 12 6 12
TT-disjoint at 4 53 2 1 45 - 43 35 513851215 - 14 10 10 14 5|16 10 6 16 19 - 18 13 13 19
6/3 4323 4 - 3505 6/131411 4 9 14 - 8 1212 6|16 18 14 6 11 18 - 11 17 17
714 5 45 4 33 - 42 7/13141112 9 10 8 - 10 4 7|17 19 1517 12 13 11 - 14 6
8/ 4 5 432 35 4 - 4 8/131415 8 5 10 12 10 - 14 8[17 19 19 11 6 13 17 14 - 18
9|4 3 4 3 455 2 4 - 9151013 8 9 1412 4 14 - 9|19 13 17 11 12 19 17 6 18 -
> 24; SMAPO# 662 > 72; SMAPO# 1238 > 94; (£%, 382)



Al codim(F) =2 91

RHS = 96
01 234586 7 89 01 23 456 7 89 01 23 45867809
Ol - 25 46 7 6 86 7 0 - 3 7 7 7 611 9 11 10 O - 5 11 11 13 13 17 17 17 17
04 1/2 - 5 6 6 9 4 6 8 9 1|3 - 8 10 6 9 8 6 10 9 1|5 - 12 16 12 18 12 12 18 18
1 221 O 2/5 5 -596 7 936 278 - 8129112 4 9 21112 - 1220141820 6 14
O—l0—@ 3465 -87 2867 37108 -1294 121211 3111612 - 2016 6 20 18 18
46 6 9 8 - 9 6 6 6 3 47 6 1212 - 98 6 8 3 4(13122020 - 18 14 12 14 6
TT-digjoint at 2 517 96 79 - 5376 56999 9-7 39 6 51318141618 - 12 6 16 12
6|6 4 7 2 6 5 - 8 4 7 6/11 8 12 4 8 7 - 10 8 9 617 1218 6 14 12 - 18 12 16
718 6 9 86 38 -89 7/9 6 12126 310 - 10 9 717 1220 20 12 6 18 - 18 18
8|6 8 3 6 6 7 4 8 - 9 8/1110 4 12 8 9 8 10 - 11 817 18 6 18 14 16 12 18 - 20
9|7 9 6 7 36 7 9 9 - 9/109 911 36 9 9 11 - 917 18 14 18 6 12 16 18 20 -
> 42; SMAPO# 4551 > 56; SMAPO# 8911 > 96; (355 327)
0123 456 7 89 0 1 23 4586 7 89 01 23 4586789
Ol - 1 2 3 3 3 4 55 4 0/- 5 8 10 9 13 13 13 13 15 0| - 6 10 12 12 16 17 18 18 19
05 111 - 3 4 4 2 3 4 4 3 1|5 - 131514 8 14 14 14 10 1|6 - 16 18 18 10 17 18 18 13
1 it 0 22 3 - 55 1 4 3 3 4 2/8 13 - 1615 5 15 11 11 13 2|10 16 - 20 20 6 19 14 14 17
O—®—@ 3345 - 443245 3101516 - 9 1111 5 1115 3{121820 - 12 14 13 6 14 19
403 4 5 4 - 4 5 4 2 3 49 1415 9 - 121214 4 8 4[1218 2012 - 16 17 18 6 11
TT-digoint a 3 5/3 2 1 4 4 - 3 4 4 3 5(138 5 1112 - 1016 10 12 5(16 10 6 14 16 - 13 20 14 15
6/ 4 3 4353 - 53 2 6131415111210 - 14 8 4 6[17 17 19 13 17 13 - 19 11 6
7|5 4 3 2 4 45 - 4 3 7131411 5 1416 14 - 10 10 7(18 18 14 6 18 20 19 - 14 13
8({5 4 3 4 2 43 4 - 5 813141111 4 10 8 10 - 12 8(18 18 14 14 6 14 11 14 - 17
9|4 3 45 332 35 - 915101315 8 12 4 10 12 - 9[19 13 17 19 11 15 6 13 17 -
> 24; SMAPO# 662 > 74; SMAPO# 1272 > 96; (35, 2%
0123 456 7 8 9 01 23 4586 7 8 9 01 23 456 7 89
Ol - 2 3 3 3 36505 4 4 0- 4 8 8 9 1012 13 13 14 O - 6 11 11 12 13 17 17 17 18
5 112 - 5 5 3 3 3 3 4 4 1|4 - 12121312 8 9 1514 1|6 - 17 17 16 15 11 11 19 18
1 53 0 235 - 4 4 4 2 45 3 2|8 12 - 141514 4 9 1510 2|11 17 - 18 19 18 6 12 20 13
@O—®—@ 3354 - 444235 381214 - 151610 5 11 14 3|11 17 18 - 19 20 14 6 14 19
403 3 4 4 - 2 4 4 3 1 4/9 131515 - 9 1312 14 5 4[12 16 19 19 - 11 17 15 17 6
TT-digoint at 7 513 3 442 - 4 4 1 3 510121416 9 - 1211 5 14 5[13 15 18 20 11 - 16 14 6 17
6/ 5 3 2 4 4 4 - 435 6/128 4101312 - 9 11 14 6[17 11 6 14 17 16 - 12 14 19
715 3 4 2 4 44 - 53 71139 9 5 1211 9 - 1611 7(17 11 12 6 15 14 12 - 20 13
84 45 33135 - 2 81315151114 5 1116 - 9 8(17 19201417 6 14 20 - 11
9|4 4 3 5 1353 2 - 914141014 5 14 14 11 9 - 9[18 18 13 19 6 17 19 13 11 -
> 24; SMAPO# 662 > 74; SMAPO# 1273 > 96; (25, 11)

RHS = 98
0123 456 7 8 9 01 23 4586 7 8 9 01 23 456 7 89
0| - 2 3 3 33505 4 4 0/- 48 8 9 9 1213 14 14 O - 6 11 11 12 12 17 17 18 18
0 1/2 - 5 5 3 3 3 3 4 4 1|4 - 12121313 8 9 14 16 1|6 - 17 17 16 16 11 11 18 20
1 2290 0 23 5 - 4 4 4 2 4 35 2(8 12 - 141515 4 9 1016 2|11 17 - 18 19 19 6 12 13 21
@O—®©—@ 3354 - 444253 381214 - 171710 5 1412 3|11 17 18 - 2121 14 6 19 15
403 3 4 4 - 2 4 4 3 1 4/9 131517 - 1013 12 15 5 4[12 16 19 21 - 12 17 15 18 6
TT-digoint at 7 513 3 442 - 4 4 1 3 5913151710 - 1314 5 15 5[12 16 19 21 12 - 17 17 6 18
6/ 5 3 2 4 4 4 - 45 3 6/128 4101313 - 9 14 12 6[17 11 6 14 17 17 - 12 19 15
715 3 4 2 4 4 4 - 35 71139 9 5 1214 9 - 1117 7|17 1112 6 1517 12 - 13 21
84 4 3 5 3153 - 2 81414101415 5 14 11 - 10 8(18 18 13 19 18 6 19 13 - 12
9|4 4 5 3 1 3 35 2 - 9141616 12 5 1512 17 10 - 9|18 20 21 15 6 18 15 21 12 -
> 24; SMAPO# 662 > 76; SMAPO# 1309 > 98; (355 329)

RHS = 100
0123 456 7 8 9 0 1 23 4586 7 8 9 0123 456 7 8 9
0| - 1 2 2 3 3 2 4 3 4 0/- 3 7 9 8 11 1312 13 13 O - 4 9 10 11 14 15 16 16 17
13 1/1 - 3 3 4 4 3 3 2 3 1|3 - 1010111416 9 10 16 1|4 - 13 12 15 18 19 12 12 19
1 356 0 22 3 - 435 4 2 3 4 2/710 - 16 9 1416 5 16 16 2|9 13 - 1912 19 20 7 19 20
O—®@® 3234 -534432 391016 - 1712181312 6 3{101219 - 21142116 14 7
4/3 4 3 5 - 2 35 4 3 4/8 11 9 17 - 5 11 14 17 11 4[11 151221 - 7 14 19 21 14
TT-digoint at 3 513 453 2 - 3345 5111414125 - 14 9 1616 5(14 18 19 14 7 - 17 12 20 21
6/ 2 3 4 433 - 2 1 2 6131616 18 11 14 - 11 6 12 6[1519 20 21 14 17 - 13 7 14
714 3 2 4 5 3 2 -3 4 7(129 51314 9 11 - 1315 7|16 12 7 16 19 12 13 - 16 19
8/3 2 3 3 4 4 1 3 - 3 81310161217 16 6 13 - 18 8|16 12 19 14 21 20 7 16 - 21
9|4 3 4 2 35 2 4 3 - 9131616 6 11 16 12 15 18 - 9|17 19 20 7 14 21 14 19 21 -
> 22; SMAPO# 464 > 80; SMAPO# 1360 > 100; (555, 352



92 Appendix A. Visualization of tilting complexes for GTSP(10)

0123 456 7 89 0123 4586 7 89 01 23 456 7 89

Ol - 1 2 2 3 3 2 3 4 4 0/- 25 95 8109 8 10 0|- 4 9 11 11 14 14 15 16 18

3 111 - 3 3 4 4 3 2 3 3 1|2 - 7 7 7 1012 7 6 12 1|4 - 13 11 15 18 18 11 12 18

1 114 O 2|23 - 4354324 2|57 -146 91114 3 11 2[9 13 - 2012 19 19 20 7 19
®O—8—@ 3234 -534342 397 14-141115101 5 3|11 1120 - 221521 1417 7
4/3 4 35 - 2 3 453 4/5 7 614 - 3 9 14 9 9 4{11151222 - 7 1522 19 15
TT-disoint & 3 53 45 32 - 3435 5810 911 3 - 1013 6 12 5[/14 181915 7 - 16 21 12 22
6|2 3 4 433 - 12 2 6{10121115 9 10 - 5 8 10 6|14 18 19 21 1516 - 7 12 14

713 2 33 441 - 33 7/9 7141014135 - 1115 7(1511 2142221 7 - 17 21

84 3 2 4532 3 - 4 88 6 3119 6 8 11 - 10 816 12 7 17 19 12 12 17 - 18

9|4 3 4 2 35 2 3 4 - 9101211 5 9 12 10 1510 - 9[18 1819 7 15 22 14 21 18 -

> 22; SMAPO# 464 > 60; SMAPO# 10227 > 100; (3, L)

0 1 23 4 5678 9 0 1 2 3 456789 01 23 456 7 89

O[- 355 7 7 771111 0- 35 6 7 7 89 1111 0|- 5 9 10 13 13 14 15 21 21

. 1/3 - 6 8 10 8 46 8 10 1|3 - 8 7 8 105 8 8 8 1|5 - 14 1518 18 9 14 16 18

1 221 O 2/5 6 -6 8 8248 8 258 - 9 81036 108 2|9 14 - 1516 18 5 10 18 16
@O—®—@ 3586 - 1010426 6 36 7 9 - 11163 7 7 3101515 - 212110 5 13 13
4/7 10810 - 8 88 4 12 4/7 8 8 11 - 8 9 8 4 12 4(13 1816 21 - 16 17 16 8 24
TT-disoint & 0 507 8 8108 - 6812 4 57 101011 8 - 910 12 4 5/13 18 18 21 16 - 15 18 24 8
6{/7 424 8 6 -628 8 6/8 536 9 9 -9 9 9 6149 5101715 - 1517 17

717 6 42 8 86 -8 8 7/9 86 3 8 109 - 1010 7(1514 10 5 16 18 15 - 18 18

8/11 8 8 6 4 1288 - 8 811 8 10 7 4 12910 - 8 8|21 16 18 13 8 24 17 18 - 16

9/11 10 8 6 12 4 88 8 - 9|11 8 8 7 12 4 910 8 - 9|21 18 16 13 24 8 17 18 16 -

> 48; SMAPO# 6681 > 54; SMAPO# 8342 > 100; (493, 116)

01 234586 7 89 01 23 4586 7 809 01 23 45867809

Ol - 2 3 4 35 4 4 45 0- 48 9 9 12 14 14 14 17 O - 6 11 12 12 17 18 18 18 22

25 112 - 5 4 5 3 4 4 4 3 1|4 - 121113 8 10 12 14 13 1|6 - 17 14 18 11 14 16 18 16

1 7is 0O 2({3 5 - 5423 3 3 4 2(812 - 1515 4 10 10 10 15 2{11 17 - 19 19 6 13 13 13 19
O—®@ 3445 -332445 391115 - 101 5131518 3{121419 - 1213 6 16 18 22
4/3 5 4 3 - 45 3 1 2 4/9 131510 - 13 13 15 5 10 4|12 18 19 12 - 17 18 18 6 12
TT-disjoint at 3 55 3 2 3 4 - 53 3 4 5/128 4 1113 - 14 12 14 17 5|17 11 6 13 17 - 19 15 17 21
6/ 4 4 3 255 - 4 4 3 6/141010 5 1314 - 18 18 13 6(18 14 13 6 18 19 - 22 22 16

7|4 4 3 4 3 3 4 - 2 1 7/14121013151218 - 10 5 7|18 16 13 16 18 1522 - 12 6

8/ 4 4 3 4 13 4 2 - 3 814141015 5 14 1810 - 15 8|18 18 13 18 6 17 22 12 - 18

9|5 3 4 5 2 4 3 1 3 - 917131518 1017 13 5 15 - 9|22 16 19 22 12 21 16 6 18 -

> 24; SMAPO# 662 > 78; SMAPO# 1341 > 100; (&%, 22)

0123 456 7 89 0123 4586 7 89 01 23456 7 89

Ol - 365 6 5 8 7 7 88 0- 3 6 7 7 9 1111 11 11 0| - 6 11 12 12 17 18 18 19 19

. 1/3 - 8 7 85 6 8 5 7 1/3 - 9 1010 6 8 12 8 8 1|6 - 17 16 18 11 14 20 13 15

1 118 O 2{58 - 9836 6 7 7 269 -13133 9 9 1111 2[(1117 - 21 21 6 15 15 18 18
O—®—@ 3679 -5623786 371013 - 81412128 3121621 - 1215 6 18 19 13
45 8 85 - 7 8 2 5 7 4/7 1013 8 - 1010 4 8 12 4|12 1821 12 - 17 18 6 13 19
TT-disoint & 3 58 5 36 7 - 9 7 8 6 59 6 31010 - 12 1212 8 5[17 11 6 1517 - 21 19 20 14
6/ 7 6 6 389 - 65 7 6/11 8 9 41012 - 10 8 12 6(18 14 15 6 18 21 - 16 13 19

717 8 6 7 2 76 - 75 71112 9 12 4 1210 - 12 8 7(18 201518 6 19 16 - 19 13

88 5 7 85 8 5 7 - 2 811 81112 8 12 8 12 - 4 8[19 13 18 19 13 20 13 19 - 6

9|8 7 76 76 7 5 2 - 911 811 8 12 8 12 8 4 - 9|19 1518 13 19 14 19 13 6 -

> 42; SMAPO# 4504 > 60; SMAPO# 9993 > 100; (4%, &)

0123 456 7 8 9 0 1 2 3 4586 7 809 01 23 456 7 89

0| - 2 3 3 3505 45 4 0- 4 8 1010 11 12 13 13 14 O - 6 11 12 13 16 17 17 18 18

2g 1/2 - 5 5 5 5 3 4 3 4 1|4 - 12141413 8 9 9 14 1|6 - 17 18 19 18 11 13 12 18

1 7is 0O 2(3 5 - 6 6 4 2 5 4 5 2|8 12 - 1414 9 4 13 11 14 2|11 17 - 19 20 13 6 18 15 19
@O—®—@ 3356 - 46 4523 3101414 - 10151013 5 12 3|121819 - 1320 13 17 6 14
403 5 6 4 - 2 43 4 5 4/10141410 - 5 12 9 15 14 4(13 19 20 13 - 7 16 12 19 19
TT-digoint at 3 55 546 2 - 65 4 3 51113 9 15 5 - 13 14 10 9 5[16 18 1320 7 - 19 19 14 12
6/ 5 3 2 4 46 -5 4 3 6/128 4101213 - 151510 6[17 11 6 13 16 19 - 20 19 13

714 4 5 5 3 5 5 - 3 2 71391313 9 1415 - 10 5 7|17 1318 17 12 19 20 - 13 7

8({5 3 4 2 4 4 43 - 5 8/13 9 11 5 1510 1510 - 15 8(18 12 15 6 19 14 19 13 - 20

9|4 4 5 35 3 3 25 - 91414141214 9 10 5 15 - 918 18 19 14 19 12 13 7 20 -

> 28; SMAPO# 1227 > 74; SMAPO# 12704 > 100; (&5, 25)

0123 456 7 89 0123 4586 7 89 01 23 45867809

0| - 2 3 4 4 4 3 4505 0- 5 9 9 11 11 12 13 13 16 0| - 6 11 12 14 14 14 16 17 20

25 1/2 - 5 4 4 4 5 4 3 3 1|5 - 12141016 1516 8 11 1|6 - 17 18 14 20 20 20 11 14

1 ii6 0 2/3 5 - 533 43 2 4 2/9 12 - 14101217 14 4 15 2|11 17 - 19 13 15 21 17 6 19
O—®@ 3445 - 243435 391414 - 41611161015 3{121819 - 6 20 14 20 13 20
404 4 3 2 - 4 5 4 5 3 4111010 4 - 14 15 16 14 11 4|14 14 13 6 - 18 20 20 19 14
TT-digoint at 0 54 4 3 4 4 - 3 2 3 1 5[11161216 14 - 1510 10 5 5[14 20 15 20 18 - 18 12 13 6
6/3 5 4 353 - 14 2 6/121517 111515 - 5 1510 6{14 20 21 14 20 18 - 6 19 12

704 4 3 4 4 2 1 - 3 3 713161416 1610 5 - 10 15 7|16 20 17 20 20 12 6 - 13 18

8/5 3 2 35 3 4 3 - 4 8138 41014101510 - 15 8|17 11 6 13 19 13 19 13 - 19

9|5 3 4 5 3 1 2 3 4 - 91611151511 5 10 15 15 - 9{20 14 19 20 14 6 12 18 19 -

> 24; SMAPO# 662 > 78; SMAPO# 1332 > 100; (&%, 35)



Al codim(F) =2 93

RHS = 106
0123456 7 89 01234586 7 8 9 0 1 23 4586 789
0| - 1 2 2 3 3 3 3 4 5 0]- 6 101011 12 16 16 16 15 0] - 7 12 12 13 15 19 19 20 20
s 1/1 - 3 3 4 4 2 2 3 4 1|6 - 16 16 13 14 10 10 14 15 1|7 - 19 19 16 18 12 12 17 19
1 i3 0 2/2 3 - 4331325 2(1016 - 1611 16 6 14 10 15 2[{12 19 - 20 13 19 7 17 12 20
O— @@ 3234 -533123 3101616 - 171214 6 1211 3|121920 - 211517 7 14 14
403 4 3 5 - 4 4 4 5 2 4{11 131117 - 111511 17 6 4|13 16 13 21 - 14 18 14 21 7
TT-disoint at 4 513 4 334 - 241 4 51214161211 - 10 16 6 17 5|15 18 19 15 14 - 12 20 7 21
6/3 2 1 3 4 2 - 2 3 4 6/1610 6 14 1510 - 12 16 15 6{19 12 7 17 18 12 - 14 19 19
713 2 31 4 4 2 - 3 4 7(161014 6 11 16 12 - 14 17 7|19 12 17 7 14 20 14 - 17 21
8/4 3 2 25 1 3 3 - 3 8/1614101217 6 16 14 - 11 8{20 17 12 14 21 7 19 17 - 14
9| 5 4 5 3 2 4 4 4 3 - 915151511 6 17 15 17 11 - 9(20 19 20 14 7 21 19 21 14 -
> 20; SMAPO# 363 > 88; SMAPO# 14125 > 106; (&%, £%)
0123456 7 89 01234586 7 8 9 01234586 7 89
Ol - 1 2 2 3 3 3 3 4 5 0|- 6 1010 11 14 16 16 16 15 0| - 7 12 12 13 17 19 19 20 20
4 111 - 3 3 4 4 2 2 3 4 1|6 - 16 16 13 14 10 10 14 15 1[7 - 19 19 16 18 12 12 17 19
1 iz 0 22 3 - 4 3 3 13 2 5 2{1016 - 16 11 16 6 14 10 15 2|12 19 - 20 13 19 7 17 12 20
O—®@ 3234 -533123 3101616 - 171212 6 1211 3{12 1920 - 211515 7 14 14
403 4 3 5 - 4 4 4 5 2 4[11 131117 - 111511 17 6 4{13 16 13 21 - 14 18 14 21 7
TT-digoint at 4 513 4334 - 241 4 51414161211 - 10 16 6 17 5/17 18 19 15 14 - 12 20 7 21
6/ 3 2 1 3 4 2 - 2 3 4 6/1610 6 121510 - 12 16 15 6|19 12 7 15 18 12 - 14 19 19
713 2 31 4 4 2 - 3 4 7(161014 6 11 16 12 - 14 17 7|19 12 17 7 14 20 14 - 17 21
84 3 2 25 1 3 3 - 3 8/1614101217 6 16 14 - 11 8(20 17 12 14 21 7 19 17 - 14
9|5 4 5 3 2 4 4 4 3 - 915151511 6 17 1517 11 - 9(20 19 20 14 7 21 19 21 14 -
> 20; SMAPO# 363 > 88; SMAPO# 1412 > 106; (2%, £2)
01 23 456 78 9 01 23 4586 78 9 0 1 2 3 456 7 89
0|- 3 6 6 7 9 9 91011 0 - 4 6 6 7 8 1010 10 § 0| - 7 12 12 13 17 19 19 20 20
5o 13 - 9 9108 6 6 710 1|4 - 1010 9 8 6 6 8 9 1|7 - 19 19 18 16 12 12 15 19
1 112 O 2/6 9 - 107 9 3 9 611 2|6 10 - 10 7 10 4 8 6 9 2(1219 - 201319 7 17 12 20
O—®— @ 36 9210 -1177 367 361010-1188 48 7 3121920 - 211515 7 14 14
47 10 7 11 - 8 10 8 11 4 4|7 9 7 11 - 7 9 7 11 4 4|13 18 1321 - 14 18 14 21 7
TT-disjoint at 4 509 8 9 78 - 610310 5/8 8108 7 - 6 10 4 11 5/17 16 19 15 14 - 12 20 7 21
6/9 6 3 7106 - 8 910 6/10 6 4 8 9 6 - 8 10 9 619 12 7 1518 12 - 16 19 19
719 6 9 3 8108 - 710 7(10 6 8 4 7 108 - 8 11 7|19 1217 7 14 20 16 - 15 21
8(10 7 6 6 11 3 9 7 - 7 8/108 6 8 11 4 10 8 - 7 8(201512 1421 7 19 15 - 14
9111011 7 4 101010 7 - 9|9 9 9 7 4 11 9 11 7 - 9|20 19 20 14 7 21 19 21 14 -
> 52; SMAPO# 779 > 56; SMAPO 879 > 106; (7%, 115)

RHS = 110
01 23456 7 8 9 01 23 4586 78 9 0 1 2 3 456 7 89
O|- 2 2 446 6 8 8 7 0/- 4 3 10101014 12121 0|- 5 5 14 14 16 20 20 20 21
o 112 - 4 46 8 6 6 10 5 1|4 - 7 6 10 14 10 10 16 12 1|5 - 10 9 15 21 15 15 25 16
1 26 O 2/24 - 66 4 8 106 9 23 7 - 1111 7 1515 9 17 2(5 10 - 17 17 11 23 25 15 26
O—®— @ 3446 -24 488 7 310611 - 48 8161414 3|14 9 17 - 6 1212 24 22 21
4/4 6 6 2 - 2 6 8 8 5 4/101011 4 - 4 12 16 14 10 4|14 1517 6 - 6 18 24 22 15
TT-disjoint at 1 5/6 8 442 - 810 6 5 51014 7 8 4 - 1616 10 10 5/16 21 11 12 6 - 24 26 16 15
6|6 6 8 46 8 - 10 8 3 6(141015 8 1216 - 2014 6 6(20 1523 12 18 24 - 30 22 9
7|8 6 10881010 - 4 7 7[1210 1516 16 16 20 - 6 14 7|20 15 25 24 24 26 30 - 10 21
8/810 6 88 6 8 4 - 11 81216 9 14 14 10 14 6 - 20 820 25 15 22 22 16 22 10 - 31
9|7 5 9 755 3 7 11 - 9141217 141010 6 14 20 - 9|21 16 26 21 15 15 9 21 31 -
> 40; SMAPO# 4336 > 72; SMAPO# 12640 > 110; (5%, &)

RHS = 112
01 234586 789 01 23 458673809 0 1 2 3 456 7 89
Ol - 1 3 4 45 4 6 6 7 0/- 2 8 81 9 12 12 12 13 0| - 3 10 12 14 14 16 18 18 20
16 1/1 - 4 5 3 6 5 5 5 6 1/2 - 8 10 8 11 14 10 14 11 1[3 - 11 15 11 17 19 15 19 17
1 53 O 2/3 4 - 75187536 2|8 8 - 161217 18 12 6 13 2|10 11 - 22 16 24 24 16 8 18
O— @M @ 3457 -65282883 381016 -1691814185 3(121522 - 2214 262226 8
4/ 4 3 5 6 - 7 2 6 6 7 4/10 8 1216 - 17 6 14 18 15 4|14 11 16 22 - 24 8 20 24 22
TT-disjoint at 2 515 6 85 7 - 535 8 5/9 1117 9 17 - 11 5 11 14 5|14 17 24 14 24 - 16 8 16 22
6|4 5 7 8 2 5 - 6 45 6(12141818 6 11 - 14 12 13 6|16 19 24 26 8 16 - 20 16 18
716 55 8 6 36 - 85 7(1210121414 5 14 - 16 9 7|18 15 16 22 20 8 20 - 24 14
8/6 5 3 8 6 54 8 - 7 81214 6 1818 11 12 16 - 15 8|18 19 8 26 24 16 16 24 - 22
9|7 6 6 3 7 85 5 7 - 9(131113 5 151413 9 15 - 9|20 17 18 8 22 22 18 14 22 -
> 36; SMAPO# 2766 > 78; SMAPO# 13443 > 112; (18, 27)
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RHS = 116
0123456789 01234567809 0 1 2 3 456 789
0l - 2 3 3 3 3 55 4 4 0]- 5 1011 12 12 1517 18 18 0] - 7 13 14 15 15 20 21 22 22
0 112 - 55 3 3 3 3 4 4 1|5 - 15161517 10 12 17 19 1|7 - 20 21 18 20 13 14 21 23
1 575 0 2|3 5 - 4 4 4 2 43 5 2(1015 - 171818 5 11 12 20 2[1320 - 21 22 22 7 14 15 25
O—®@ 3354 - 444253 3111617 - 212112 6 1715 3[4 2121 - 252516 7 22 18
4|3 3 4 4 - 2 4 4 3 1 4(121518 21 - 12 1515 18 6 4|15 18 22 25 - 14 19 18 21 7
TT-digoint at 7 513 3 4 4 2 - 4 4 1 3 5/12171821 12 - 17 17 6 18 5[15 202225 14 - 21 20 7 21
6/5 3 2 4 4 4 - 45 3 6/1510 5 12 1517 - 12 17 15 6[20 13 7 16 19 21 - 15 22 18
7|5 3 4 2 4 4 4 - 3 5 7|171211 6 1517 12 - 1321 7[21 14 14 7 18 20 15 - 15 25
8/4 4 353 153 - 2 8{1817 1217 18 6 17 13 - 12 8[22 21 152221 7 22 15 - 14
9|4 4 5 313 35 2 - 9/18192015 6 18 15 21 12 - 9|22 23 25 18 7 21 18 25 14 -
> 24; SMAPO# 662 > 94; SMAPO# 14584 > 116; (375, 323)

RHS = 118
0123456789 01234567809 0 1 2 3 456 789
0l - 35 6 5 8 7 7 88 0/- 4 8 0 9 121414 14 15 0| - 7 13 14 14 20 21 21 22 23
ur 13 - 8 7 8 5 6 8 5 7 1|4 - 121313 8 10 16 10 11 1|7 - 20 19 21 13 16 24 15 18
1 140 O 258 - 98366 7 7 2812 - 1717 4 1212 1413 2|13 20 - 2525 7 18 18 21 20
O—®—@ 3679 - 563786 391317 -10135 151510 3141925 - 1418 7 21 22 15
4/5 8 85 - 7 8 2 5 7 4/9 131710 - 1313 5 11 16 4|14 21 25 14 - 20 21 7 16 23
TT-disjoint at 3 518 5 36 7 - 9 7 8 6 5/128 4 1313 - 16 16 16 11 5/20 13 7 18 20 - 25 23 24 17
6/ 7 6 6 389 - 65 7 6/141012 5 13 16 - 14 10 15 6[21 16 18 7 21 25 - 20 15 22
717 8 6 7 2 76 - 75 7/14161215 5 16 14 - 16 11 7|21 24 18 21 7 23 20 - 23 16
8/8 5 78585 7 - 2 8/141014 1511 16 10 16 - 5 8|22 1521 22 16 24 1523 - 7
9|8 7 76 7 6 7 5 2 - 9/1511 1310 16 11 1511 5 - 9|23 18 20 15 23 17 22 16 7 -
> 42; SMAPO# 4504 > 78; SMAPO# 13346 > 118; (&1, 28

RHS = 122
0 1 2 3 456 7 8 9 01234567809 0 1 2 3 456 789
0|- 3 7 7 6 6 9 0 1111 O0|- 4 9 8 9 10 12 13 12 12 0| - 7 15 15 15 16 21 22 23 23
so 13 - 810 998 6 8 10 1|4 - 9 12131412 9 8 14 1|7 - 16 22 22 23 20 15 16 24
1 134 O 27 8 - 81198 8 12 4 29 9 - 91411 9 1013 5 2|15 16 - 16 24 19 16 17 24 8
O—@©—@ 37108 - 11910104 12 38129 - 13121213 4 12 3152216 - 2421 22 23 8 24
4/6 9 1111 - 8 3 5 7 7 4/9 131413 - 13 5 8 9 9 4{1522 2424 - 21 8 13 16 16
TT-disjoint at 2 516 9 9 9 8-537 9 51014111213 - 8 5 8 12 5/1623 1921 21 - 13 8 15 21
6/9 8 810 35 - 8 8 10 61212 9 12 5 8 - 13 10 14 621 20 16 22 8 13 - 21 18 24
719 6 8 10538 - 1010 7|13 9 1013 8 5 13 - 13 13 7|22 1517 23 13 8 21 - 23 23
811 8 12 4 7 7 8 10 - 8 8[12 8 13 4 9 8 1013 - 8 8(23 16 24 8 16 15 18 23 - 16
91110 4 12 7 91010 8 - 9|12 14 5 12 9 12 14 13 8 - 9|23 24 8 24 16 21 24 23 16 -
> 54; SMAPO# 8346 > 70; SMAPO# 12051 > 122 (£, 18)

RHS = 132
0123456789 01234567809 0 1 2 3 456 789
0l - 2 3 3 3 3 55 4 4 0|- 6121214 141819 21 21 0| - 8 15 15 17 17 23 23 25 25
95 112 - 5 5 3 3 3 3 4 4 1|6 - 1818 18 20 12 13 21 23 1|8 - 23 23 21 23 15 15 25 27
1 756 0 2|3 5 - 4 4 4 2 4 3 5 2(1218 - 202222 6 131523 2|15 23 - 24 26 26 8 16 18 28
O—@@ 3354 - 444253 312182 - 242414 7 2117 3152324 - 282818 8 26 20
4|3 3 4 4 - 2 4 4 3 1 4(141822 24 - 1418 17 21 7 4|17 21 26 28 - 16 22 20 24 8
TT-digoint at 7 5(3 3 4 4 2 - 4 4 1 3 5/142222414 - 2019 7 21 5[17 23 26 28 16 - 24 22 8 24
6/5 3 2 4 4 4 - 4 5 3 6(1812 6 14 18 20 - 13 21 17 6(23 15 8 18 22 24 - 16 26 20
7|5 3 4 2 4 4 4 - 3 5 7(191313 7 17 1913 - 16 24 7(23 15 16 8 20 22 16 - 18 28
8/4 4 353 153 - 2 8/2021152121 7 2116 - 14 8[25 2518 26 24 8 26 18 - 16
9|4 4 5 3 13 3 5 2 - 9|20232317 7 2117 2414 - 9|25 27 28 20 8 24 20 28 16 -
> 24; SMAPO# 662 > 110; SMAPO# 1508 > 132 (&%, 13



A2, codim(F) =3 95

RHS = 136
01 234586 7 89 01 23 4586 7 809 0 1 2 3 456 7 89
Ol - 1 3 3 5 4 4 5 4 4 0/- 3 9 7 11 13 13 11 13 13 0| - 5 13 13 21 21 21 21 21 21
M 111 - 4 4 4 3 3 4 5 5 1|3 8 10 8 10 10 14 16 16 1|5 - 14 18 16 16 16 22 26 26
1 105 O 234 - 467 7 255 29 8 - 10141818 6 12 12 2|13 14 - 16 24 30 30 8 20 20
O—®@— @ 3344 - 277655 371010 - 416161214 14 3|13 18 16 - 8 30 30 24 24 24
4/5 4 6 2 - 5 5 4 5 5 4(11 8 14 4 - 1216 8 10 14 4|21 16 24 8 - 22 26 16 20 24
TT-digoint at 2 54 3 7 75 - 45 6 2 5/131018 16 12 - 12 12 18 6 5/21 16 30 30 22 - 20 22 30 10
6/ 4 37 75 4 - 5 2 6 6/131018 16 16 12 - 16 6 18 6|21 16 30 30 26 20 - 26 10 30
7|5 4 2 6 4 5 5 - 5 5 7(1114 6 12 8 1216 - 14 18 7|21 22 8 24 16 22 26 - 24 28
84 55 55 6 2 5 - 4 813161214 1018 6 14 - 12 821 26 20 24 20 30 10 24 - 20
9|4 5 5 55 2 6 5 4 - 913161214 14 6 18 18 12 - 9|21 26 20 24 24 10 30 28 20 -
> 30; SMAPO# 1506 > 80; SMAPO# 13644 > 136; (155 155)

A.2 codim(F)=3

Similar to the previous section, the results are sorted by right hand sides. For each
non-NR facet we give a figure of the corresponding tilting complex T followed by several
tables representing the TT-type facets. The tables are listed in the order of the vertex
numbering in the figure.

For non-NR facets the tuple to the right of the right hand side specifies how the
inequality defining the non-NR facet can be represented as convex combination of the
inequalities in standard scaling defining the NR-facets. The order of the coefficients
conforms with the order of the vertices of F in the corresponding figure.

The tilting complex for right hand side 47 is especially interesting and therefore pro-
vides an extended description.

RHS = 29
TT-disoint a 8, 9
0 1 23 456 7 89 0 1 2 3 456 7 89 0123 456 789
0/ - T 2 32 23 4 43 0/-12 323332465 0-124©5P56T267 6 9 9
11 - 3 2 33 2 35 4 11 - 3 2 3 42 234 1|1 - 5 47 7 6 5 8 8
22 3 - 14 43 443 2/23-1405233223 2/45- 18218728575
33 21 - 334532 3321 - 344434 3541 -729287°66
42 3 4 3 - 2 1 4 43 4/ 2 3 43 - 31325 467 87 -6 3 8259
52 3 432 - 3441 534543 - 4452 567896 - 92829 3
6/ 3 2 3413 -352 6/3 23414 - 2234 6/76 78329 -51286
714 3 45 443 - 25 7/32 34342 - 14 7/60587828%5 - 317
8/ 4 5 43 445 2 -3 8432325231 -3 89805©60529283 -6
9|3 4 3231253 - 9543452 443 - 9, 9805©6 93676 -
> 20; SMAPO# 363 > 20; SMAPO# 363 > 40; SMAPO# 4035
01 2 3 45 6 7 8 9 01 2 3 456 7 89
0/ - 1 4 5 6 5 7 7 88 0 -134 4 4505 6 6
11 - 5 4 7 6 6 6 9 9 11 - 4 3 5 5 4 4 6 6
2045 - 187 7 96 6 2(3 4 - 166256 44
35 41 - 788855 3431 - 5666 44
4/ 6 7 8 7 - 5 3 9 6 8 4 4 5 6 5 - 4 2 6 4 6
55 6 7 85 - 8 8 7 3 5/ 456 6 4 - 6 6 6 2
6/ 7 6 78 38 -6 95 654586 26 - 46 4
717 6 9 8 9 86 - 3 9 7|5 4 6 6 6 6 4 - 2 6
8/ 8 96 5 6 7 9 3 -6 8 6 6 4 4 4 6 6 2 - 4
98 9 6 5 8 3596 - 966 446 2 46 4 -
> 40; SMAPO# 4035 >29; (18,0, 0
5 5



TT-digoint at 1, 4

Appendix A. Visualization of tilting complexes for GTSP(10)

> 26; SMAPO# 1036

> 16; SMAPO# 214

RHS = 38
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> 16; SMAPO# 214
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> 58; SMAPO# 9365

A2, codim(F) =3

> 20; SMAPO# 363

> 20; SMAPO# 363
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98 Appendix A. Visualization of tilting complexes for GTSP(10)

01 2 3 45 6 7 8 9 01 2 3 456 7 8 9 012 3 45 6 7 8 9
0O[- 5 8 9 9 11 1314 1414 0 5 8 10 10 11 13151314 0| - 3 5 6 6 7 8 9 9 9
115 13141410 8 9 1313 1|5 - 13151510 8 101213 1|3 - 8 9 9 6 5 6 8 8
28 13 - 151513 5 121010 2|8 13 - 141413 5 13 9 10 2(5 8 - 9 9 8 3 8 6 6
3/9 1415 - 1010 10 13 5 15 3101514 - 10 9 9 15 5 14 3|6 9 9 - 6 6 6 9 3 9
419 14 1510 - 14 10 5 15 9 4/10 15 14 10 - 15 9 5 1310 4|6 9 9 6 - 9 6 3 9 6
5/11 10 13 10 14 - 14 9 15 5 5|11 10 13 9 15 - 14 10 14 5 517 6 8 6 9 - 9 6 9 3
6/13 8 5 101014 - 131511 6|13 8 5 9 9 14 - 141411 6(8 5 3 6 6 9 - 9 9 7
714 9 1213 5 9 13 - 1414 7|15101315 5 1014 - 1415 7/9 6 8 9 3 6 9 - 9 9
8/14 13 10 5 15151514 - 10 8|13 12 9 5 13 14 14 14 - 9 89 8 6 3 9 9 9 9 - 6
9|14 13 10 15 9 5 11 14 10 - 9|14 13 10 14 10 5 11 15 9 - 99 8 6 9 6 3 7 9 6 -

> 76 (0, 32, £3) > 76; (42,0, 82) >47, (3%, 43, 29)

The sides (0,2) and (1,2) of F° correspond to one-dimensional tilting complexes. The
lower two vertices vy, v; of F¢ represent NR-facets Hy, H; with SMAPO number 363,
while the upper vertex vo represents an NR-facet Ho with SMAPO number 9365. In Sec-
tion A.1 we have exactly one tilting complex with those two SMAPO numbers involved,
namely

0123 456 7 89 0 1 23 456 7 8 9 01 23 4567809

0 - T 2 3 2 3 3 35 4 0- 4 6 7 7 8101 9 10 O0/- 5 8 9 9 11 13 14 14 14

16 1l1 - 3 4 3 2 2 2 43 1|4 - 101111 8 6 7 9 10 1|5 - 1314 14 10 8 9 13 13

1 55 O 223 - 5431332 2{610 1 11 10 4 9 7 8 28 13 15 15 13 5 12 10 10
@O—0—@ 33 45 -344 425 371111 - 87 710411 3/9 1415 - 10101013 5 15
4/ 2 3 43 - 33 15 2 471118 - 117 4107 4/9 141510 - 1410 5 15 9
TT-digoint a 3 513 2 3 4 3 - 42 41 5/8 810 7 11 - 10 7 11 4 5[11 101310 14 - 14 9 15 5
63 2 1 4 3 4 - 4 4 3 6/106 4 7 7 10 - 9 11 8 6/13 8 5 10 10 14 - 13 15 11

713 2 3 4 12 4 - 43 7W117 9104 7 9 - 1011 7|14 9 12135 9 13 - 14 14

8/5 4 3 2 5 4 4 4 - 3 89 9 7 410111110 - 7 8{14 1310 5 1515 15 14 - 10

94 3 2 5 2 1 3 3 3 - 91010 8 11 7 4 8 11 7 - 914131015 9 5 11 14 10 -

> 20; SMAPO# 363 > 58; SMAPO# 936 > 76; (1, 22

This one-dimensional tilting complex is equal to the side (1,2). Actually, it is also
equal to (0,2), but only modulo permutation of nodes, since the coefficients of Hy do
not fit. In order to see this, we have to remember that the SMAPO numbers represent
whole classes of facets, whose members are equal modulo permutation of nodes. So, we
have to find a node permutation that maps H; to Hp and leaves Ho unchanged. This is
accomplished by

01 23 456 789
6 214390875

T i=

Note that this permutation swaps the nodes 3 and 4. Together with the fact that H; and
Hy are TT-disjoint at node 3, this explains why Hg, H; and Hs are TT-disjoint at nodes
3 and 4.

RHS = 68

TT-disoint a 2, 3
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> 30; SMAPO# 1661
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> 68

6 8 9 14 10 10 15

4 2 12 13 10 12 12 11

012 3 456 7 8 9
2 2 4 10 11 12 12 12 13

212 4

314 2 6

4110 12 8 14

5/11 13 9 15 13
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7112 12 10 10 18 5 18
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The complete results are located in the directory

codim(F') = 2
only listed those one-dimensional tilting complexes, for which the involved NR-facets are

The structure of the data conforms with the conventions described in Section A.1. We
TT-disjoint at more than one node.

Visualization of tilting complexes for

GTSP(12)

Appendix B
Data/gtspl2/codim2 on the attached CD.

B.1
RHS = 62
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Appendix B. Visualization of tilting complexes for GTSP(12)

RHS = 64
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104 Appendix B. Visualization of tilting complexes for GTSP(12)

RHS = 92

TT-digointat 5, 7
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0|- 1 367 7 7 9 7 8109 0|-11345 62526 7 5 6 0|- 2 4 9 11 11 13 13 13 15 15 15
1|1 - 476 8 8108 7 1110 1|1 -243 6 56 7 6 6 7 1[2 - 6 11 9 13 13 15 15 13 17 17
2(3 4 - 9108106 1011 7 10 2|12 - 45 4 7 4 7 8 4 7 2|4 6 - 13151117 9 17 19 11 17
3|6 7 9-17 937 88 7 3(344-16 527 6 6 7 391113 - 21214 4 141414 14
47 6 101 - 610 4 8 9 9 8 4(4351 -5 636 7 7 6 4|11 9 152 - 1016 6 14 16 16 14
5(7 8 876 - 4101011 7 8 5(56465 - 38 9 10 6 7 5(111311 1210 - 6 16 18 20 12 14
67 8109104 - 610 7 1110 665756 3 - 510 7 7 10 6|1313 17 1416 6 - 10 20 14 18 20
7|9 0634106 -6 9 96 7(564238 5 -5 8 8 5 7(13159 4 6 1610 - 10 16 16 10
87 8107810106 - 9 3 6 8(67 776 9 105 - 9 3 6 8[131517 1414182010 - 18 6 12
98 71189 117 9 9 - 6 3 9(76867 10 7 89 - 6 3 9|151319 141620 14 16 18 - 12 6
10/1011 7 89 711 9 3 6 - 9 10/56 467 6 7 8 3 6 - 9 10{1517 11 14 16 12 18 16 6 12 - 18
11/9 10107 8 8 10 6 6 3 9 - 11/6 77 76 7 105 6 3 9 - 111517 17 14 14 14 20 10 12 6 18 -

> 54 > 42 > 92 (55, 17%)
RHS = 94
1 e 0
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1|1 - 5 7 9 1011 11 13131517 1|1 - 7 10151517 1521 232323 1|1 - 6 8 12 12 14 13 17 18 19 20
24 5 - 12811 6 16 8 101214 2|6 7 - 17 12181022 14 18 18 22 2|5 6 - 14 10 14 8 19 11 14 15 18
3(8 712 - 415 6 161010 8 10 3(11 1017 - 5 23 7 2317 151515 3|9 8 14 - 4 18 6 19 13 12 11 12
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> 60 > 54 > 110; (339, 337)
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B.2 codim(F) =3

The structure of the data sticks to the conventions described in Section A.2. Since the
polytopes P, allowed a visualization, we included illustrations of them.
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(a) P3 (b) Py

Figure B.2.1: The two polytopes P3 and P4 defining regular subdivisions of the standard
simplex for RHS = 96

RHS = 108
TT-disoint a 3, 4

01 2 3 45 6 7 8 9101 0123 456 7 89 10 11 01 2 3 45 6 789 10 11
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1{1 - 6 8 12 11 13 13 15 16 18 20 1{0 - 2 3 5555 7 8 8 8 112 - 4 5 8 9 9 7 910 10 10
2|5 6 - 1414 9 7 19 9 12 14 16 22 2 - 57 3 3 756 6 6 2(3 4 - 9 8 5 5 1158 8 8
3/9 8 14 - 18 5 7 19 13 12 10 12 3/!3 35 - 822865 5 5 3/6 5 9 - 11 4 4 108 7 7 7
4111 12 14 18 - 13 11 13 15 6 10 20 415 5 7 8 - 6 6 6 83 5 9 417 8 8 11 - 7 7 7 9 4 6 10
5|10 11 9 5 13 - 2 14 12 15 15 17 5|5 5326 - 0667 7 7 5|8 9 5 4 7 - 01081 9 9
6|12 13 7 7 11 2 - 16 14 17 13 15 6553260 - 667 7 7 6(8 9 5 4 7 0 - 10811 9 9
7114 13 19 19 13 14 16 - 14 19 19 7 715 57 8 6 6 6 - 6 7 9 3 78 7 11 10 7 10 10 - 6 11 9 3
8|14 15 9 13 1512 14 14 - 9 5 17 8/7 7 56 86 6 6 -5 3 9 8!8 9 5 8 9 8 8 6 -5 3 9
911516 12 12 6 1517 19 9 - 14 16 98 8 6 5 3 7 7 75 - 8 8 9(9 10 8 7 4 11 11 115 - 8 8
10(17 18 14 10 10 15 13 19 5 14 - 12 10/8 8 6 5 5 7 7 9 3 8 - 6 10/9 10 8 7 6 9 9 9 3 8 - 6
11(19 20 16 12 20 17 15 7 17 16 12 - 1118 8 6 5 9 7 7 3 9 8 6 - 11/9 10 8 7 10 9 9 3 9 8 6 -
> 90 > 40 > 52
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9|12 13 10 9 5 1314 15 7 - 11 12 9(23 24 18 17 8 22 24 26 14 - 22 24 9(17 18 14 12 6 18 18 18 10 - 16 16
10(13 14 11 8 8 12 11 14 4 11 - 9 10|25 26 20 15 14 22 20 28 8 22 - 18 10|17 18 14 12 10 16 16 18 6 16 - 12
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> 70; (43,0, 28) > 128 (32, 45, 0) > 90; (0, 155, 124)
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Appendix C

How the data was generated

Several scripts were implemented in order to obtain the data in Appendices A and B.
They can be found on the attached CD in the directory Utils/scripts. When planning
to compute tilting complexes for GTSP(n) with n > 12, these scripts may prove to be
useful. Hence we give a short step-by-step description of their usage within the process
of data generation.

Step 1)

Step 2)

Step 3)

Extract the non-NR facets G, whose intersection with STSP(n) has co-dimension
¢ > 1, from the database for GTSP(n):

./extractFacets <n> <c>

This retrieves the information on the facets from the database and copies the
corresponding .poi files to the following folder structure created by the script

- DA RHS
. Lomfies
. LN*poi

Compute the NR-facets containing G N STSP(n) for all .poi files:

./findFacets4RHS <n> <min> <max>

This applies the program findFacets to all non-NR facets G with a correspond-
ing right hand side within the closed interval [min ,max | and in each case creates
a .eq file that stores the NR-facets containing G N STSP(n). This way it is pos-
sible to run several instances simultaneously for pairwise disjoint right hand side
ranges, thus allowing to distribute the computation to different servers.

Compute the tilting complexes for all G N STSP(n):

./tiltingComplex4RHS <n> <min> <max>

109
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Aside from the fact that this script applies the program tiltingComplex to the
.deq files from the previous step, the usage is identical to findFacets4RHS. The
additional IXTEX output generated by tiltingComplex is appended to a specified
.tex file, in which the data for different right hand sides is gathered in separate
subsections.
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